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Abstract f )
This study investigates the solvability and approximation of fractional two-dimensional nonlinear functional in-
tegral equations in a Banach space. Motivated by the increasing relevance of fractional models in nonlinear
sciencesincluding diffusion, viscoelasticity, and nonlinear wave propagationwe establish new existence results using

a generalized Darbo fixed-point theorem combined with the measure of noncompactness. To validate the theory,

an iterative Sinc-interpolation algorithm is developed, achieving exponential convergence for numerical approxi-
mation. The proposed approach not only generalizes existing one-dimensional results to higher dimensions but
also provides a practical framework for analyzing soliton-type and other localized nonlinear structures in fractional
systems. Numerical experiments confirm the accuracy and effectiveness of the method.
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1. INTRODUCTION AND PRELIMINARIES

In numerous fields, it is important to investigate two-dimensional fractional nonlinear functional integral equations.
These complex and nonlinear equations are crucial for understanding real-world phenomena in physics, engineering,
and applied mathematics. Examples include the conductor-like screening model, quantum chemistry, kinetic theory of
gases, bioengineering, and free-electron lasers, among others [11, 17, 22, 25, 28, 33]. As demonstrated in [8, 16, 19, 32,
34, 37, 39, 41, 42], integral equations with singular kernels or fractional forms constitute a significant part of linear and
nonlinear analysis. Addressing these problems not only contributes to the advancement of mathematical analysis but
also provides valuable insights applicable to a wide range of scientific and industrial fields. The solution of nonlinear
integral equations depends largely on the application of fixed-point theory. Consequently, the Schauder and Darbo
fixed-point theorems, as well as the measure of noncompactness, have found numerous applications to this type of
integral equation, leading to a variety of solvability results for functional equations [2, 5, 7, 13, 20, 21, 29, 30, 35, 36, 43].

Recent studies on soliton-type and nonlinear wave solutions in fractional and integral systems demonstrate the
growing interest in capturing localized and stable structures governed by nonlocal nonlinearities. However, most ex-
isting works focus on one-dimensional or integer-order models, and the general theory for two-dimensional fractional
functional integral equations remains underdeveloped. This gap motivates the current study, which establishes exis-
tence results and a constructive algorithm applicable to higher-dimensional fractional systems. In particular, the works
[3, 4, 18, 23, 24, 31, 40] have presented analytical and computational approaches for fractional nonlinear evolution
equations and soliton solutions, providing valuable foundations for extending these ideas to two-dimensional fractional
functional equations.

In this article, we investigate the existence of solutions to two-dimensional fractional nonlinear functional integral
equations (which are a kind of singular nonlinear Volterra integral equation of fractional order) in a Banach space,
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using the measure of noncompactness, in the following form:
U(Ta ’(D) = 9(7—7 w) + h(Ta w, u(Tv w))
S B G 00 L ok S0 MO R e

<[] o BEP k(7,9 , Q) PlulE, ) e, (11)
The superposition operator H generates the function h(r,w,u), where 0 < 7,0 < 1, 7,w € [0,1], and 5,7 > 0. The
function I'(y) is defined on the interval ”~1te~% from zero to infinity. In particular, the function (Hu)(r, @) is defined
as h(r,w,u) on the interval ([0,1] x [0,1]) — R. We prove the existence of nontrivial (non-reducing) solutions of
Eq. (1.1) in the set of all continuous functions on ([0, 1] X [0,1]) — . In this article, we assume that A is a non-empty
subset of B, where (B, || - ||) denotes a real Banach space in both the one- and two-dimensional cases. In addition,
we denote by 9MB a non-empty family of bounded subsets of B, and by 9B a subfamily that includes all relatively
compact sets.

Definition 1.1. [13] A mapping w : Mg — R is considered a measure of non-compactness in B if it fulfills the
following conditions:
(1°) The family kerw = {A € Mp : w(A) = 0} is nonempty and kerw C Ng,
(2°) AC B = w(A) <w(B),
(39) w(d) = w(A),
(4%) w(ConvA) = w(A),
(5%) w(AA+ (1= MN)B) < Aw(A) + (1 — Nw(B) for X € [0,1],
(6°) If {A,} be a sequence of closed sets from mp such that A, ;1 € A, for n € N and if lim w(A,) = 0, then

n—oQ

the set Ao = (), A, is nonempty.

Fractional nonlinear functional integral equations, particularly those involving ErdlyiKober and RiemannLiouville
type operators, play a central role in modeling complex nonlinear phenomena with memory and nonlocal effects.
Such equations arise in various areas of nonlinear science and engineering, including anomalous diffusion, viscoelastic
materials, quantum mechanics, and nonlinear wave propagation, where fractional orders describe hereditary or spatially
distributed interactions. Although fixed-point techniques and measures of noncompactness are well-established tools
for proving solvability, the present study extends these ideas to a more general setting of two-dimensional fractional
nonlinear functional integral equations in a Banach space.

