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Abstract . “\

The integrable reduced spin Hirota-Maxwell-Bloch (rsHMB) equation is an important nonlinear equation, which
models the femtosecond pulse propagation in spin-field coupling, erbium-doped fibre, fibre optic technologies,
and magnetisation reversal effects. Despite its general applicability, a careful analytical study of the dynamical
behaviour of the rsHMB equation, including bifurcation structures, chaotic evolution, and sensitivity to initial
perturbations, remains lacking. To fill this gap, this paper obtains correct soliton solutions and examines the
nonlinear dynamics of the equation of rsHMB. The bifurcation and sensitivity analysis of a dynamical system is
used to study periodic, quasiperiodic, and chaotic behaviours. The Runge-Kutta technique is utilized to determine
the stability of the system under minimal perturbations, and the modified extended tanh technique (METF) is used
to obtain various types of soliton solutions. Anti-kink, v-shaped, and compact on waves are all examples of soliton
structures that can be represented in various graphical displays, such as 2D, 3D, contour, density, and modeling
profiles before rotation, as well as 3D rotating surfaces. The findings affirm the nonlinear complexity of the
system’s nonlinear behaviour, exhibiting elastic soliton collisions, amplitude modulation, and energy conservation.
The findings are part of the theoretical knowledge of ultrafast pulse propagation in erbium-doped fibres and provide
valuable data for the improvement of biological imaging, optical communication, and magnetic data storage. This
work will contribute to the development of nonlinear dynamical modeling and soliton-based applications in recent
photonic technology and nonlinear science studies to a large extent.
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1. INTRODUCTION

The nonlinear partial differential equations (NLPDESs) are being increasingly used as an important tool to describe
complex phenomena in numerous fields of engineering and nonlinear sciences like computer science, thermodynamics,
fiber optics, biological modeling, geophysics, plasma physics, computational fluid dynamics, data science, nonlinear
dynamics, chemical engineering, nonlinear optics, artificial intelligence, laser optics, electronic engineering, and com-
munication engineering [13, 19, 20]. To discover the applications of answers for nonlinear models, mathematicians,
physicians, researchers, and scientists have established numerous procedures to examine the answers of NLPDEs by
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neural network methods, Painleve analysis, analytic analysis, bifurcation analysis, numeric analysis, Lie symmetries
analysis, chaotic analysis, qualitative analysis, and conservation laws [5, 247 |. In this study, we investigate the
rsHMB equation, which is an integrable mathematical model that describes the propagation of femtosecond pulses in
erbium-doped fibers and magnetization reversal phenomena. It is visualized graphically to understand wave behavior
and the impact of parameters on pulse characteristics.

