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Abstract f )
The present work aims to investigate solitary wave solutions for the recently developed (2+1)-dimensional Riemann
wave equation, which is a significant mathematical model in nonlinear sciences with fascinating applications in
fluid dynamics, optics, image processing, plasma physics etc. To analyze this model, we employed four advance
techniques- the modified Sardar sub-equation method, new Kudryashov’s method, Simplest equation method, and
Semi-inverse method to generate several sorts of soliton solutions. A range of categories are encompassed by
these solutions, such as periodic, bright solitons, singular solitons, dark solitons, combo bright-singular solitons,
exponential, rational, and multi-soliton solutions. The findings reflect the accuracy of the solitary and multi-soliton
solutions as well as the effectiveness of the methods. Furthermore, the stability analysis of the solutions is studied
for a clearer study of the equations dynamics. To highlight the dynamic behavior and physical importance of the
optical soliton solutions of proposed model, several graphical simulations, by three-dimensional (3D) graphs and
two-dimensional (2D) plots, are used. This work suggests a major advancement in comprehending the intricate and
unpredictable behavior of this model, encouraging readers to explore the world of nonlinear waves and dynamic
systems.

Keywords. Riemann wave equation (RWE), Optical Solitons, Modified Sardar sub-equation method (MSSM), New Kudryashov’s method (NKM),
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2010 Mathematics Subject Classification. 65L05, 34K06, 34K28.

1. INTRODUCTION

Nonlinear evolution equations (NLEEs) are a particular type of partial differential equations (PDEs) that are
used in science to describe numerous physical phenomena across diverse disciplines of mathematical and physical
sciences, mainely in applied and pure mathematics, physics, chemistry, biology, biochemistry and many other areas
[14, 23, 29, 32]. In recent years, researchers have focused on developing more efficient and precise methods for obtaining
exact or approximate, analytical or numerical solutions, to nonlinear models [3, 16, 45, 50, 55]. Graphically, these
solutions to nonlinear wave equations demonstrate and facilitate the deciphering of the mechanisms behind several
complex phenomena. Because NLEEs are high in describing diverse problems across various sectors, researchers
are becoming more and more interested in looking for solitary wave solutions [33, 54]. Solitons are particle-like
explicit solutions to NPDEs [5, 24, 62]. The most notable technological application of the soliton is the dynamic
of pulse propagation for transcontinental trans-oceanic distance through optical fibers. Many scientists have made
remarkable efforts to derive traveling wave solutions from such NLPDEs. To carry out exact and explicit stable soliton
solutions of nonlinear physical models, several techniques have been devised, such as, extended hyperbolic function
method [51], the sub-equation method [6], the tanh-function expansion and its various modifications [15], the Lie
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symmetry analysis [25], the ansatz method [52], the extended rational sine-cosine and rational sinh-cosh method [53],
the variational principle [46-48], the complex hyperbolic-function technique [10], the (G’/G?)-expansion method [34],
the variational iteration technique [27], the extended Tanh-Coth method [44], the (G'/G,1/G)-expansion approach
[56], the first integral method [4], the modified simple equation method [35], the modified Khater method [36], the
sine-Gordon expansion (SGE) method [1, 2, 19, 20, 57], the Sardar sub-equation method [30], the generalized auxiliary
equation method [7], the Jacobi elliptic function (JEF) method [9], the homotopy analysis method [26], and much
more [13, 31, 60].
This article presents and applies the novel MSSM [8], NKM [37], SEM and SVP to obtain exact solutions to the
NLEE:s in the form of solitons. To the best of our knowledge, all of these methods have not yet been applied to the
Riemann wave equation (RWE). Therefore, by implementing the aforesaid methods, explicit and more general soliton
with solitary wave solutions of Riemann wave equation are obtained. Exact solutions enable researchers to plan and
conduct experiments by creating an environment that is conductive to determining the parameters or functionalities
of the NLEEs. Many researchers have recently discovered exact solutions; lumps solutions; general solutions, and the
interaction solutions by transformed rational function method, the modified sardar subequation method is applied on
some nonlinear PDEs to find solutions. Eventually, there exist numerous techniques to find solutions to nonlinear
differential equations, see [17, 21, 49, 59].

