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Abstract r 1

This paper analyses one of the most popular models in nature and industry, the conventional type of van der Waals
for granular fluids. The recognition of dynamic and static properties of such models is crucial in various areas of
business, from engineering to pharmaceuticals and other physical phenomena, such as those explored in geophysics.
The phase separation processis described in this model.This paper analyses one of the most popular models in
nature and industry, the conventional type of van der Waals for granular fluids. The dynamic bifurcation methodis
used to detect the existence of smooth and non-smooth dynamic bahaviours, and periodic, solitary, singular soliton,
anti-kink, and kink wave profiles have been produced. As a result, the rich dynamic properties of the model help
to utilize the extended direct algebra method to obtain exact wave solutions. Theachieved solutionswere compared
with different approaches. As per the authors’ knowledge, no such work has yet been published in the literature.
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1. INTRODUCTION

Granulation is the process that primary powder particles engage with a broader particle form. The effects of
the procedure are referred to as granules. Grain substances are sand, cereals, sugar, pills,asteroids, broken coal, and
cosmetics. In various sectors of the production process, from medicine to civil engineering, as well as in some important
physical phenomena, including those investigated in the geosciences, it is crucial to understand the static and dynamic
properties of this type of matter, see [5, 25]. The above places considerable emphasis on researching the physical
characteristics of this model and, for this reason, some of the new methods are used to obtain exact and solitary wave
solutions. Various successful and efficient methods exist to obtain exact and solitary wave solutions for nonlinear partial
differential equations (NLPDESs); the generalized exponential rational function method [6], Lie symmetry analysis [8],
the generalized Kudryashov method [9], the (G”/G)- expansion method [1], the discrete tanh method [11], the extended
Tanh—Coth method and the modified simple equation method [2], the method of functional variable [12], the sine and
cosine method [23], the exp,-function and unified methods [10], the generalized logistic equation method [19], the
Hirota bilinear method [17], the improved tanh (®(&)/2)-expansion method [18], the perturbation-iteration algorithm
[13], the residual power series method [24], the sub-equation method [4], the rational sine-Gordon expansion method
[14], the bifurcation methods [15], the inverse engineering scheme [28], and the modified simple equation method [21].
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The standard form of the van der Waals for fluidized granular matter, considering the macroscopic equation for
mass, momentum, and energy is given as

D,n+nV.au=0,
D,u+ (mn) ' Vp=0, (1.1)
nD,T+V.J+p:Vu+w=0,

where the material derivative D; is described by D; = % + u.V,the number of density is n = 9 'dvf(v), the
flow velocity is u = %8*1dvvf(v), the granular temperature is defined as T' = %B*Idvczf(v) and the heat flux
J = —k(n,t)VT. Furthermore, the peculiar velocity C' = v — uand kis the thermal conductivity.

However, from the Equation (1.1), density and horizontal momentum act by the conservation equations, and the
velocity field is low to ignore the nonlinear terms in v, therefore the horizontal momentum and density can be vertically
measured withj(z,t)and p(z,t) that satisfies the equations of continuity

Op(x,t) _ 9j(x,t)

ot oz’
9j(x,t) _ 9y
_—t = . 1.2
ot ox (1.2)
By virtue of Equations (1.1) and (1.2), the van der Waals form is quantified to the dominant order [16]
Pu 0% (PPu Ou 4
gu, g (U _ 0By = 1.
o2 * 022 <8x2 Tor T 5“) 0 (13)

where u is the field that defines the vertical average density correction, 7 is the effective viscosity, x is the coordinate
that shows the horizontal direction of the granular structure, and e is the bifurcation parameter. So, we want to
scrutinize the wave solution of the form

u(z, t) = u(f), (1.4)
where £ = kx 4+ wt and v : R — R is a smooth function. Eq. (1.3) has been discussed in [3] using the Painlevé analysis
and the Tanh expansion method, in [16] using the six separate methods, in [27] using the modified Kudryashov method
and the hyperbolic function method,also the exponential rational function method and Generalized Kudryashov
method where adopted in [7] to derive the exact solutions of the model.