Yesmakhanova et al. [23] examined the (2 + 1)-dimensional Hirota-Maxwell-Bloch system (HMBS), which often
controls the transmission of ultrashort pulses in erbium-doped fibers due to higher-order effects. In the study of the
rsHMB equation, Taskeen et al. [14] used the JEFE approach to analyse and comprehend the planar dynamical
system, show how it depends on physical properties like sensitivity analysis and quasiperiodicity, and offer potential
soliton solutions. Xue et al. [22] explored the 1- and 2-soliton solutions using symbolic computation and the Darboux
transformation to apply the extended inhomogeneous coupled HMBS. Ceesay et al. [4] investigated homoclinic breather
waves, periodic lump waves, and other wave forms of the rsHMB equation using the Hirota bilinear transformation.
Akram and Rahman [1] study the integrable rsHMB equation and the conformable derivative of Atangana by using
the full discriminant system of polynomials and the generalised auxiliary sub-equation method which they use to form
a broad selection of novel wave structures. Nonlinear dynamics is a strong technique of researching on the evolving
structures and is significant in several spheres [3, 16]. The process of nonlinear dynamics was initially suggested
by Liu and Li [10] to determine the dynamics of a nonlinear model. It is a method of monitoring the effect of the
changes in the system variables on the major system attributes. It works especially well to study the bifurcation
behaviour and derive soliton solutions that are exactly determined. The nonlinear dynamics will help the researchers
to investigate the transition between unsteady and steady environment. The study is concerned with the nonlinear
dynamics, such as bifurcation analysis, chaotic and quasi-periodic behaviour, sensitivity tests and new soliton solutions
to the rsHMB equation [14]. We hope to create soliton solutions and planar dynamics through the METF approach of
finding chaotic properties that form the physical nature of the rsHMB equation. We also identify and analyse chaos by
using 2D and 3D phase portraits, surface plots, time series, sensitivity behaviours of various initial conditions, contour
maps and density diagrams. The foremost intention of soliton theory, an important field of applied mathematics and
mathematical physics, is to solve solitary wave solutions, flowing through a system without dissipating or losing energy,
and therefore it offers a solution to a significant problem of applied mathematics. Solitons are free waves that travel
at a consistent speed without losing its shape and speed [12, 15, 25]. They are known to be very common in nature,
have a number of applications in nonlinear dynamics, and can also provide insight into the mechanisms of other
physical phenomena, such as signal processing, fluid mechanics, plasma physics, optical communication and many
others [2, 17]. In this paper, METF methodology [11] is used to find new soliton solutions to the rsHMB equation
[14]. This specific model has not been addressed in previous investigations using these approaches. The METF
approach is an influential and well-organised instrument for explaining NLPDESs, presenting adaptability, enhanced
flexibility, a broad solution space, reduced computational complexity, and enhanced flexibility to numerous physical
frameworks and boundary conditions across various systematic and engineering disciplines. The blood flow under
complex physiological conditions has been numerically investigated in a number of studies using various computational
methods. Haider et al. [6] compared finite volume and finite element algorithms to model blood flow in two or more
stenosed arteries to show the validity of hybrid numerical models in forecasting the main hemodynamic variables.
In an elliptic duct, Haider and Ahmad [7] modelled Rabinowitsch fluid flow through the finite volume approach and
found that rheological parameters had a greater effect, but the geometry was not realistic. Using Multiphysics effects,
Haider et al. [8] investigated the magnetohydrodynamic flow of blood using hybrid nanofluids, and they compared their
results with numeric which indicated that magnetic fields have a strong influence on the flow and thermal behaviour.
Most recently, the finite difference method was used to investigate electroosmotic flow and heat transfer in tapered
stenotic arteries [9], which found that electro-thermal effects have a combined effect on velocity and temperature
distribution. Nonetheless, comparison and extensive modelling with realistic stenosed geometry and strong numerical
treatment is limited. It is with this discrepancy that this paper seeks to come up with a better numerical model to
improve physical meaning and biomedical use. Recent progress has shown that neural network-based analytical tools
are effective in the solution of nonlinear equations, as well as in resolving such equations that have a fractional partial
derivative. The method of the fractional sub-equation neural networks (fSENNs) proposed by Wang et al. [18] to
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derive the precise solutions of the space-time fractional PDEs had a high ability to solve the fractional operators with
great precision. Zhang and Bilige [26] earlier on suggested the bilinear method of neural network in deriving the exact
solution of nonlinear evolution equations, and this became the basis of creating a relationship between bilinear forms
and neural learning structures. The concept was also expanded to bilinear residual networks [28], which enhanced
the stability and explicitness of solutions. In more recent work, neurosymbolic and symbolic neural methods have
been created to improve interpretability and multi-modal reasoning in nonlinear models as illustrated in the case of
the BLMP equation[27] and the KdV equation [21]. Nevertheless, in spite of these developments, the majority of the
extant research concentrates on benchmark equations and does not have coherent frameworks that combine fractional
operators, bilinear structures, and symbolic reasoning. Driven by this gap, the current research will attempt to create
a more robust neural-assisted methodology of analysis, which can provide better accuracy, interpretability, and wider
applicability to more nonlinear and fractional PDEs, potentially being extended to more complex physical models.
The main conclusion of the current investigation is to establish the exact solution of the rsHMB equation because the
solutions can provide mathematical instruments to comprehend the wave behaviour and can be used in its practical
use in many ways. We study the equation of rsHMB by a dynamical system paradigm with focus on bifurcation
analysis, sensitivity testing, and chaotic and quasiperiodic behaviour. Using chaos theory, we demonstrate how the
transformed dynamical system behaves chaotically. By conducting a sensitivity analysis employing the Runge-Kutta
method, the stability of the solution is illustrated against slight modifications in the initial conditions. Our findings
demonstrate that the governing nonlinear problem exhibits periodic, quasiperiodic, and chaotic behaviours, among
other features. It helps understand and control femtosecond pulses in fibre lasers, enabling faster and more reliable
fibre optic communication systems. This information also supports advances in medical imaging, safe data transfer,
and magnetic storage. Thus, studying rsHMB links mathematical theory to developments that enhance everyday
living. We also obtain optical soliton solutions for the rsHMB problem using the METF technique. By modelling
profile before revolution shapes, 3D revolving shapes, 3D shapes, contour shapes, density shapes, and 2D graphs
of these generated solitons, we investigated the influence of the waves on nonlinear terms. Using visual examples,
we thoroughly analyse a range of soliton structures, such as V-shaped solitons, peakons, singular solitons, singular
kinks, quasiperiodic structures, and periodic structures, to demonstrate their physical behaviour in nonlinear wave
propagation through media such as fluid dynamics, oceanography, coastal engineering, optical fibres, and fluids. The
efficacy, efficiency, and conciseness of the present methods improve our comprehension of this model and point to
wider uses in nonlinear system research. This study advances our understanding of nonlinear dynamics, including
waveform features, bifurcation analysis, sensitivity, and stability, while also shedding light on dynamic elements and
wave patterns. The soliton elastic collisions are graphically represented and discussed, and some important soliton
physical properties, including wave velocity, amplitude, and energy, are analysed both graphically and asymptotically.
The consequences and features covered in this paper may simplify our understanding of the transmission of optical
solitons in erbium-doped fibre. The new solitary wave structures, profile before revolution shapes, 3D revolving shapes
analysis, sensitivity analysis, and bifurcation analysis of this discovery will significantly influence nonlinear science.
We also study the stability and equilibrium positions of the applicable 2D dynamical structure by understanding
the bifurcation theory. Using phase-plane analysis, bifurcations and chaotic behaviours are analysed, demonstrating
significant qualitative variations in the accompanying dynamical structures. This study has better understood complex
nonlinear processes by examining quasiperiodic and chaotic wave patterns affected by external forces.

2. PROBLEM FORMULATION
In this study, we consider an integrable rsHMB system in the following form [14]:
1.0° ) _
20001 W or — 24 =0,
9lpl g _
) (W) + 52 =0,

The terms used in Eq. (2.1) are described below:

(2.1)

e p(x,t): The transmission of femtosecond pulses in an erbium-doped fibre is represented by a complicated
function, p, which is differentiable according to time ¢ and a spatial variable x;
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e wand J: w and § are real constants;

e g(z,t): The degree of population inversion is represented in the actual differentiable function g, which corre-
sponds to the complex envelope of the modulated waves;

e |p|: |p| represents the modulus of p.