The main novelty of this work lies in combining the generalized (¥, G, £)-Darbo fixed point framework with a
two-dimensional Sinc-interpolationbased iterative algorithm that achieves exponential convergence. This hybrid an-
alyticalnumerical approach avoids transforming the nonlinear problem into large algebraic systems and provides a
highly accurate means of approximating the solution. Beyond establishing solvability, the proposed methodology
can be applied to study soliton-type behaviors and other localized nonlinear structures, contributing to the broader
development of fractional models in nonlinear sciences.

2. A GENERALIZATION OF DARBO FIXED POINT THEOREM

To handle a generalization of the Darbo fixed-point theorem [5], we apply a type of contraction utilized in [35].
From now on, we assume that the functions G, ¥, and £ : [0, +00) — [0, 400) satisfy the following conditions:
(i) G € C[0,+0o0) and G(0) =0 < G(7), for all T > 0;
(ii) £(r) < ¥(7), for all 7> 0 and £(0) = ¥(0) =0;
(iii) £(7),¥(1) € C[0,+00) ;
(iv) ¥ is increasing,.
Furthermore, let G = {G : G satisfies condition (i)} and ¥ = {(¥,£) : ¥ and £ satisfy situations (ii),(iii), and
(iv)}. By the following definition and theorem, we present a generalization of the (¥, G, £)-contractive mapping using
the measure of noncompactness and its application [35].

Definition 2.1. Let 9 # @ is a subset of B, and ¢ : ¢ — ¢ be a mapping. We define ¢ as a generalized (U, G, £)-
contractive mapping if, for any 0 < a < b < oo, there exist 0 < pap < 1, G € G, and (¥, £) € X, where for all A C o
an
BE
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and arbitrary measure of non-compactness w, the following holds:
a < Gw(A)) b= ¥(G(w(cA))) < par£(G(w(A))). (2.1)

Theorem 2.2. Regard o # @, a closed, bounded, convex subset of B, and ¢ : 0 — ¢ as a generalized (V,G, £)-
contractive continuous mapping. It follows that ¢ has at least one fixed point in o.

Proof. In [35] the proof is done in Banach space B = C([0, 1]) with standard norm. Because it is similar to proof
in Banach space B = C([0, 1] x [0,1]) equipped to standard norm, thus we leave it.

As an application of a generalization of Darbo fixed point theorem, we prove the existence of solution of two-
dimensional fractional non-linear functional integral equations in Banach space B = C([0, 1] x [0, 1]) with the standard
norm:

|lu|]| = maz{|u(r,w)| : 7,0 > 0}.

Thus, let A # @ be a bounded subset of C(]0,1] x [0,1]), and for u € A and € > 0, we define
H(’U,, 6) = sup{|u(7', w) - U(§7 <)| P w,f 7< ZTL[O7 1]7 |T - g‘ <e, ‘w - C‘ < 6}7 (22)
II(A,€) := sup{II(u,¢€) : u € A}, (2.3)

IIy(A) := €11_I>r(1J II(A4,e),
and
J(u) = sup{|u(§, C)) - U(Ta w)| - [u(fa C)) - U(Ta w)] : vavg 5 C € [Oa 1]7T S 5 , W S C}7 (24)
J(A) := sup{J(u) : u € A}.
It is clear that all functions within A are non-decreasing on [0, 1] x [0,1] if and only if J(A) = 0. Now let us
introduce w on M ([0, 1] x [0,1]) by:
w(A) :=1I(A) + J(A). (2.5)
Following [12], it is easy to indicate that the function w is a measure of noncompactness on C([0, 1] x [0, 1]). Now,

let’s survey Eq. (1.1) due to following hypotheses:

(b1) g:10,1] x [0,1] — RT is continuous, non-decreasing and nonnegative function;

(b2) h:[0,1] x [0,1] x R — R is a continuous function in 7, z,u such that h([0,1] x [0,1] x RT) C RT. Moreover,
there was a continuous non-decreasing function £ : RT — RT with £(0) = 0. For every 7 > 0, it holds that
£(1) < 7, such that

|h(T, 0, u) — h(T,,2)| < £(Ju— 2|),V1,w € [0,1],Vu, z € R,
also £ is superadditive, £(7) + £(§) < £(7 +¢§) for all 7,£ € RT;

(b3) P :Imu — RT is non-decreasing continuous function on the compact set Imu.

1P (u(S, O < [[u(€ Ol [P (ur) = Plug)l] < Lfluy — ug]],

(by) In Eq. (1.1), the operator H satisfies the condition J(Hu) < £(J(u)) for any nonnegative function u, where
£ is introduced in (by).

(bs) f:]0,1] x[0,1] x [0,1] x [0,1] — R is continuous yet non-decreasing with respect to every variable separately;

(bg) k:Imf — R is non-decreasing continuous function on the compact set Imf.