Substituting Eq. (1.4) into Eq. (1.3) we have an ordinary differential equation (ODE)u = u(§) as follows

EYii 4 wonk?a — (ke — @®)u + k2u® = 0. (1.5)
Let & = y to obtain the system

du dy wn (ke = w?) 1 4

au_ oy _ Wl - 1.6

AR AT Yt S U g (1.6)
with the renowned first integral, we're going to get

2w (ke — w?) 1 2C
_ 2 2 4 —
H(u,y) =y + 2 W iU —l—@u +ﬁ:h’ (1.7)

where h is an energy level. We know that the study of exact travel wave solutions of Eq. (1.1) in different parametric
spaces is still not considered before. This paper aims to implement the extended direct algebra method first proposed
by Rezazadeh [22] in an attempt to discover exact wave solutions and the dynamical system method for studying the
dynamic properties of the system (1.6) under the three-dimensional space parameter for the van der Waals fluidized
granular matter.

This article is structured as follows: In section 2, we analyze the stability of equilibrium points and investigate the
bifurcation of the phase portraits system (1.6). In section 3, first, we describe the extended direct algebra method for
solving NLPDEs, then we apply this method to seek exact wave solutions for Eq. (1.3). In section 4, the physical
explanations of our exact wave solutions of Eq. (1.3) are presented. In the last section 5, the conclusion has been
drawn.

(=)=
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2. STABILITY ANALYSIS OF EQUILIBRIUM POINTS AND PHASE PORTRAITS

Now we consider the corresponding regular system of Equation (1.6) for zero viscosity of the VAW inviscid model
as follows

du dy

a4 ay 2y, 123 21
i Ky, i (ke — @ )u — k7u”, (2.1)
where d¢ = ud( with the first integral
s (ke—w?) , 1 , 2C _

System (2.1) is a planer dynamical system defined in three-parameter space (k,e,w). Although all moving wave
solutions are determined by these phase orbits characterized by the system’s vector fields (2.1), as the parameters
change, in the phase plane we will analyze the bifurcations of the phase portraits of this system. In the next subsections,
we discuss the stability of the equilibrium points and the bifurcation of the phase portraits, depending on the change
in the parameter.

2.1. Stability analysis of equilibrium point. The equilibrium points of system (2.1) satisfy Qs (u) = (ke —

w?)u — k?ud. It is clear that Q4(u) = 0 when u = uy o = :1:7”3(7”;_%). The cubic equation has three real roots when
3—\2/5(195 — w@?) < 0, otherwise, there’s a real zero solution. We have two hyperbolic fixed points in the first case and a
center fixed point in the second case.

Let one of the singular points of Eq. (1.5), then the linearized system Eq. (1.5) has (u*,0), the characteristic
values at the singular point (u*,0) namely A\ o = +k?,/Q%(u*). Consequently, we know the following according to
the qualitative theory of dynamic systems. If Q5(u*) > 0 or (< 0); then (u*,0) is a saddle point (or a center point).

If Q4(u*) =0, (u*,0) is a degenerate saddle point.

2.2. Bifurcation of phase portraits. Due to the symmetry of u — —u on Eq. (2.2), we will assume without loss
of generality @ < v/ke. The following phase portraits of the system are obtained from the above analysis.

From the above phase portraits,there exist a family of periodic orbits around the center Fy(¢p,0) (see Figure 1
(a)-(c), (v) and (vi)) and the two equilibrium points Ej 2(u1,2,0) (see Figure 1(d)). Besides, there exists a homoclinic
orbit (see Figure 1(c)-1(e)) and two heteroclinic orbits connecting two saddle points atE 2(uj 2,0)(see Figure 1(a)
and (f)). These periodic orbits, homoclinic,heteroclinic orbits,and open orbits give as respectively, periodic, solitary,
kink and anti-kink and compacton wave profiles to the system (1.6).

Correlating to the energy level H(u,y) = h we have, ho(0,0) = 0,

1
hi (u1,0) = P (—3w4 + 6wek — 3e?K% +4C /3 (w? — K&)H) ,
1
ha (uz,0) = —5 (3@4 — 6w?er + 3e2k2 +4C/3 (w? — ns)n) .

In the next section, we apply the method of the extended direct algebra method to determine the traveling wave
solutions of Eq. (1.3).
3. METHOD OF SOLUTION
For any given NLPDEs

R(z,t, Bt, By, Bity, Bagy eveen. ) =0, (3.1)
We utilize the transformation,

B(z,t) =u(§), ¢=ka—wt, (3.2)
where k and w are constants. So, Eq. (2.1) transform into the next nonlinear ODE

G (u,u v u” . ) =0, (3.3)

(&)
ENE
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where( is the polynomial function of its arguments, and
du
= ra
The next target is to investigate the solutions of Eq. (3.3) as

/
u

N
u(C) =Y b:d'(€), (34)
1=0

where N is the positive integer obtained by balancing the highest derivative term with the highest nonlinear term of
the nonlinear ODE, and the constantsare also to be determined. Eq. (3.4) is considered to be ageneralization of the
ansatz method used in [26]. The ®(&)satisfies

() = Ln(4) (¢1 + ¢22(8) + g39%(€)) , (3.5)

whereq, g2, gsare to be determined. Lastly, the solutions obtained using the relations between ¢1, g2 and q3 as demon-
strated in [26].