The Galilean transformation, a key idea in classical physics, connects the coordinates of two inertial reference frames
and works especially effectively when the relative velocity between them is significantly less than the speed of light.
This transformation can be widely applied to physical structures that are not relativistic. In this scenario, we use the
corresponding wave transformation:

pl,t) = P(y)e”,  g(z,t) = Q(V), (2.2)
where
v = A(z + Bt), v = Cx — Dt.
Substituting Eq. (2.2) into Eq. (2.1), we obtain:

%AZBP” + %z’ABCP’ —iABwP' — %iADP’ + %C’DP — DwP —2PQ =0, (2.3)

2ABSPP' +2AQ" = 0. (2.4)
Real part is obtained as

A?BP" 4+ 2BSP? + CDP — 2DwP = 0. (2.5)
Imaginary part is

ABCP' —2ABwP’' — ADP' = 0. (2.6)
From Eq. (2.6) of the imaginary terms, we explore the constraint conditions as:

C_ 2BwB+ D’ Q- _375]32. (2.7)

3. INVESTIGATING DYNAMIC BEHAVIOURS IN THE ERBIUM-DOPED FIBER MODEL
Eq. (2.6) can be written as dynamical system of the following:
dP(y) _
d}(%i? ) =R, (31)
dA;Y =_—L,P— LyP3,

CD—2D 2B¢
where leTBwa L2:142B7 A,B#O

3.1. Bifurcation analysis in the Erbium-Doped fiber model. One such mathematical technique for examining
how a system’s topological or qualitative structure changes as a parameter is changed is bifurcation analysis. This
approach can be particularly beneficial when researching dynamical systems, as it enables one to understand more
simply how stable equilibria, periodic orbits, or other invariant sets change when system parameters are updated. In
order to simplify the analysis of bifurcation, we state that above equation. The corresponding Hamiltonian is (3.1),
and its corresponding Hamiltonian function is as follows:

R L L
H(P,R) = =~ 71132 - fp‘l =, (3.2)

where W is a constant representing the total energy of the system. To find the equilibrium points, we solve the following

system
R=0
) 3.3

{—Llp - L2P3 = 0, ( )

The dynamic structure expressed by Eq. (3.1) is examined in the framework of its equilibrium points and their
connection with the physical boundary conditions. The functions Y (®), which satisfies Eq. (3.1) is supposed to
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converge to the limits limg_, oo Y(®) = r1, and limg_ 400 Y(P) = 7o, where r1 and 7o are arbitrary constants.
Finding the equilibrium structure (3.3) exposes three possible circumstances for the equilibrium points. If r1 = 7o,
the answer Y (®) represents a homoclinic trajectory equivalent to a solitary wave for the structure. When r1 # 7o,
Y (®) forms a heteroclinic orbit. For rq > re, Y (®) displays a kink wave, whereas for 1 < r2, Y (®) outcomes in an
anti-kink wave. Furthermore, when the phase portrait of Eq. (3.1) is closed, the structure displays periodic behaviour
equivalent to oscillatory answers in the physical domain. These outcomes determine how the boundary conditions rq
and 7o exhibit the nature of the equilibrium and the complete dynamics of the structure The equilibrium points (&;)

of structure (3.3) are solved as: & = (0,0), &3 = (\/TL;, 0) , &= (—\/_7’:1 0)

Loy
The stability of these equilibrium points is calculated by using the Jacobian matrix of the structure:
B 0 1] 2
J(P,R) = L, —3L,P% 0= Ly + 3Ly P~

The determinant’s sign influences how the equilibrium points are classified. It is possible to examine the dynamic
behaviour of the structure in various regimes by changing the parameters L; and Lo.

Case 1. For the case L; > 0 and Ly > 0, conveying precise values to the parameters A = 2, B = —1, C = 2,
D=2 w=2 and § = 2, we obtain L; = 1, Ly = 1. The system has only one equilibrium point & = (0,0).For
det(J(0,0)) < 0, the equilibrium point &; is classified as a center point, as illustrated in Figure 1.

Figure 1. Phase plane analysis of system (3.1) for a; > 0 and ag > 0.

Case 2. When L; < 0 and Ls < 0, taking the parameter values A=2, B=1,C=2, D=2 w=2, and §d = —2, we
obtain

Li=-1, Ly=—1.
The system has only one equilibrium point, & = (0,0). Since det(J(0,0)) > 0, the equilibrium point &; is a saddle
point, as illustrated in Figure 2.
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Figure 2. Phase plane analysis of system (3.1) for a; < 0 and as < 0.

Case 3. If we choose L; < 0 and Lo > 0, conveying precise values to the parameters A =2, B=1,C =2, D =2,
w = 2, and 6 = 2, we obtain L; = —1, Ly = 1.The system has three equilibrium points: & = (0,0), & =
(1,0), & = (—1,0). For det(J(0,0)) > 0, the equilibrium point £ = (0,0) is classified as a saddle point. Similarly,
J(v/=1,0) < 0, the equilibrium point & = (1,0) is identified as a center point. Finally, J(—/1,0) < 0, the equilibrium
point &3 = (—ﬁ, 0) identified as a center point as illustrated in the following Figure 3.

Case 4. If we choose L; > 0 and Lo < 0, conveying precise values to the parameters A =2, B=1,C =2, D = 2,
w = 2, and § = —2, we obtain Ly = —1, Ly = 1.The system has three equilibrium points: & = (0,0), & =
(v/1,0), & = (—+/1,0). For det(J(0,0)) > 0, the equilibrium point & = (0,0) is classified as a center point. Similarly,
J(v/=1,0) < 0, the equilibrium point & = (1,0) is identified as a saddle point. Finally, J(—v/1,0) < 0, the equilibrium
point £ = (—+/1,0) identified as a saddle point as illustrated in the following Figure 4.

Case 5. Bifurcation Diagram of the System (L, vs Lo): In the parameter plane, the diagram visualizes how the number
of real equilibrium points of the system varies depending on the values of the parameters L; and L. The orange
regions represent parameter combinations where the system has a single real equilibrium point at (®, ¥) = (0,0) and
the blue regions correspond to combinations where the system admits three real equilibria, located at (¢, ¥) = (0, 0),

(®,0) = (:I:, /=L O) , which occur when % < 0. And the black dashed lines indicate the bifurcation curves (here,

Lo
it’s a line) at L; = 0 and Ly = 0, where a qualitative change in the number of equilibria occurs. These lines form
the bifurcation set, separating regions with different dynamical behavior. If we choose any point in the (L;, Ls)-plane
and move this point in any direction, whenever it crosses the black dashed line, bifurcation (Change of number of
equilibrium point(s)) occurs. Ly versus Ly are plotted in Figure 5, which presents the regions where the fixed points
are saddles or centers. The bifurcation point (i.e., in which value a center becomes a saddle or vice versa) is identified
in the figure below.
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Figure 3. Phase plane analysis of system (3.1) for a; < 0 and ag > 0.