In present study, we deal with the generalized breaking soliton equation and its derivation into the Riemann wave
equation and focus on how dimensionless quantities play a role in describing the system’s physical behavior. The
generalized breaking soliton equation is given by [12]:

By + aVyy + 4B,y + VY, + dVY, + eBA 'Y, = 0. (1.1)

Here, the constants a, b, ¢, d, e are dimensionless coefficients that characterize the interaction between the terms. These
constants are typically ratios of physical quantities, such as velocities, lengths, or times, and their dimensionless nature
ensures that the equation is applicable across different scales.

The A~ is also dimensionless constant and represents a spectral parameter that yields the multivalued nature of
the solution, which comes from the breaking behavior of the soliton. By adding these dimensionless constants, the
equation represents the system’s essential physical behavior in a generalized way, independent of specific units. This
generalization permits the equation to be applied in different physical application with preserving the key characteristics
of soliton behavior. The multi-dimensional breaking soliton equation, given by:

Ui + aUspe + bYyy + VY, + dVU, + VU = 0,

changes the above equation into a multi-dimensional framework. The addition of the variable U gives another layer of
interaction in the wave components. The dimensionless quantities a, b, ¢, d, e ensures that the models behavior remains
scale-independent, making it applicable across different physical systems where wave interactions occur. Consider the
Riemann wave equation [18] defined by the following

By + By + MUY, + UV, =0,
B, =U,,
Y, =0, (1.3)

The addition of the variables U, and U, multiplied by these dimensionless constants, enables the model to address
overlapping solutions and more complex wave behaviors, while preserving the scale-invariant properties, where n, m,
and [ are also act as dimensionless quantities that govern the interactions between U, and U.

RWE discussed in this article is an interesting nonlinear equation used to explain the tidal and tsunami waves in
ocean, river, electro-magnetic waves in transmission lines, ion and magneto-sound waves in plasmas, homogeneous
and stationary media etc. The nonlinear terms of first equation in Eq. (1.3) provides the stationary wave propagation
properties in the frame of physical sense. Kundu et al. [38] examined the parametric analysis using the sine-Gordon
expansion method (SGEM), Gurevich et al. [22] has applied the slow modulation technique, Barman et al. [11]
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investigated solitary wave solutions of RWE via the generalized Kudryashov method. Let PDE
H=(0,T:,Ts, Loz,...) =0, (1.4)
where H is the function of T and its derivatives. We assume the traveling wave transformation as;
Y(z,y,t) =0((), ¢ =z + \y — ot, (1.5)

where 9 and A are the wave numbers, and ¢ is the velocity of the traveling wave which is determined later. By inserting
the above transformation into Eq. (1.4), we get the following

H=(0,9,9",..)=0. (1.6)

This article is assembled as follows: detailed description and solutions of MSSM is provided in section 2. Section 3
discussed the new Kudryashov’s method to solve the proposed NLEE. SEM is discussed in section 4. In section 5,
stability analysis of solutions is studied. While in section 6, semi-inverse method is studied. In section 7 graphical
behavior of solutions are discussed, and finally section 8 is concluded by summarizing our findings.

2. DESCRIPTION OF MSSM

The MSSM is an influential technique to determine the exact solutions to the NLEEs. By using this technique, a
variety of innovative traveling wave solutions of RWE are generated in this article. The outcomes produced through
this method are distinct and unique as compared to previous methods.

The solution of Eq. (1.6) is considered as [40]:

V() =m0+ Y @ ¢ (); @ #0, (2.1)

r=1
where w,, r = 0,1, ...,e are constants. The integer ¢ can be determined by balancing the nonlinear terms and the
highest derivative in Eq. (1.6). Further, the function ¢(¢) in Eq. (2.1) satisfies the following equation:

(¢'(€))? = 020*(¢) + 010°(C) + 00, (2.2)

where g9, 01, and g2 are constants. Now the general solutions for Eq. (2.2) with parameter p are presented as follows:
1. If oo =0, 01 > 0, and g2 # 0, then

$(0) = i,/—% sech(y/a1(C + p)), (2.3)
GF(Q) = [ 2 esch(Br(¢ + p). (2.4

2. For two constants 5, and Py. Let 9o = £45182, 01 > 0, and g9 = 0, we get

0 4pry/o1
%5 () = 2B ) com(ya(C + p) & BT T 22) sinh(yai(C ¥ 7)) (25)