(b7) By hypotheses M7 = maz{|g(T,w)| : 7,w € [0,1]} and My = maz{|h(7,w,0)| : 7, € [0,1]}, the bellow
inequality

M (y + DT(0 + 1) + (£(r) + Mo)[[E||[Jul] <T(y + IO+ 1r,

(&)
ENE
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[[Iro

T(y+ 1O +1) <1

has a solution as rg > 0, where A =

Lemma 2.3. [1/] If ¢ : R, — R, be a function defined by ¢(17) = 77 and I = [0, 1] then

(1) If0< <1 and 1,72 € I withm < 7o then7‘2 —TIBS(TQ—Tl)ﬁ.

(2) If B>1 and 11,70 € I with 71 < 1o then Tf—Tl < B(re—m).

Lemma 2.4. Let 71,72, w1, w2 € [0,1], 2 > 11,2 > @ and |2 — 11| < €, |ma —w1| <6, 0<v,0 <1 and B, >0
Then,

(o — 1) (we —w)"? , 0< B, n<1 (), 0< B, n<1

(12 — 1) (e — @1)%n 0 ,0<p <1, n>1 < (P (en)? , 0<p <1, n>1

BY( 2—71)7(w2—w1)”0 6>1, 0<n<1, (Be)? (6)”0 6>1,0<n<1,
/BPY( T2 — Tl)’y(wQ - wl)ene ) /87 n Z 1'7 (ﬂ ) (677)0 ) ﬂv n Z 1.

Proof. It is similar to proof of Lemma 2.3 and we neglect it.
We use Lemma 2.4 to prove the following theorem.

0
(73 =) (@] ~ @)’ =

€

Theorem 2.5. Under hypotheses (b1)-(bs), the Eq. (1.1) has at least one non-decreasing solution as v = u(7,w) €
C([0,1] x [0,1]).
Proof. By considering Eq. (1.1) operators G and ¢ on C(]0, ] [0,1]) are defined as follows,
w 7-,6’ — B Y=l — (M _ _
Ll O sy k(f . )Pl Oede, (26)
o Jo (VT(O)
(cu)(r, @) = g(7, @) + h(T, @ U(T @))(Gu)(7, @)

Initially, it’s shown that G is self-map on C([0,1] x [0,1]). Let € > 0 is given and assume u € C([0,1] x [0,1]) and
T1, T2, w1, w2 € [0,1] (without loss of generality) let 7o > 71,05 > @y and |12 — 71| < €, |we — w1| < e. Then,

w2 @ 5 = 1 o Ul
(Cu)ra) ~ @) [ = | [ [ SISO gty ., )Pl Ol
w1 Byy—1 wy] — ("
e 2L B g (s, )P )
w2 7_ _ ¢B\y—1 71 _ rmo—-1
< B T T e e e 6. ) P, O

2 (2B eBYyv=1(h _ m)o-1
. g%m)(rfe) = ﬂiﬁ*lné"’lk(f(ﬁ,wl,f,C))P(u(f,o)dfdcﬂ

Y. S G TS

0
/ 2 NI
/

BEP ¢ R (f (11, @1, €, Q) P(u(€, €))dédC

555—1n<"—1k<f<n,w1,£,<>>P<u(s,o>dfd<|

/

J

/0 56 Y ww)— ¢’
e

ﬁﬁ’* 1w -
0 r()

@ (rf — Py (= —
/o /o T N0) S Bfﬂ*nc"*lk(f(nm»&<>>P<U<f»<>>dfd<’

+ ﬁfﬁflnC”*lk‘(f(ﬁ?wh&C))P(U(E,C))dédé

0

IA

w2 §/3 v— 1 ;I Cn)@—l ) )
/0 /O 6) 556_ 774'77_ |k(f(7-27w27£7<—)) - k(f(Thwl’f,C)”
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[ P(u(§, ¢))|dEdS
w2 [ T2 7. _66 727 C) So1 m1
9) Bf n¢"k(f (11, w1, & O)IP(u(€, €))[d€dC
/m / ) i 0 N B )

INCINC)
BET I k(S (1, w1, €, ) [ P(u(é, ©))|dédC.

Thus, if we put
Hyop(e,.) = sup{|k(f(r,@,&,C)) = k(f(r, @, &) : 7,7, w, @, &, (in [0,1] and |7 — 7| <€ ,|w — @'| <€},
As a result, by applying hypothesis (b3) we can write,

[(Gu)(72,2) = (Gu) (11, @1)| < HP HHM / 2/ = &7 wy — (M) BE ¢ dgd¢

LIl |||uc|\ /m [ e = - e e

HP |||\k|\/““ / T Ny G
sﬁw Ywy — ¢M)P 1Bl ¢ dédc

< lulMkoy (e &)y @l lulllkl] (@ =) (@l — @)’
L(y)L@) v 9 Lyre) -~ 0
- Alulll&] [(T D) (@f <w7)’ ﬁﬂ_ﬁﬂ]
L(y)T'(6) ol v 0 v 0
Ijeo s (e, - 2
([l Mroy (e, -) [[ull]I%]] (18 — 2By (] — )P @7)