3.2. Chaotic and quasi-periodic behaviour of the governing model with a perturbation term. Next, we
will examine the chaotic behaviour of the concatenated model. Investigating chaotic systems is often assisted by time
series and phase visualisations. Bifurcations in nonlinear models may result in several dynamics, including chaotic
behaviour. In the previous section, we observed that Eq. (3.1) for the planar dynamical construct does not display
chaotic features; nevertheless, when an external disturbance comes into play, it does. To assess the extent to which the
system exhibits periodic solutions and chaotic behaviour, we introduce a perturbed system that incorporates ongoing
external influences as described in Eq. (3.1):

dP(v) _
TY’Y_R7

(3.4)

PO = [P — Ly P2+ W(y),

where U(y) represents the perturbation term. The perturbation terms with various parameters discussed below can
be utilised to explore quasi-periodic and chaotic behaviour in connection with phase portraits and multistability. It is
observed that chaotic waves are extremely sensitive to beginning values and display irregular, non-repeating structures.
The quasi-periodic waves, on the other hand, have complicated but predictable structures that are not exactly repetitive
and frequently occur in related oscillators or systems with several degrees of freedom. Some excellent visual aids will
be employed to get there, including time series plots, 2D phase portraits, and 3D phase portraits. The wave patterns
are similar to many natural phenomena such as ocean waves, climate models, optics, telecommunications, plasma
physics and the biological cycles.

Considering the perturbation term ¥(y) = bcos(ny) in Eq. (3.4), an external periodic force of frequency n and
strength b is applied to the system via the perturbation term ¥(y) = bcos(ny). The investigation of the values of
different physical parameters allows an individual to identify the transformational dynamics of the system. This paper
looks at the impact of varying b and n when the other parameters are held constant. These reasons are important in
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Figure 4. Phase plane analysis of system (3.1) for a; < 0 and ag > 0.

Figure 5. Bifurcation diagram of the system (3.1) with two parameters L; vs Lo.



CMDE Vol. *, No. *, * pp. 1-28 9

Figure 6. Dynamical behaviour of the perturbed system (3.4) for Ly =1, Lo =1,b=1.8,n=1.3.

that they can give rise to the complex behaviours, such as between the regular to chaotic states, and are very important
on the stability of the system. The knowledge of these transitions aids in the setting of plans of how to manage or
exploit chaotic dynamics and in the forecasting of system responses in diverse conditions. The chaotic behaviour is
represented by a number of illustrations that play an important role in comprehending and visualising the dynamics of
the complex systems. These are: time series plots, which follow the history of variables over time; 3D phase portraits,
which follow intricate phase space dynamics; and 2D plots, which follow simple behaviour patterns. This is critical as
a symbolic factor of the delicate nature of the chaotic systems that a minor shift in the initial conditions or parameters
might drastically affect the trajectory of the system. an external periodic force with amplitude b and frequency 7
is applied to the system. We display a 2D phase portrait, a 3D phase portrait, and the time series of the chaotic
behaviour for Eq. (3.4) with b = 1.5 and n = 3, which is shown in Figure 6.

Assuming U(v) = bsin(ny) in Eq. (3.4), Figure 7 shows chaotic behaviours (2D phase portrait, a 3D phase portrait,
and the time series) for the values of Ly =1, Lo =1,b=1.8, n=1.3.

Considering U(y) = btan(ny) in Eq. (3.4), Figure 8 shows chaotic behaviours (2D phase portrait, a 3D phase
portrait, and the time series ) for the values of Ly =1, Ly = 1, b = 1.8, n = 0.002.

The following Gaussian function is considered as a perturbation term. Considering ¥(vy) = bexp (—%) , where

b= \/9%, 7 = 0.12 in Eq. (3.4), Figure 9 presents the 2D and 3D phase portraits along with the time series of the

system (3.4), demonstrating that the system is quasi-periodic, as indicated by the periodic irregularity of the wave.
The system (3.4) operates chaotically, whereas the external force’s amplitude and frequency are minimal, but under
some circumstances, it transitions to more stable dynamics.

Assume ¥(y) = cosh(0.0237) in Eq. (3.4). Figure 10 presents the 2D and 3D phase portraits along with the time
series of the system (3.4), demonstrating that the system is quasi-periodic, characterised by complex oscillations that,
as indicated by the periodic irregularity of the wave. The system (3.4) operates chaotically, while the amplitude and
frequency of the external force are minimal; however, under certain circumstances, it can transition to more unstable
dynamics.

Considering ¥(vy) = sinh(0.023v) in Eq. (3.4), Figure 11 illustrates the chaotic dynamics through 2D/3D phase
portraits and the time series for Ly = 1, Ly = 1, b = 0.023, n = 0.023.

Considering ¥() = tanh(0.023v) in Eq. (3.4), Figure 12 shows chaotic behaviours (2D phase portrait, a 3D phase
portrait, and the time series ) for the values of Ly =1, Ly =1, b = 1.8, n = 0.002.



10 M. N. ALAM, S. F. AHMED, C. TUNC, AND H. ALOTAIBI

Figure 7. Dynamical behaviour of the perturbed system (3.4) for Ly =1, Lo =1,b=1.8,n=1.3.

Figure 8. Dynamical behaviour of the perturbed system (3.4) for L; =1, Ly =1, b = 1.8, n = 0.002.