2
3. If o9 = fﬁ, 01 <0, 0o >0, with constants A; and As, then

01(Q) =% =g tanh(y [ =S¢+ ), (2.6)
03(Q) =% =g coth(y =5 (C+ ) (2.7)

6T (C) = +, /—2% (tanh(y/=201(C + p)) + i sech(r/—201(C + p))), (2.8)

£0) =~ anh(y [~ 2+ ) + oty -2+ ) (29)
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B +/A? + A3 — Ay cosh(v/—201(C + p))
%5 (Q) = 292 ( Ay sinh(v/=201(C+p)) + A ) ’ (2.10)
o [ er [ cosh(v/=201(C+ p))
510 =3 (ot St 71 57) 1
4. If o9 =0, p1 < 0, and gy # 0, then
G10(Q) = %= 0L seeV=ar(C + ), (2.12)
(0 =%/~ esclV=a(C+ ). (2.13)

5. Ing:%, 01 >0, 02 >0, and A? — A% > 0, then

550) =+ 2 tanty [ 21+ ) 2.1
() = i\/% cot(\/g(é + ), (2.15)

1(0) =[5 (tan(v/201(C+ p))  see(v/201(C+ ) (2.16)
50 =+ % an(y 2+ ) — ot [ 2+ ) .17
Lo £/ — Ay cos(yIn ¢ )
s [or [ cos(v201(¢ +p)) )
640 =+ (Gt ) (219
6. If oo =0, o1 > 0, then
40, etVer(Ctr)
¢{E8(C) = eiQ\/Qil(C‘ﬁ‘P) _ 491927 (220)
:|:4Q eim(C+P)
¢19(<) = 1 _ 4@11Q2€i2\/a(<+p) . (221)
7. If oo = 01 =0, and g2 > 0 then
1
+ _
$30(C) = i\/@(c+p)- (2.22)
8. If oo = 01 =0, and g2 < 0 then
(0 = " (2.23)

i\/fpz(Cer)'

Substituting Eqgs. (2.1) and (2.2) into (1.6), afterwards, an algebraic system of equations with unknown variables
w,, ¥, A and o is produced by collecting and setting all of the coefficients of ¢"({) to zero. In the end, we solve the
relevant set of equations, insert these variables into Eq. (2.1), and use Eqgs. (2.3)-(2.23) to get the precise solutions of

Eq. (1.4).
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2.1. Determination of solutions. Here, we implemented the modified Sardar sub-equation method to analyze the
stationary soliton solutions to the Riemann wave equation.
Firstly, applying the traveling wave transformation defined by

B(z,y,t) = V(C), ¢ =dz+ Ay —oat,
Uz, y,t) = U(Q),

U(z,y,t) = ¥(C), (2.24)
into the Riemann wave equation (1.3) results into the following ODE;
2NY?Y" — 200 + (md) + n\)V? =0, (2.25)
where
U =5
=59,
J
V() = X‘ZT. (2.26)

Balancing the highest order linear term %" and nonlinear term U2 in Eq. (2.25) gives € = 2. Then the solution
structure (2.1) takes the form

B(¢) = wo + @16(¢) + w207 (C), w2 # 0, (2.27)

Inserting the Eq. (2.2) and Eq. (2.27) into Eq. (2.25). The substitution yields a polynomial as ¢"(¢). By collection of
terms with similar powers and setting the resulting expression equal to zero, an over-determined system of algebraic
equations is obtained as

4\ ool¥*wy + Inwi — 20w + Imewg = 0,

2X0119%w1 + 2 nwow — 20w + 20mwyw; = 0,

8/\g1l192zU2 + /\nwf + 2A\nwgtoy — 2009 + ﬁmw% + 2¥9mwogoy = 0,

4/\921192‘@1 + 2 nwiwy + 20mwiws = 0,

12X 0919%wy + Anws + Imwy = 0. (2.28)

We get the subsequent values of the unknown parameters with the help of Mathematica by solving the above algebraic
system.