ST+ 1)0(y+1) T+ DIy +1)

Hence, regarding the uniform continuity of the function kof on the set [0, 1] x [0, 1] x [0, 1] x [0, 1] we have (xof(€,.) = 0
as € — 0. Thus Gu € C([0,1] x [0,1]), and consequently, su € C([0,1] x [0,1]). Moreover, from Lemma 2.4 the last
team of (2.7) leads to zero as ¢ — 0. Therefore, we can get

Tﬁ_ BYY=1(ggn — (m)0—1
(Gu) Tw|</ / S et k(£ (7,9, £, )Pl ),

G
HkH Hp H/ / ﬂ 1 0—1 p¢eB—1, n—1
Py - 1 A e
o
ST+ DIO+1) (2.8)
for all 7,w € [0, 1]. Thus
(), )] < lo(r, )| + [A(r, @, w) | Cu(r, )
k
< M1+ (7, ,0) = b, 2,0+ 7, . 0) AL
k
< M-+ (2l + ) LI
For this reason,
k
lall < My + (£Qlull) + M) g o 5
oo



6 S. D. KHEZRI, M. RABBANI, R. ARAB, AND V. DADASHI

Hence, if ||u|| < rg then by assumption (b7) we have,

[ lul]
T(y+ 100 +1)
Therefore, the operator ¢ maps the ball B,, C C([0,1] x [0, 1]) into itself. To show the continuity of ¢ on B,,, assume
that {u,} be a sequence in B,, as u, — u. We require to indicate that u,, — cu, specifically, for all 7,w € [0,1],

By =L@ — ¢m)f-1
(Gun)r )~ @) =| [ [ EEE O e onen i, .6, Pl ) e

l[sul| < My + (£(ro) + M2) < rp.

(rf — 57 1w77_ n)0—-1
_ / / SV @ = O ety enk(f(r, @, £, ) P(u(€, C))dEdC

FIT)
BYY=1 (M — (7
< [T [ EEE T et ks 0|
| Plun(€, Q) — P(u(€,0)) | dedC
< PO - PO
= T)I) " CIOK
Since 77w < 1, then
Gun = Gull < i3y P S Pl (2.9)
From (b2) and (b7) it is concluded that,
(st} (7, @) — () (7, @)| = b, @, n (7, )) (Gt () — i, @, 6, ) (G) (7, @)
< h(r, @, tn (7, @) (Gtn)(753) ~h(r, @, u(r, ) (Gt ) (7, )|

+ |A(T, @, u(t, @) (Guy ) (1, @) — h(T, @, u(r,@))(Gu) (T, @)|

< (7, @, un (7, @)) — (1, @, u(T, @))[|(Gun ) (7, @)|

+ |h(r, @, u(r,@)) = h(r,@,0) + h(r, @, 0)|[(Gu, ) (7, @) — (Gu) (7, )|
< £(|un(r, @) = u(r, @))(Gun)(7, @)

+ (£(|u(r, @)|) + M>)||Gup — Gul],

regarding (2.8) and (2.9), it follows that

st = sull < £ = gy gy Pl (£l + Mo sl 1P ) = Pl
Nl + (£ + M) L, — )

£(||un — UH)F(V +1)T(0+1)

Thus ¢ is continuous on B;,,. we show,

T(y+ L6 +1)

Bro={u € By, 1 u(t,w) >0, for 7,w € [0,1]} € By,
clearly, éro;«é @ is closed, bounded and convex. By assumptions (b1), (b2) and (b5) if u(r,o) > 0 then (su)(r,w) >0
for all 7,w € [0,1], ¢ projects BT0 into itself as a result. Thus, ¢ is continuous on BTO Suppose A # @ be a subset of
ETO, also € > 0 and

T1, T2, @i, w2 € [0,1]; |2 — 71| <€ |wa2 —wi| <e,
For simplicity, assuming 7 > 71 and ws > w;p, and moreover, using (2.2), (2.7), (2.8), (b2) and (b7) then we have,

[(cu) (T2, @2) — (su) (11, @1)| = |g(72, @2) + h(T2, @2, u(T2, @2))(Gu) (T2, @2) — g(71,@1) — h(T1, @1, w(T1, @1))(Gu) (1, =1)]

(=)=
E)NE
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| (12, @2) — g(11,@1)| + |A(72, @2, u(T2, @2) ) (Gu) (72, @2) — h(T1, @1, u(72, @2))(Gu) (T2, @2)]|
h(71, @1, u(r2, @w2))(Gu) (72, w2) — h(T1, w1, u(71,@1))(Gu) (12, w2)|
+ h(Thwl, (11, 1)) (Gu) (12, w2) — h(71, w1, u(71, 1)) (Gu) (11, T01)|
< g(r2, @2) — g(m1, @1)| + |h(72, @2, u(72, @2)) — h(T1, @1, u(T2, @2))|[(Gu) (T2, @2)|
+ |h(71, w1, u(T2, w2)) — h(71, @1, u(T1, @1))||(Gu) (T2, w2)|
+ |h(71, w1, u(T1,w01)) — h(71,w1,0) + h(71, @1, 0)||(Gu) (T2, w2) — (Gu) (71, w1)|
] [[]E]| ] [[]E]|
T(y+ )00+ 1) T(y+1)0(0 + 1)