Now, using wave transformation U(§) = u(x,t) where§ = kx + wt in Eq. (1.3) and integrating twice and setting
the constant to be zero to have

k4" 4 wnk?u’ — (ke — @w?)u + k%u® = 0. (3.6)

Balancing the highest derivative with the highest nonlinear terms of Eq. (3.6), we obtainN = 1 andthen proceed as;
U(§) = bo + b12(§). (3.7)

We substitute Eq. (3.7) into Eq. (1.6) and equate the coefficients of ®¢(¢)for (i = 0,1,2,---, N)to zero to obtain the
system:

(&) : by + kb3 — kebg + k*nwby Ln(A)q + k*b1Ln(A)*q1q2 = 0,
() : by + aby Ln(A)qiqe + Bb1Ln(A)qy + abd =0,
D?(&) : —keby 4+ @by + 2k b1 Ln(A)*(q1q3 + 3) + k*nwby Ln(A)ga + 3k>bgby = 0,
3(€) : 2k*by Ln(A)2q2 + k*b3 = 0.
After solving the system, we have
Case-1: When
! ((J2 V@G — 4Q3Q1> b1 3@ — A oy /=2b,
" 245 C T T eggnIn(A) T TagsLn(4)
V=268 (9 —20°) (g5 — 4q1g3)) B
eE==F 3 5 s by = by.
4g3n*Ln(A)
1 (QQ + Va5 — 4(13(11) by
u(z,t) = £= + b1P(¢), (3.8)
2 2q3
eo I (o, 3WVE —dwa )
2gsLn(a) 2 qsn

From Egs. (3.2), (3.4), and (3.8) along withthe solutions of Eq. (3.5), we get the new type of exact solution of the
van der Waals Equation (1.3) as follows.
When A = ¢3 — 4¢1q3 < 0 and g3 # 0 then

uy (z,t) = Vb (ﬂ:; + itany <\/;7A€>> ;

2q3
[c[v]
o] €]
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ol (R)),

(3
ud (z,t) = VAb, (i; +i (tanA (ﬂé) + Vpgseca (\/jﬁ))) )
(j:; +i (— cot (Mg) + /pgesca (ﬂ&))) :
uE (z,t) = Vb <1 +i (tanA (Tf) —cot g (Tf))) ;

where £ = 72%%};1(14) (Fx 3 blft)

q3mn
When A = ¢3 — 4q1q3 > Oandgz # Othen

2¢3 2 2 )
uf(z,t) = gjl (i; — coth, (“f&)) :
ui(z,t) = \/2531 (i; + (— tanh 4 (\/Ké) +iy/pgsecha (fﬁ)))
ugy (x,t) = \/2/2:1 (:I:; + (fcothA (\/Xf) + /pgcschy (\/75)))
uiy (z, t) \g:l (il - <tanhA (ff) + cothy (‘ng))) ,

wheref = 2q3Ln(A (\/ 2x — %b;w ) .
When ¢1q3 > 0 and g3 = 0 then

O e
e (yF (22 3))
e e N )
(T (5 )
e
T ()
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When ¢1¢g3 < 0 and g3 = 0 then

-0 1w )
- (4o g £ (-5 5.
uis(z,t) = bl\/% (i; + (—tanhA (L:;E’;l) \/ZE (mx _ 371’1 _Z;t»
+b 3b
i (2 )
u1i9($,t) =b —Z—; (:I:; + (— coth 4 (L:?;D Zi (\/3:10 _ ?’nﬁ _Z;Q)
(83 5)
uzio(w,t) = 1)21\/% (:I:l + (tanhA <2L:H)(1A) \/ZE (\/TQI _ 377& _Z;t>>
oo (gzam s (2= 500)))