Yy 2 _ 2 _
o = 0102 \/Q1w2 3@0@2wg7 o =0, m= 12X 02019 ANty
302 (o)
AN9%\/ (0% — 30002) 73
g =
w2

From the solutions in Eq. (2.29) along with Eqgs. (2.3)-(2.23) and (2.27), we determine the novel soliton solutions of
Eq. (1.3) in following manner:
1. For g9 =0, p1 > 0, and g2 # 0.
The bright and singular solitons are as follows, respectively:

_ 012 — 3012 (sech (\/QT(P + C)))z - (Q% — 30002) W%

)

, W = W2y. (2.29)

Vi (¢) o, : (2.30)
U Q) = St (0) (2:31)
V) = g%i(@- (2.32)

w w 2 2 _ o2
WE(C) = 013 + 3012 (csch (JQT(/;; Q)) (01 — 30002) 2 (2.33)
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(a) (b)
1% | |t | |1

FIGURE 1. Plots of [Uy]|, [U1]| and [Py, with A = =1, g9 =0, g1 =1, 92 =0.92, 0 =0.98, ¥ =
0.71, p=0.84, ws = 0.96, and y = 0.91. (a) Three-dimensional plot, (b) Two-dimensional plot.

(a) (b)
by |Ua| |yl

FIGURE 2. Plots of |Q32‘7 |Z/{2‘ and |\1/2|, with A = 71, 00 = 0, 01 = 1, 02 = 092, g = 098, Y =
0.6, p=0.84, wy = 0.96 and y = 0.91. (a) Three-dimensional plot, (b) Two-dimensional plot.

Uy (¢) = 505 (0), (2.34)
5 (0) = 705 (0). (2.35)
2. For o9 =0, 01 >0, g2 = +48,52, where 31, (2 are constants.

(=)
BEE
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X

|V Uy

|3

FIGURE 3. Plots of |[Uy4|, [Us| and |Ty4|, with A = —1, g9 = 0.44, o1 = —1, g2 = 0.56, 0 =
—0.98, ¥ = —0.85, p=—0.93, wy = —1.5, wy = 0.91 and y = —1.7. (a) Three-dimensional plot, (b)
Two-dimensional plot.

The combo of bright-singular solitons is provided as:

V() = 1 < 4833 0102 N (07 — 3@092)??%) (2.36)
T 3\ (488 — o2 cosh (y/Er(p+C) £ (483 + e2)sinhi(yai(p+ ()))’ 02 ’
A
U (Q) = 505 (), (237)
)
w3 (Q) = 105 Q). (2.38)
3. For g9 = %, 01 < 0, and g5 > 0.
The dark and other singular solitons are given as:
—01 2
WT(C) _ 012 — %sz (tanh (@(P‘F O)) — /(07 —30002) w% (2.30)
302
A
Ui () = 507 (0), (2.40)
)
Wi (Q) = 3T (Q). (2.41)
2
BE(C) = 012 — 3012 (coth < \;591 (p+ ())) — /(0% — 3@0@2)@%’ .12)
302
A
Us () = 505 (0), (2.43)
WE(Q) = L0 (0) (2.44)
an
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The combo solitons are as follows:

015 + 3097 <\/gtanh((£\/—791)(ﬂ+o) + isech ((\/5\/_—91) (,0 + C))) _ (9% — 390@2) ‘LTJ%
Vi (¢) = T . (245)
Us (¢) = % (9} (2.46)
W) = Y0t Q). (2.47)

ﬁ | . .
5 8 -4 -2\/[ 2 4 g

(a) (b)
|V | |Us| |Vl

FIGURE 4. Plots of |Ug|, [Us| and |Pgl, with A = 0.55, 01 = —1, 92 = 0.6, 0 = 0.98, ¥ = 0.87, p =
0, wy = 1.5, wy =0.91, and y = 1.7. (a) Three-dimensional plot, (b) Two-dimensional plot.

302 24/2
U Q) = S5 (0) (2.49)
¥
A

VE(¢) = 107 (0)- (2.50)

2 —a 2
QY?(C) _ 1@ — \/Q%wg - 390@213% + (coth (\/—91 (p+ C)) + Qz) > tanh (\/—Ql (p+ C)) 7 (2.48)

3012 (. JAZYAZ—A, cosh((\/i\/—T,l)(erg)))?

0172 — : . — V(01 — 30002) w3

mg(g) _ 102 2(A SIHh((ﬁm)(p;;;)+A2) 1 002 2’ 251)

Us (¢) = %Qfét(ﬁ), (2.52)
9

U5 (Q) = 305 Q). (2.53)
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07| Uz])

|V

FIGURE 5. Plots of |U7|, U] and |¥7|, with A = 0.55, 01 = —1, 9o =2, 0 =0.98, ¥ = —0.87, p =
0, wy = 1.5, wy = —0.91, and y = 1.7. (a) Three-dimensional plot; (b) Two-dimensional plot.