|[u[TTkog (e, -) 2| [ul|[[K]| Y (M n
D) + M) | g 1P 1) T s Dr ) ) = =),

< 1I(g,€) + pro(hy€) + £L(Ju(r2, w2) — u(m, @1)])

where we introduce
Pro (hy€) = sup{|h(T,,u) — h(7', @', u)| : 7,7, @, @ € [0,1],u € [0,70] X [0,70],|7 — 7| <€,|w—w'| <€},
in the last inequality, we drive that,

[l [1]%]] [l ]]%]]
T(y+DI(0+1) T(y+ DI +1)

(£l + b [ et A (o g - 1)), 210)

|(cu) (72, @2) = (su) (11, @1)| <TU(g, €) + pry(hs €)

£(Ju(re, w2) = ulr1,@1)|)

with regard to (2.2) and (2.10) indicate that,

rollk]] rollk
Ti{su, €) < Il(g, €) + pro (P, 6)r(~y T (1))r(0 o £(M(u, 6))r(a i (1))r(7 1)
T (£(ro) + M) bos () 200llME (78 yv(wy — why).

rO@+1)'(v+1) TE+I'(y+1)
Considering supremum on u € A, concludes that,

oIkl rolli)
T (£(ro) + Moo (G 2rollkL s syon oy

T+ 1)I(y+1) D0+ 1I(y+1)
As g is continuous on [0,1] x [0,1], and both h and k o f are uniformly continuous on [0, 1] x [0,1] x [0,7¢] and
[0,1] x [0,1] x [0,1] x [0,1] respectively, hence when ¢ — 0 then II(g,e) — 0, py,(h,e) — 0, iop(e,.) — 0 and
considering Lemma 2.4, (78 —72)7 (@] — @")? — 0 as € — 0. Moreover, regarding (2.3) we can get,
To k

= 1“(7+1)| (|9+1) £(To(A)). (2.11)
Supposing u € A and 7,72, w1, w2 € [0,1] which 71 < 72,1 < wy and considering (2.4), (2.7), (b2), (b7) and
non-decreasing functions g, Gu then,

Io(sA) <

[(su)(s2,72) — (su)(s1,71)| = [(su)(s2, 2) — (su)(s1,71)]
= |g(s2,72) + h(s2, T2, u(s2,72))(Gu)(s2,72) — g(s1,71) — h(s1, 71, u(s1,71))(Gu)(s1,71)|
- [g(sz,Tz) (82, o, w52, 7)) (Gu) (52, 72) — gls1,71) — h(shﬁ,u(sl,n))(Gu)(sl,n)]

<A{lg(s2,72) — g(s1,71)| — [9(s2, 72) — g(s1,71)]}
+ |h(s2, T2, u(s2, 72)) (Gu)(s2, T2) — h(s1, T1,u(s1,71))(Gu)(s2, 72)|
+ [h(s1, 71, u(s1, 1)) (Gu) (82, T2) — h(s1, 71, u(s1, 71)) (Gu)(s1,71)|

— [h(SQ, T, u(S2, 72))(Gu)(s2, 72) — h(s1, 11, u(s1, 7'1))(Gu)(32,7'2)}
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+ [h(81,Tl,U(Sl,Tl))(GU)(SQ,Tg) — h(sl,Tl,u(sl,ﬁ))(Gu)(sl,ﬁ)}
<J(g)+ {\h(sz,Tg,u(SQ,Tg)) — h(s1,m1,u(s1,m))| — |:h(82,7'2,u(8277'2)) - h(sl,ﬁ,u(shﬁ))} }(Gu)(82,7'2>

+ hisr,m (s m)){|(Gu)(s2.72) = (Gu)(s1 )| = [(Gu)(s2.72) = (Gu)(s1.m)| }
rol k]
v+ 1O +1)

u) TOHkH
F(y+ 1@ +1)
Hence, with the help of (b4) it concludes that,

< J(g) + J(Hu)

+ (L([[ul]) + Mz)J (Gu)

— J(H

rol ||| rol k]|

Jlw) < J(H“)r(y FOrO+1) = ( (u))l“(v TOI0+1)

and from (2.4) we drive a result,
rollk||
J(cA) < £(J(A4)). 2.12
54 < rgpre T £ A) (212)
Considering the definition of w in (2.5), and (2.11) and (2.12) we have,
w(sA) =Tlo(cA) + J(cA)
rol [l
T+ 1)I(y+1)
rol K|
“TO+DI(v+1)
rol [l
“TO+1)T(y+1)
< AL(w(A)).
We finish the proof by using Theorem 2.2 for the case of G(7) = ¥(7) = 7, aforementioned inequality and the condition
= rol|k|| < 1.