5) When ¢2 = 0 and g3 = ¢q1, then

ud (z,t) = by (i; + tany (2;1[)(114) ( - )))

e = (- o (20 (72 22},

-0 o o 2 (3 50) s (2 (2 2))
)

i = (s (o (e 2)) e 225 (- )
= (s (o (g (V73— 220)) e (2 (- 220))) )

6) Whengy = 0andgs = —¢1, then

L +
T N e ()

)
)
u(z,t) = by <i; ~ cothy < +b, ( ~ 3iby )>
)
)

[\
H

)
)
)

ulis(x,t) =b (:I:% + ( tanh 4 ( ibl (\/ix — Blblt) +iy/pgsec ha ( (\fx — 3lb1t))>)
ulig(:c,t) =b <:I:% + (7 coth 4 (%&) ( 2r — ‘“blt) +/Pgcscha ( ) (\/5:17 — %t)))) ,

uQiO(:c,t) 31 (:5:1 + (tanhA (#I?A) (ﬁaj — % —g—;t)) + coth 4 (2L o ( %t)))) .
7) When ¢; = Oand ¢o # Othen

U?,%(CC t) q2b1 ( - p > ,
q3 2 cosha(q€) —sinha(g2€) +p
80
200
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FIGURE 1. (a)k < 0,w < 0,6 = 0;u; = —ug. (b)k < 0,e/< 0;u; > 0 > /3(ke —w?). (¢)k > 0,w >
0,e <0;u; >u*=1>0. (d)x > 0,0 < 0,e =0;u; = —ug. (e)k >0, > 0; —/3(ke — w?) < u* <0.
(f)k > 0,e > 0;u; > 0> /3(ke — w?).

+
uzg(w,t) =

@ <:|:1 3 sinh 4 (g2€) + cosh 4 (g2€) )
q3 2 sinha(q2€) +cosha(qé) +¢q/)’

wheret = gty (V=20 - §5e).
8)Whengs = A,g3 = mA(m # 0)andg, = Othen

1 pAzLRa (V2= 4 7ht) )

+
Uz (x,t) =by | 2— +
a7(x,t) ( om p_quﬁ%(mz—g,%t)

4. PHYSICAL EXPLANATION

This work’s solutions take the form of elliptic functions. Furthermore, elliptic functions are an extension of solutions
to trigonometric and hyperbolic functions. As a result, the solutions provided here are more robust than those of
the hyperbolic function technique, the modified Kudryashov method [3], the exponential rational function method
(ERFM), and the generalized Kudryashov method [16]. The physical explanations can be illustrated by plotting the
contour and 3D graphs of some of the derived solutions using appropriate constant values. The plots of |u§r(x,t)‘
Juis(z, )| and |ujg(x,t)| are shown below (fig(1-4)):

an
BE
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(a) (b)

FiGurE 2. 3D and contour plot exact solution of the ]ugr(x,t | with ¢ = 2,¢q0 = 1,q3 = —2.5,A =
2.7,p=0.95¢=098n=1and by = 1.2 when —10 < z,¢ < 10.

(a) (b)

FiGure 3. 3D and contour plot exact solution of the |u1_3(;1:,t)| with ¢ = 1,0 = 1.5, A = 2.8,p =
1.3,¢g=12,n=4 and b; =2 when —10< z,¢ < 10.

(a) (b)

F1GURE 4. 3D and contour plot exact solution of the |u1~'6(:c,t)| with ¢ =0.5,q3 = —-1.5,A=¢,p=
1,gq=1n=09 and b; = 0.2 when —1 < z,t < 1.

FIGURE LEGENDS

5. CONCLUSION

Nonlinear wave equations with constant coefficients have different applications and can be solved by many re-
canrchors. Nowadays numerous methods are used to derive thetraveling wave solutions of these equations. In this

BE
BIE
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paper, we applied a method of bifurcation and extended direct algebraic methods to obtain different dynamical be-
haviours of stability properties and exact traveling wave solutions of the usual type of van der Waals equation with the
constant coeflicient for the fluid granular matter respectively. By slightly changing the parameters of the model, we
simulate different phase trajectories including smooth and nonsmooth phase portraits. Also, we obtained equilibrium
points and their stability by using the theories of the singularity of the first type. The smooth periodic orbits and
homoclinic orbits of the model provide periodic and solitary wave solutions while compacton wave profiles and hete-
roclinic wave profiles give rise to anti-kink, kink, and breaking wave solutions of thismodel.Byutilizing the extended
direct algebra method, we demonstrate the existence of more than forty-eight traveling wave solutions for the normal
van der Waals model for the fluidized granular matter.The solutions achieved are newer and also more general than
in the literature. Results obtained show that these methods are verysimple, reliable, and efficient to solve NLPDEs.
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6. APPENDIX A:

6.1. Existence of bounded traveling wave solutions of an inviscid VAW model. We next prove the existence
of periodic and solitary wave solution of Eq. (2.1) depending on the Jacobian elliptic functions. Thus, by multiplying
Eq. (2.1) byu' and integrating once, we get that umust satisfy
1 2 (ke — @?
(')’ [—u‘l + Qvf —4k*C (6.1)

)

k2 k2

whereC,, is the required non-zero integration. For simplicity, we takeP (t) = t* — Q(k‘gkizwz)tQ — 4k%C,. Although the
solutions of Eq. (6.1) is heavily dependent on the roots of P(t). For 0 > C; > %, we have

2 ke— 22
P(t) = - tz—’“;f’z) —(5,;7) —4k2C
— ke—w?2)2—4k6C ) ke—102)2—4k6C
I tz*kak;ﬂ _ ) (ke wk)‘l ><t2ksk2w + (Ewk)4>v

and

ke — w? (ke — w?)® — 4kSC ke — w? (ke — @2)* — 4kSC
- = >0, ot >
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Hence, P(t) has real and symmetric roots fuy, and tupy.We assume that u,, < 0 < up. (see Figure 1(d)). Hence,
we can write

2 1 2 2 2 2
()" = T [(v® = um?®) (um® — u?)] (6.2)
Since the right-hand side of (6.2) is nonnegative, then we obtain thatu,, < u < uy and u?’s (i = m, M) satisfy
2(ke— w2
—um2uy? = 4k C <0.
Define p(§) = u(—fd) and k? = Muﬁ’;m, then (6.2) becomes
2
/\2 UM 2 Um
= — 1-— 6.4
W = | (- ) =) (6.0
Then introduce a new term y using p? = 1 — k?sin” y, from (6.3) and (6.4), we get
2
)" = 2k2 [1 — k7 sin®x] . (6.5)
We get this basedon the description of the snoidal Jacobi elliptical function
1 Uum
=—=—-¢ (6.6)
/ 1-— k2 sin” & V2 k

has a solution

sin (€)= sn 5 ek ).

hence, using the relation k?sn? + dn? = 1, we obtain

€)= /1—k2sin®¢ = \/1k§sn2 <\2%\4—§,k1) dn(\}uf{v[{ k >

Andz (0) = 1.
Substituting the form of z(€) to the definition p(&) = w8 we get the dnoidal wave solution

um

war (€) = updn (\[ 3 k1> (6.7)

Alreadydn has a period of 2K,that is dn (u, K) = dn (u+ 2K, k1), for which the elliptic integral of the first kind is
defined by K = (k1), hence we obtained thefundamental period

T, = V2K (k). (6.8)

/ — g2
Then, from (6.3), we get 0 < uy, < 7”“5];7"2 < upn < w, and fundamental period T, can be seen as a function
of a variable uy only, that is

2v/2k
V2 (ke — @2) — k2up?2
. 2(ke—w?)—2k%um?
Withk () = AT 2

Next, we will show that 7, > \/L Note that if ug — 0, we have that k1 (um) — 17, and then K (k1 (um)) — +00..

Therefore, T,, — +00 as u,, — 0. On the other hand, if u,, — 7”“21”, we have that k1 (up) — 01, which imply that
[c )
(0] ¢

Ty (N2) =

K (k1 (u2)), (6.9)
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2

K (k1 (um)) = 5. Therefore, T, — ny2 - @ Moreover, since the function wu, € (0, @) —

=i as Upm

T, (um) decreases strictly, it follows that T,, > /2

Vke—w?2’

Remark 6.1. If u,, — 07 (see Figure 1 (¢) and (d)), we obtain that u, — 7W,k1 (um) — 17. Then, based
ondn (x,1) = sec(x), the relation (6.8) forfeit its periodicity and we get a single hump waveform with ”infinity periodic”

and

(6 wc—'-w()) 2T (V)

k

UA3 (5; M,O) — ke — = _ V2 (ke = WZ)sechQ (\/ ke — w2§) ,

k 2 k

that are wave solutions of Eq. (1.3). Similarly, we can obtain bounded traveling wave solutions of Eq. (1.3) such as
(anti-)kink solution, explicit solutions, and rational solutions as shown in the main result of section 3.
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