_ P 2 __3cosh((V3vTa) (p+0))°
2@ a7 + s (2 GRS

BE(() = , 2.54
$) i (254)
A
Us () = 505 (0), (2.55)
9
w5 (Q) = 305 Q). (2.56)
4. For g9 =0, 01 <0, and g2 # 0.
The trigonometric function solutions are the following:
— — 2 _ 2 _ 2
gk (¢) = 22 3013 (sec (v/=01(p +¢))) (o1 — 30002) =5 (2.57)
302
A
U5 (€) = 5075 (9, (2.58)
9
Wio(¢) = 7 070(0). (2.59)
v () = AT = 3@ (csc (v=ar(p+¢))* — V(o —30002) wgﬁ (2.60)
302
A
Ui (Q) = 5950, (2.61)
9
Wi (0) = 3T Q). (2.62)
5. For g9 = %,Ql > 0,02 >0, and A3 — A3 > 0.
2
L Q1w + S01 (taﬂ (\/\g(l) + C))) —/(0f = 30002) @3
V1p(¢) = , (2.63)
302
Bo
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(b)
U1l) | W11

DY

FIGURE 6. Plots of |‘1711\7 ‘Z/[11| and |\I/11|, with A\ = —]., 00 = 0, 01 = —1, 02 = 092, 0 = 098, ¥ =
0.44, p =0.84, ws = 0.96, and y = 0.91. (a) Three-dimensional plot, (b) Two-dimensional plot.

Uis(¢) = %‘17?2((), (2.64)
Y
U5(¢) = Xmi(g) (2.65)
2
01w + 301w (cot (YE(p+¢))) ~ V(0T — 30002) @3
Wh ()= —— (et o ) L (2.66)
U5(0) = 304(0) (2.67)
Q) = Y01 (0) (2.68)

The mixed trigonometric function solutions are as below:

0195 + 30500} ( %tan((@m)wo) £ see (VEE) (o + C))>2 B e =
Vi, (¢) = o . (2.69)
U (0) = S5(0) (270)
V() = %‘Bi(C)- (2.71)
)
0k () = 2T \/Qijf S, (wgi ~ cot <£(p " <))2) 3 tan <2@(p " o)z, (2.72)
U5 (0) = S5(0) (273
V() = ?‘Bﬁ(@ (2.74)



CMDE Vol. *, No. *, * pp. 1-21 11

3012 (\/A%*A%*Al COS((\/E\/QT)(P+C)))2 _

012 + o 5 (07 — 30002) @5
Vis(Q) = GV GRIEED : (2.75)
302
A
Uig(C) = 5T5(0), (2.76)
0
Wis(0) = 7 076(0). (2.77)
3 cos((V2y/e1) (p+9))" 2 p
0172 ( S (VEo ) (pr 0N 21)2 +2) —2+/(071 — 30002) w5
Ti7(¢) = SRR , (2.78)
602
A
Uiz () = 5050, (2.79)
0
V() = Xmﬁ(C)- (2.80)
6. For oo =0, and p; > 0.
The exponential solutions are obtained as:
wE (¢) 16g%w262(i\/ﬁ(p+<)) L e - V 03w3 — 300003 (2.81)
h (491 02 — eiz\/a(erc))Q 302 ’
A
Ui () = 505(0), (2.82)
0
() = X‘nﬁa@) (2.83)
£ () = 16@%@262(im(p+4)) G V033 — 300023 (2.84)
v (401 026=2VET(PHO) — 1) 302 7
A
U5 (C) = 55(0); (2.85)
9
UiH(¢) = Xmﬁ)(@) (2.86)
3. DESCRIPTION OF NEW KUDRYASHOV’S METHOD
According to the new Kudryashov’s method [41], Eq. (1.6) has following solution
V() =>_ w@07(C), (3.1)
o=0

where w, # 0 and w, are the coefficients that must be computed later for o = 0,1,...,¢, and ¢(¢) takes on the
following form