Py+1)L(0+1)
Now, we will look at some of the corollaries are obtained from this research.

Alamo and Rodriguez [6] defined Erdélyi-Kober fractional integral of a continuous function f as follows,

gt Py
Igf(t): )/0 (s (8)_ ds, 8>0,0<~vy<1.

rol| &l
T+ DTy + 1)

(£(o(A4)) + £(J(A)))

£(Io(A)) + £(J(A))

(£(Ilo(A) + J(A)))

I'(y A gB) Y
Also, Erdélyi-Kober two-dimensional fractional integral is introduced by [14, 15] for a continuous function f on R x R,
2 $B— 1t3 1£(¢
7 f(a.y) 5 / / f(t,9) —dtds, 0<~, §<1, 8> 0, (2.13)
@)
where T'(2 fo t*~le7tdt, z > 0.

Accordlng to Theorem 2.5 and Erdélyi-Kober fractional integral (2.13) we can give the bellow corollary.

Corollary 2.6. If Theorem 2.5’s conditions are hold, then there is at least one solution for integral equations with
fractional order in C(]0,1] x [0,1]), instances of this would be (i), (i), and (iii);

i) for 8 =n, It indicates, two dimensional Erdélyi-Kober fractional non-linear integral equations with fractional orders
v and 6 as follows,

uw(r, w) = g(r, w)+h(r, @, u(r,w)) / /
zz) for B =n and h(1,w,u(r,w)) =

=
()T@)

1
BRI R (f (0,6, Q) P(ul§, €)) dédC,
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we provide, two dimensional Erdélyi-Kober nonlinear integral equations of the second kind with fractional orders ~y
and 0,

BY1=1 (g — (B
atrw) =gtrm) + [ [ LS O e 0,6, ) Pt O) e,
iit) for B =n,k = I, h(r,w,u(r,w)) =1 and g(1,w) = 0,

introduced, two dimensional Erdélyi-Kober nonlinear integral equations of the first kind with fractional orders v and
0,

w T (TB o Eﬁ)fy—l(wﬁ _ Cﬁ)efl 2081 81
ur=) = [ B2 17 (7, . 6,C) Plul€. C)) dgdC.
o Jo L(y)I'(6)
Based on the above process, integral equation (1.1) is a general form of some Erdélyi-Kober two-dimensional
fractional integral equations.
Moreover, conforming with [1], we consider Riemann-Liouville two-dimensional fractional integral for function f €
LY(I),I=[0,1] x [0,1] as follows,

¢
O f(r,w) = /0 / . E)C)1_0d§d§,0<7,0<1. (2.14)

Regarding Theorem 2.5 and Riemann-Liouville fractional 1ntegral (2.14) the following corollary is given.

Corollary 2.7. If Theorem 2.5’s conditions are pleased, then at least one solution for any integral equations with
fractional order may be found in C([0,1] x [0,1]), an instance of this would be (i), (ii), and ();
i) for =1,n=1,

It indicates, two dimensional Riemann-Liouville fractional mon-linear integral equations with fractional orders
and 0 as follows,

u(r, @) = g(r,@) + h(r, @, u(t,@)) /Ow /OT (r (8

ii) for 6=1,m=1 and h(1,w,u(r,w)) =1,
we provide, two dimensional Rimann-Liouville nonlinear integral equations of the second kind with fractional orders
v and 6,

€0 (@ — ()’
OO

M= (w0
ur=) =g(r=)+ [ [ K (1. .€,O) P(u(€, ) dEdC,
() =g+ | [ S b € )P, 0)
wi) for B =1,n=1,k=1h(r,w,u(r,w)) =1 and g(1,w) =0,
introduced, two dimensional Riemann-Liouville nonlinear integral equations of the first kind with fractional orders
v and 0,

£y 1w ¢)-
ul(r, ) / / e L f(r .6 O P(ule. ) dedC.

Thus, integral Eq. (1.1) is a general form of some Riemann-Liouville two dimensional fractional integral equations.

3. APPLICATION

Now, let’s survey an example by employing Theorem 2.5.

Example 3.1. Consider two dimensional non-linear Volterra fractional integral equation,
L,

1 9 3t lu(T, ™) 4¢¢| 507+§)(w+§) ]
u(T,w)—7Tw +7(1+T+w)1+|u77ﬂ|/ / L) (r 52) (w? ,gz)é

u?(€,¢) déd¢,  (3.1)

(&)
ENE
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where 7, € [0,1]. Thus g(r,w) = 1r’w? satisfies assumption (b1) and M; = 1. Also function h(r,w,u) =
7(117711@) 1-|f|5:(f;’|)l satisfies hypothesis (b3) with assumption £(7) = 27,
|h(r,w,u) — h(T,w, 2)| < %|u —zl=£(lu—2z|), Vu,z e R, 71,we€]0,1].

In addition H satisfies in (bs).