Based on the summary above, we observe that as the perturbed wave frequency increases, the periodic waves
first transition to quasi-periodic and finally to chaotic wave patterns. As a result, the model shows chaotic and
quasi-periodic behaviour when influenced by outside forces, which is important for understanding, predicting, and
controlling complex dynamic systems.

3.3. Sensitivity tests in the Erbium-Doped Fibre model. In this section, we investigate the sensitivity of the
dynamical system expressed in (3.1) using the widely used and effective Runge-Kutta method. The parameters have
been set with the following values: A =2, B=-1, C=2, D=2 w=2 0d=2 weobtainl; =1, Ly=1
of the system (3.1). The initial conditions for the system (3.1) are as given below:

P(0)=0.1, R(0)=0.1; P(0)=0.15 R(0)=0.1; P(0)=0.2 R(0)=0.1;
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Figure 9. Dynamical behaviour of the perturbed system (3.4) for Ly =1, Ly =1, b = %, n=0.12.

Figure 10. Dynamical behaviour of the perturbed system (3.4) for Ly = 1, Ly = 1, b = 0.8,
n = 0.023.

P(0)=0.3, R(0)=0.1; P(0)=03, R(0)=05; P(0)=0.3, R(0)=0.;
P(0)=—03, R(0)=0.1; P(0)=-06, R(0)=02; P(0)=-09, R(0)=0.3;
P(0)=—-05, R(0)=05 P(0)=-0.7 R(0)=0.7 P(0)=-09, R(0)=00.

We examine how the frequency term affects the system under this study. This is accomplished by defining the physical
characteristics of the system being studied and discussing the effects of the disturbance force and frequency on the
system. Figure 13 illustrates how the dynamical system behaves sensitively for varying initial conditions. It displays
sensitive behaviour if we alter the initial conditions by changing the slit.



12 M. N. ALAM, S. F. AHMED, C. TUNC, AND H. ALOTAIBI

Figure 11. Dynamical behaviour of the perturbed system (3.4) for Ly = 1, Ly = 1, b = 0.023,
n = 0.023.

Figure 12. Dynamical behaviour of the perturbed system (3.4) for Ly = 1, Ly = 1, b = 0.8,
n = 0.023.

4. METHODOLOGY, APPLICATION, AND GRAPHICAL REPRESENTATIONS

In this section, we briefly outline the method used, describe its applications, and present graphical representations
of the solitons obtained from it.

4.1. The modified extended tanh function method. We consider:

oP 0P 9*P 0*P 0O*P
P— — — ——,—,... | =0. 4.1
W(’at’ax’axwat@x’aﬁ’ > 0 (41)



CMDE Vol. *, No. *, * pp. 1-28 13

Figure 13. Sensitive behaviour of the dynamical system (3.1) for different initial conditions.

Initial condition set 1: P(0) = 0.1, R(0) = 0.1; P(0) = 0.15, R(0) = 0.1; P(0) = 0.2, R(0) = 0.1.
Initial condition set 2: P(0) = 0.3, R(0) = 0.1; P(0) = 0.3, R(0) = 0.5; P(0) = 0.3, R(0) = 0.9.
Initial condition set 3: P(0) = —0.3, R(0) = 0.1; P(0) = —0.6, R(0) = 0.2; P(0) = —0.9, R(0) = 0.3.
Initial condition set 4: P(0) = —0.5, R(0) = 0.5; P(0) = —0.7, R(0) = 0.7; P(0) = —0.9, R(0) = 0.9.
Using the travelling wave:
P(’Y) :P(.’L‘,t), v =z —ct, (42)
Substituting Eq. (4.1) into Eq. (4.2), the following equation is obtained:
F(PP,P" ...)=0, (4.3)
We consider the ansatz equation:
M
P(y)=Bo+ Y [B;:N()' +CiN()™]. (4.4)
i=1

The constants By, B;, and C; must be subsequently demonstrated in a way that guarantees either By, or Cjs is not
equal to zero, and N(v) is a function that satisfies the specified Riccati ODE:

N'(y) =T+ N(y)*. (4.5)
The set of solutions of Eq. (4.5) is established as follows:
—/—=T tanh (\/jfy) , T'<O0,
— =T coth(\/jv), T <0,
N(y) = —%’ =0 (4.6)
\/Ttan(\/fw), T >0,
— Tcot(ﬁ’y), T >0.
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The phases of the METF method are outlined in an algorithm we present. The process for applying the approach
to NLEEs of the following algorithm is clearly and methodically summarized by this visual aid:

(1) Start with the given PDE:
F(P,P,, Py, Pyy,...) = 0.

(2) Apply the travelling wave transformation:
Pa,t) = P(3),

) Reduce the PDE to an ordinary differential equation (ODE).
) Expand the solution in a finite series form.
)
)

v =x — vt.

(3
(4
(5) Balance the highest-order nonlinear and derivative terms to determine M and solve for unknown coefficients.
(6) Substitute the obtained constants into the ansatz to construct P(7).

(7) Obtain exact solutions.

4.2. Solving Optical Soliton Structures of the rsHMB System via the METF Method. Balancing the
nonlinear term P3 with the highest derivative term P” in Eq. (2.6) gives M = 1. Therefore, the solution takes the

form:
P(y) = By + BiN(y) + CiN (7). (4.7)

By substituting Eq. (4.7) into the reduced equation and equating coefficients, we obtain a system of algebraic equations.
Solving this system yields the following parameter sets:

Phase L.
—1 D(C — 2w)
E::t T, B:—W, UOZO, U1:O, %:EAT
Phase II.
-1 D(C — 2w)
E:i T, B:—W, U():O, (]]_:E‘147 V]_:O
Phase III.
-1 _ D(C —2w) ¢ B AT
E=+\/—, B g Uo=0 Ui=FEA Vi=o
Phase IV.
[—1 _ D(C — 2w) B B AT
E ZI: 6 B—*Tﬂ, UO—O, Ul—EA, Vl**Ei(S