Actually, consider an arbitrary nonnegative function v € C(]0,1]

x [0,1]) and

71, T2, 1,002 € [0,1] ( 71 < mand w; < ws), let write

|(Hu)(7,m2) —

(Hu)(r1,@1)| = [(Hu) (72, @2) —

(Hu)(11,1)]

= |h(72, wa, u(m2, @32)) — (71, w1, u(r1, w1))| — [h(72, w2, u(T2, w2)) — h(m1, w1, u(m1, @1))]
B 3Tyt u(T2, ws) 3oy u(Ty,001)
|7(1 + 7+ w2) L +u(re,ws) T(1+7 +w1) 1+ u(r, )
379w u(Te, ws) 31w u(m, 1)

- [7(1 + 7+ w2) 1+ u(re, w2)
3rawwau(Ts, we)

- T1+7m +w1) 1+ u(r, o)

3T

- ‘7(1 + 79 + w2) (1 + u(r2, w2))
3rowau(Ty, 1)

1, 1) |

(
B T(1+ 70+ @2)(1 + u(m, @1))

3rwiu(r, 1)

+
|7(1 + 7o 4+ w2) (1 + u(my, 1))

10+ + @) (L F u(r, @)

37’2@2’& Tl,wl)

[7(1 + 7 + w2) (1 + u(ra, w2))
3ratoau(Ty, 1)

3r (T, wr)

(

(
3rowau(Te, ws)

(

(

(

(

(

B (
T(1+ 72 + ) (1 + U(Tmm))

(

(

+ [7(1 + 79 4+ w2) (1 + u(r, 1)) B 714+ 11+ 1)1+ u(m, wr))
3Tows u(Te, w2) u(m, 1) 3ot 3riw u(T1, 1)
~ 71+ 1o+ w2) | 1+ u(72, w2) 1 + u(m, w1) |7(1 + To + w2) B T14+7m +w) 1+ u(m,w)
3719wy u(Te, ws) (1, w1) 3Tots 31w u(m,w1)
T+ T2 4 @2) 1+ u(ry, @) 1 + u(ry,w01) B T(1+ 72 + w2) ST+ 4wl + u(71, 1)

37’2@’2

u(T2,w02) — u(T1, ™1)

{l

- 7(1+T2+W2)

3Tyw09 3T

u(7a, w2) — u(T1, w1) L
(I +u(m +@2))(1 4 u(r1, 1))

(1 + u(r2 + @2)) (1 + u(r1, =1))

3Ty 3111 u(7, 1)

+{‘7(1+Tz+w2) \

3 3
= §{|U(727W2) —u(r,@1)| = [u(r2, @2) — u(m1,@1)]} < §J(U) =

Hence, J(Hu) < £(J(u)). Furthermore, the function f(7,c,§,¢) =
then k pleases assumption (bg) with ||k|| =

ki [0,2] — R* be taken by k(f) = 1f + 1,
Eq. (2.14) in assumption (b7) is converted as,

1..3...3

7(1+T1 +’W1)

- _7(1+7'1—|—w1) 1+ u(m, 1)

£(J (u)),

T(14 720 + wo)

75 (7 + &) (@ + () satisfies assumption (bs). Let
%. Based on the instance,

3

STOrG) + 2 <TG,

7 20 02

25 2

moreover, a solution of the above inequality is 7 = 1, and

2
L -
(20 T

TG

Therefore, Theorem 2.5 ensures that Eq. (3.1) possesses a non-decreasing solution.

(=)=
E)NE
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4. APPROXIMATION OF THE SOLUTION EQ. (3.1) VIA SINC ITERATIVE ALGORITHM

In Section 2, the solvability of Eq. (1.1) was demonstrated, which was incorporated into equations such as (3.1).
There are numerous methods for obtaining approximate solutions of integral equations with singular kernels based
on the collocation method [27, 38, 45, 47] and projection methods such as the Galerkin multi-wavelet basis used in
[10, 39]. In [9], a numerical method based on Bernstein polynomials was employed. We employ a technique based
on two-dimensional Sinc interpolation to develop an iterative algorithm that approximates the solution of Eq. (3.1)
with high accuracy. Compared with the above-mentioned methods: Firstly, our proposed method does not require
converting the nonlinear problem into an algebraic system by expanding (s, t) in terms of Sinc functions with unknown
coefficients. Secondly, this algorithm has an exponential convergence rate of order O(exp(—cv/N)) (see [26, 44]).

We now recall some properties of the Sinc function [44]:

sin(mu)

Sine(u) = P 70 (4.1)
1, u = 0.

For integer k and h > 0, k’th Sinc function with step size h is presented as,

—kh 1, k=3
S(k, h)(u) = Sinc (“ ) . Sk, h)(jh) = 615 = { J (4.2)
0, k+#3j.
Definition 4.1. If u, be a function noted on real line; so for h > 0 the series,
Cluh) = > u(kh)S(k, h)(u). (4.3)
k=—0o0

is named the Whittaker cardinal expansion of u, wherever-this series converges (see [44]). Clearly, by (4.2) and
(4.3) the cardinal function interpolates function u at the points {kh}> _ .
In keeping with (4.2) and (4.3) a bounded error was introduced by Theorem18 in [26, 44].

Theorem 4.2. Let C is a complex plane, Dy = {z € C: |Im(z)| < d}, where d > 0, and for « > 0 L,(Dg) =

{f: [ is an analytic function in D4} and h = \/%, then

. > . 1 Q| 1 1
17+ = 3 wbShA + i)l < e Nbeap((=T) b~ )N
k=—o00
In this article we discuss in real line therefore, then,
1F() = ukh)S(k;b) (Yoo < 1N Zexp(—caN?). (4.4)
k=—o0

As demonstrated, the upper bound of error exponentially converging to zero as N be large enough. In the case of two
dimensional the error bound is similar to (4.4) and we neglect it.
The intervals integrating in (3.1) are [0, 7] and [0, @], where 7, @ € [0, 1], thus we show a conformal map as follows:

v :]0,1] = (=00, 00) (4.5)
).
In fact, lim,_,o ¢(7) = —oo and lim,_,1 ¢(7) = co. By (4.2) and (4.5) combination of functions S(k, h) and ¢ in the

case of two dimensional is S(k, h).o(7)S(k', h).p(w) interpolation. Let u be an integrated function, then by cardinal
function (4.3), we have,

-
|
T— n(1

N

N
un(ro@)= Y > u(kh,K'h)S(k,h).o(T)S(K' h).o(w). (4.6)

k=—N k' =—N
(&)
ENE
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Following (4.6) and (4.2), if ¢(7) = kh and ¢(w) = k'h for k, k' = —N, ..., N, then u, (kh, k'h) = u(kh,k'h).
On the other word, (4.6) is an interpolation of u such that the interpolating points can be taken by

= @7 (kh) = (PR, k= N4 L. N7y =0 (4.7)
ww = ¢ L (K'h) = 7;’3’;;“ K =-N+1,..,N,o_y = 0. '

By Egs. (4.5)-(4.7) and similar to [15, 44], we compute two dimensional integral on [0, @] x [0, 7] for 7, € [0, 1]
as follows:

2 Tkawk/
| atecrasac~n ZWZ et

where

1
!/
Sk) = —F7 _~, S=T, wW.
#s) k(1 — <)

Algorithm 1 Tterative algorithm based on two-dimensional sinc interpolation.

1: Initialize ug (7, w) = 0.
2: forn=1,2,3,...do

3 Compute
1, [y U (T, @) 2
s = - + h
Unt1(7, @) = 77w T(1+ 74 @) (14 un(7,@)) [(3)2
N N
x ) Z wlek’ wm'(l — @)1 = 7)
k=—Nk'=—N Tk')(w2 w,%)
4: end for

5: The collocation points wy, and 7 for k, k' = —N,..., N are given by (4.7).

For N =5and h = ﬁ, we obtain approximate solution u;(7,w) for i = 1,2 by Algorithm 1 with start function

ug(7,w) = 0. In Table 1, the absolute error for uy(7, @) is presented using the Eq. (4.4).

TABLE 1. Absolute errors for Eq. (4.4) by sinc interpolation.

[ (r,@)][00] 0.2 | 04 | 06 | 08 | 1.0 \
0.0 0 0 0 0 0 0
0.2 0 [5.3x10710[4.1x107% [ 1.5x10°8 [ 4.8x10~8 | 1.5x10~"
0.4 0 | 41x1079 [3.2x1078% | 1.2x1077 [ 3.9x10~7 | 1.2x10°©
0.6 0 | 1.5x107% [1.2x1077 [ 5.0x10°7 | 1.6x10°% | 4.0 x10~°
0.8 0 | 4.8x1078 [3.9x1077 | 1.6x107% [ 8.6x107% | 1.1 x10~°
1.0 0 | 1.5x1077 [ 1.2x10°%[4.0x10°% [ 1.1x10°° | 7.5x10°°

5. CONCLUSION

We have established existence results for a broad class of fractional two-dimensional nonlinear functional integral
equations using a generalized Darbo fixed point theorem and the measure of noncompactness. An explicit example was
analyzed, and a highly accurate Sinc-based iterative algorithm was implemented. The method yields an exponentially
convergent approximation and is suitable for simulating soliton-type profiles or other localized wave structures in
nonlinear fractional models.

(=)
BEE
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Future work will focus on applying the present framework to fractional partial differential equations that generate
explicit soliton solutions and extending the algorithm to variable-order and stochastic fractional operators.

We examined the solvability of a two-dimensional fractional nonlinear functional integral equation in a Banach space.
To confirm the results obtained from our theorems, we presented an application in the form of a fractional nonlinear
integral equation with two variables. The effectiveness and validity of the proposed algorithm were demonstrated
through the process of determining an approximate solution to Example 3.1. In the example, we verified both the
existence of the solution and a highly accurate approximation by employing a convergent iterative algorithm.
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