By replacing the aforementioned Phase-I values in (4.7), we obtain the following relations, respectively:

pi1(z,t) = (BEAT x {—V/=T tanh(v=T7)} 1) x e, T >0;

(@, t) = %[(EAT < {=V=T tanh(v=T7)} ") x e x (—B3), T >0;
pia(x,t) = (EAT x {—V/=T coth(v=T7)} 1) x e, T >0;

qua(z,t) = %[(EAT x {—v/—=T coth(v=T>)}"!) x e7]? x (=BS), T >0;
pi3(x,t) = (BEAT x (1)) ') x e, T =0;

Ds(,1) = S[(BAT x (1/3)7) x 7% x (~B3), T =0;

pra(z,t) = (BAT x {VT tan(vVT~)} ") x "', T < 0;

qua(z,t) = %[(EAT x {VT tan(vVT)} 1) x €)% x (=Bs), T < 0;
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p15(w,t) =

q5(z,t) =

(EAT x {—VT cot(vVTH)} V) x e, T <0;
%[(EAT « {=V/T cot(VT)}™Y) x €7 x (—Bs), T <0.

By replacing the aforementioned Phase-II values in (4.7), we obtain:

pa1(z,t) =
g21(x,1
Dp22(z,t
z,t

q22

pas(x,t

paa(x,t

qa4(x,t

T, t

(z,t) =

(z,1) =

(2, 1)

(z,1)
o3(w,t) =

(z,1)

(2, 1)
pas(@,t) =

(

q25(,t) =

(EA x {—V=T tanh(v=T~)}) x €7, T > 0;

[(EA X {=V=T tanh(v=T7)}) x €71 x (=Bs), T >0;
(EA x {—=v/=T coth(vV=Ty)}) x €7, T > 0;

[(EA x {—V=T coth(v/=T7)}) x e7)? x (-=BS), T >0;
(EA X (/7)) x e, T =0;

[(EA X (1/7)? x (=B8), T >0;
(EA x {VT tan(V'T7)}) x e, T <O0;

[(EA x {VT tan(VT7)}) x €7]? x (=Bd), T > 0;
(EA x {=VT cot(VTH)}) x e, T <0;

5[(EA X {=VT cot(VTH)}) x €]? x (—=B6), T >0.

By replacing the aforementioned Phase-IIT values in (4.7), we obtain:

pai(z,t) =
qz1(x,t
p32(x,t

q3o(z,t

z,t
qza(z,t

) =
) =
)
z,t) =
)
)
)
)=

p3s(x,t

(
(
(

(
gss(z,t
(

(

(

(

gss(z,t) =

(EA x {—V/=T tanh(v/—=T~)} + AT/ES x {=V/=T tanh(v/—-T7)} 1) x e, T > 0;

[(EA x {=V=T coth(v=T7)} + AT/ES x {—v/—T coth(v/=T~)} 1) x €7]? x (—=B9);

(EA X {—=V/=T coth(v/=T7)} + AT/E§ x {—/—T coth(v/=T~)}"!) x €, T > 0;

[(EA x {=V/=T coth(v=T%)} + AT/ES x {—v/—=T coth(v/—=T7)}™1) x ] x (—=B9);

(EA x (1/9) + AT/Es % (1/y)"}) x e, T =0;
[(EA x (1/y)+ AT/Béx (1/4)7!) x e”P x (=BS§), T >0;

(EA x {VT tan(VT)} + AT/ES x {VT tan(vVTy)} 1) x €7, T < 0;
[(EA x {VT tan(VT7)} + AT/E§ x {NT tan(v/T~)} ') x €)% x (-~ B§);
(EA x {=VT cot(VTy)} + AT/ES x {—VT cot(VTy)} ") x e, T <0;
5[(EA x {—VT cot(VTH)} + AT/ES x {—VT cot(vVT~)} ') x €)% x (—B§).

By replacing the aforementioned Phase-IV values in (4.7), we obtain the following relations:

par(x,t) =

qa1(x,t) =

paz(z,t) =

Q42(:E, t) -

(EA x {—v/=T tanh(v=T)} - % X {—V"T tanh(V=T9)}"Y) x €, T > 0;
%[(EA x {—=V~=T tanh(v/~T7)} — % x {=V=T tanh(v/—=T7)} ') x €]? x (=BJ);
(BA x {—V=T coth(v=TH)} - % « {—V/=T coth(vV=Ty)}"1) x e, T> 0;

%[(EA x {=V/~=T coth(v/~T7)} — %1(; x {—V/=T coth(v=T7)} ') x €] x (-B§);

15
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pisle,t) = (BA X (1/2) = 20 x (1/3) ) x &7, T =0,

Qs(@,t) = %[(EA < (1/7) = % x (1/7)7h) x e7]? x (=Bs), T >0;

paa(x,t) = (BEA x {VT tan(vT~)} — % X {VT tan(vVT)} 1) x e, T <0;
%dw¢)=%KEAX{vﬁwwﬁv7Wﬂ—¥%§X{V?tmw¢?w}*)xéﬂ2X(—B®;
pas(x,t) = (BEA x {—VT cot(vVTy)} — % x {=VT cot(VTH)} 1) x e, T <0;
Qus(x,t) = %[(EA x {=VT cot(VT~)} — % X {=VT cot(VT~)} 1) x €)% x (—B9).

4.3. Graphical Representation. This section explains the outcomes and visually examines a few acquired responses.
The METF approach has been employed to obtain the rsHMBS model’s analytical outcomes. These solutions are
efficiently acquired as multiple solitons, V-shaped solitons, compaction solitons, singular periodic solitons, bell-shaped
solitons, anti-kink solitons, bird fly solitons, peakons, singular solitons, singular kinks, quasiperiodic structures, periodic
structures, and other forms. We can also computationally obtain numerous types of solitary wave solutions using a
variety of approaches. Details concerning their physical behaviour and some of their analytical responses are also
provided. These graphs display numerous soliton behaviours of the rsHMBS model to demonstrate how they can
be employed to recognise the METF approach physically. For various reasons, it is important to show the solitary
wave solutions of the studied rsHMBS model using different graphical forms. The p(z,t) and ¢(z,t) values of a select
few solutions are graphically represented using various diagram types, including profile before revolution shapes, 3D
revolving shapes, 2D shapes, contour shapes, and density shapes; to illustrate the solitary wave solutions and enhance
our understanding of wave movement and behaviour. Figure 14 displays the profile before revolution shapes, 3D
revolving shapes for the solution pi1(7) of the rsHMBS model using the values of T'= 3.0, A = 2.0, E = 0.75, D = 2.0,
C = 1.0. Figure 15 displays the profile before revolution shapes, 3D revolving shapes for the solution ¢11(7) of the
rsHMBS model using the values of T = 3.0, A = 2.0, £ = 0.75, D = 2.0, C = 1.0, B = 2.0, § = 3.0. Figure 16
displays the profile before revolution shapes, 3D revolving shapes for the solution pas(7y) of the rsHMBS model using
the values of T'= 3.0, A = 2.0, E =1.0, D = 5.0, C =1.5. Figure 17 displays the profile before revolution shapes, 3D
revolving shapes for the solution go4(7y) of the rsHMBS model using the values of T'=0.8, A =29, E = 1.5, D = 0.5,
C =1.5, B=6.5,§ = 5.5. Figure 18 displays the profile before revolution shapes, 3D revolving shapes for the solution
p33(7y) of the rsHMBS model using the values of T = 0.0, A =2.9, E=1.5, D = 1.5, C = 7.5. Figure 19 displays the
profile before revolution shapes, 3D revolving shapes for the solution ¢33() of the rsHMBS model using the values of
T=00,A=29, E=15 D=15,C=75 B=1.5,6§=1.5.

Figure 20 displays the surface and scatter shapes for the solution p11(y) of the rsHMBS model using the values of
T =0.05, A=0.05, F=0.01, D=0.13, C = 0.11. Figure 21 displays the surface and scatter shapes for the solution
q11(y) of the rsHMBS model using the values of T'= 9.0, A = 5.0, E = 1.0, D = 5.0, C = 5.0, B =2.0,§ = 2.0.
Figure 22 displays the surface and scatter shapes for the solution poy(7y) of the rsHMBS model using the values of
T =-0.05, A=0.05, E=0.01, D =0.13, C = 0.11. Figure 23 displays the surface and scatter shapes for the solution
p33(7y) of the rsHMBS model using the values of T = 0.0, A =2.9, E = 1.5, D = 1.5, C = 7.5. Figure 24 displays the
surface and scatter shapes for the solution gs3(y) of the rsHMBS model using the values of 7' = 0.0, A = 2.9, F' = 1.5,
D=15,C=175B=15,6=15.

Figure 25 displays the density and contour shapes for the solution p11(y) of the rsHMBS model using the values
of T =0.05, A =0.05, E =0.01, D =0.13, C = 0.11. Figure 26 displays the density and contour shapes for the
solution ¢11(7) of the rsHMBS model using the values of T = 9.0, A = 5.0, E = 1.0, D = 5.0, C = 5.0, B = 2.0,

= 2.0. Figure 27 displays the density and contour shapes for the solution pss(y) of the rsHMBS model using the
values of T'= —0.05, A = 0.05, £ = 0.01, D = 0.13, C' = 0.11. Figure 28 displays the density and contour shapes for
the solution p33(7y) of the rsHMBS model using the values of T = 0.0, A =29, E =15, D =1.5, C = 7.5. Figure 29
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Figure 14. Profile before revolution and 3D revolving plot of the real and imaginary parts of p11(7y).

Figure 15. Profile before revolution and 3D revolving plot of the real and imaginary parts of ¢q1(7y).
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Figure 16. Profile before revolution and 3D revolving plot of the real and imaginary parts of pas(7y).

Figure 17. Profile before revolution and 3D revolving plot of the real and imaginary parts of ga4(7y).



CMDE Vol. *, No. *, * pp. 1-28

Figure 18. Profile before revolution and 3D revolving plot of the real and imaginary parts of pss(7y).

Figure 19. Profile before revolution and 3D revolving plot of the real and imaginary parts of gss(7y).
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Figure 20. Scatter and surface profiles of the solution pi1(7).

Figure 21. Scatter and surface profiles of the solution ¢11 (7).
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Figure 22. Scatter and surface profiles of the solution pay (7).

Figure 23. Scatter and surface profiles of the solution ps3 (7).
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Figure 24. Scatter and surface profiles of the solution g33(7).

displays the density and contour shapes for the solution gss(y) of the rsHMBS model using the values of T' = 0.0,
A=29 E=15,D=15,C=175,B=1.5,0=15.

Figure 30(a) displays the 2D shapes for the solution p11(7y) of the rsHMBS model using the values of T' = 0.05,
A=0.05, E=0.01, D =0.13, C = 0.11 with ¢ = [1, 10, 20, 100]. Figure 30(b) displays the 2D shapes for the solution
q11(7y) of the rsHMBS model using the values of T'=9.0, A =5.0, E =1.0, D =2.0, C = 5.0, B=2.0, § = 3.0 with
t = [1,10,20,100]. Figure 30(c) displays the 2D shapes for the solution ps4(v) of the rsHMBS model using the values
of T =—-0.05, A =0.05, E =0.01, D=10.13; C = 0.11 with ¢ = [1, 10, 20, 100]. Figure 30(d) displays the 2D shapes
for the solution go4(7y) of the rsHMBS model using the values of T = —9.0, A = 5.0, £ = 1.0, D = 5.0, C = 5.0,
B =2.0,§ = 2.0 with ¢t = [1,10,20,100]. Figure 30(e) displays the 2D shapes for the solution p33(y) of the rsHMBS
model using the values of T'=0.0, A =29, E=1.5, D = 1.5, C = 7.5 with ¢t = [1, 10,20, 100]. Figure 30(f) displays
the 2D shapes for the solution gs3() of the rsHMBS model using the values of T'= 0.0, A =2.9, E = 1.5, D = 1.5,
C =175 B=15,0=15witht=[1,10,20,100].



CMDE Vol. *, No. *, * pp. 1-28

Figure 25. Contour and density profiles of the solution p11(7y).

Figure 26. Contour and density profiles of the solution ¢11(7).
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Figure 27. Contour and density profiles of the solution pa4(7y).

Figure 28. Contour and density profiles of the solution p33(7).
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Figure 29. Contour and density profiles of the solution g33(7).

Figure 30. 2D profiles of the solutions p11 (), p2a(7y), pss(7), q11(7), gaa(7y), and gs3(7).

These four varieties of diagrams are crucial for exploring NLEEs for the reason that they generate it simpler to
comprehend, picture, and analyses soliton solution presentations. While scientifically precise, theoretically produced
soliton solutions, for example bell-shaped solitons, multiple solitons, bright soliton, V-shaped solitons, singular pe-
riodic solitons, compaction solitons, and peakons that requirement watchful deliberation for their probable requests
in erbium-doped fibre systems. Bright solitons that comparable to optical pulses that assert their truthfulness and



26 M. N. ALAM, S. F. AHMED, C. TUNC, AND H. ALOTAIBI

energy over continued propagation lengths, appear in inconsistent dispersion managements. Anti-kink solitons, singu-
lar solitons, singular kinks, quasiperiodic structures, periodic structures, and other forms that manifest as patches of
reduced intensity on a steady light background are often linked to typical dispersion conditions. Singular solitons are
characterised by abrupt peaks or singularities in amplitude; they might be a sign of localised energy accumulation in
fibre systems or a condition that causes nonlinear instability. The theory is easier to relate to when one understands
the results of solitons in terms of experimentally observable properties such as pulse width, peak amplitude, energy
content, and propagation speed. Results from experiments offer useful recommendations for practical applications.
By investigating the effects of input power on doping concentrations in erbium-doped fibres, researchers may experi-
mentally demonstrate stationary soliton behaviour. The significance of the proposed model in the field of nonlinear
photonics and its applicability to fibre optics are further highlighted by offering commentary on how it might be used
in experimental settings using femtosecond and picosecond pulse production, as well as ultrafast optical diagnostics.
The close connection between theoretical concepts and experimental measurements significantly enhances the practical
effectiveness of this research.

5. CONCLUSION

A dynamical systems framework was generated in the current study, focusing on bifurcation analysis, chaotic
and quasi-periodic behaviour, sensitivity tests, and novel soliton solutions for the rsHMB equation using the METF
approach. To understand the planar dynamical system and demonstrate its reliance on physical characteristics, such
as quasiperiodic and sensitivity analysis, we employ bifurcation and chaos theories. A comprehensive stability analysis,
guided by bifurcation theory, revealed the system’s dynamic behaviour under different parameter regimes. Hamiltonian
projections were also provided to more deeply explain how trajectories spread out in the neighbourhoods of equilibrium
points. This resulted in revealing the complex dynamics of the dynamical response. These novel findings provide fresh
perspectives on the dynamics of wave motion in mathematical models to understand the stability and transitions
of nonlinear pulse dynamics in fiber lasers. These experiments exhibits when stable solitons create, when solitons
destabilize, and how minimum varies in parameters affect pulse propagation. To visualize the significance of these
nonlinear dynamical outcomes as 2D and 3D phase portraits, sensitivity behaviours, time series, contour maps, density
diagrams, and surface phases for different initial conditions. The findings will contribute to a better understanding
of the physical situation of nonlinear wave propagation in other physical situations, such as controlling ultrafast laser
pulses, designing stable high-speed fiber optic communication, enabling secure chaos-based data transfer, improving
medical laser imaging, and advancing magnetic storage technologies. Finally, we found exact optical soliton solutions
for rsHMBS in this work, which can be used to transmit femtosecond pulses in an erbium-doped fiber. The METF
approach has been successfully applied to construct several solutions, including compaction solitons, singular periodic
solitons, V-shape solitons, bell-shaped solitons, and anti-kink solitons. We use symbolic computers to handle nonlinear
wave issues in a variety of domains, including engineering and mathematical physics. Furthermore, these solutions
might be helpful in every area of mathematical physics and engineering. The findings support the success of the METF
approach in producing explicit solutions to NLPDEs. The rsHMB equation equation’s bifurcation dynamics, sensitivity
characteristics, and soliton structures are successfully investigated in this paper, although there are still a number
of restrictions and difficulties. The complexity of real optical systems, including higher-dimensional disturbances,
inhomogeneous media, and external noise effects, may not be well captured by the current study, which mainly
concentrates on one-dimensional formulations and idealised parameter conditions. Furthermore, the METF method
may not be as applicable to more complex or stochastic versions of the rsHMB model, despite its strength in obtaining
precise analytical solutions. When working with highly sensitive or chaotic regimes, numerical simulations based
on deterministic techniques like Runge-Kutta also encounter computing limitations. Future research could develop
hybrid analytical-computational frameworks with machine learning or neural network-based algorithms to handle
high-dimensional or non-integrable expansions of the rsHMB issue. Examining fractional-order and nonlocal versions
of the model may help us better understand long-memory effects and complex wave interactions. Investigating optical
implementation and experimental validation of the theoretical results in erbium-doped fibre systems would also increase
the practical impact. These avenues could enhance our comprehension of nonlinear wave dynamics and broaden the
application of soliton-based technologies in modern photonics.
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