4L
= 3.2
o) = ey (32)
where §, x and L are real values. Here, ¢(() satisfies the subsequent equation
(¢ (0))* = 8°9°(1 — x&°). (33)
Inserting Eq. (3.3) along with Eq. (3.1) into Eq. (1.6), we begin our process by first finding € by balancing rule.
an
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3.1. Solutions Strategy. From Eq. (2.25), we get ¢ = 2. Therefore, the solution takes the following form

BV(() = wo + @w16(¢) + @20 (). (3.4)

Solution of Eq. (3.4) and the necessary derivatives are substituted into Eq. (2.25) to produce a polynomial. By
collecting the coefficients of ¢(¢) and equate them to zero, we have

M@ — 20wy + Imwg = 0,

200219% w1 + 2 nwowy — 20w + 20mwyw; = 0,
82192y + )\nwf + 2 nwows — 20w + ﬂmw% + 29mwywy = 0, (3.5)

— 4N 19?1 4 2M\nw s + 20mw ws = 0,

—12X6%19% x @ + Anws + Imws = 0.

Solving the above system, the following parameters are achieved
A (1252l192x — nwz)
Vg

, 0= 4X62192. (3.6)

’ZEOZO, wle, m =

The solution to Eq. (3.4) that corresponds to the parameters in Eq. (3.6), along with Eq. (3.3) is given
16L2WQ

O ey (3.7
Solution (3.7) can be derived for x = +4L2, which leads to:
() = Z2e 0, (35
Ui (€)= 503(0), (39)
Wi (Q) = S3(0), (310)
and
V3(¢) = %hj(éo- (3.11)
U5 (€)= 503(0), (312)
W5(Q) = L03(0) (3.13)

4. SIMPLEST EQUATION METHOD

The key step in applying the SEM lies in selecting an appropriate simplest equation (SE). Here in [58], we choose
the coupled Burgers’ equation as it serves as a fundamental model for identifying solitary and multi-soliton solutions.
Suppose, ¢(¢) satisfies the following ODE

b = 6(0) ~ 500" (1)
Thus by using Hirota’s method the general form of multi-soliton solution of (4.1) is derived as [39]:
Zj,vzl ﬁjeﬁﬂ%\jy*%t
1 +Z;V:1 ediztAy—ojt’

where ¥;, A; and o; are arbitrary constants.

(=)=
E)NE
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RUY) |

FIGURE 7. Plots of |U3|, [U;| and |UF], with A = —1, o = —0.98, §.=1, ¥ = 0.71, L = 0.88, x =

(b)

W7

0.93, wy = —0.96, and y = —0.91. (a) Three-dimensional plot, (b) Two-dimensional plot.

13

4.1. Application of SEM. By putting (2.27) and (4.1) into (2.25), we obtain the system of equations and by solving

that system, the following values of constants are obtained

o _ wa(—m)¥® — 120

wo :O, w1 ZWQ(—’l?), l

- W7 WQ)\’ng

Now by substituting the above values in Eq. (2.27) then in Eq. (2.24), we have the following solutions

N ANy —os N ANy —os 2
Q]*(C) S Zj:l 19]‘619] +Ajy—o;t s Zj:l 19]'619] +Ajy—ojt
1 1+ Z;\/Zl eViT+Ay—ojt 1+ Zj\le ePiT+Ay—ojt
* >‘ *
U (C) = 55171(07
_ Ve

Wi(0) = V).
For 1-Soliton solution, we have
. w219%62(7t01+17191+>\1y)
1,1(C) - (e—t01+x191+)\1y + 1) 2

A
ul*,l(o = 5 T,1(C)7

)
W7 1(0) = $T74(0).

For 2-Soliton solution, we have

wQﬁ%e*t01+M91+)\1y

e—tortzditiiy 17

s (19%62(—to'1+m91+>\1y) + ?9562(—b12+m92+)\2y)) w2 (ﬁ%e—tol+xl91+kly + ﬂ%e—t02+x192+kgy)

* —
12(¢) = (e—tortaditiiy 4 e—toatadatiay 4 1)2 e—tortrditiy 4 e—toatrdatioy 4 |
* >\ k
u1,2(§) = 5 1,2(()7
9

‘I'TQ(O = X >1k2(§)'

(4.3)

(4.4)

(4.5)

(4.6)

, (4.10)

(4.11)

(4.12)
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J ' L . - \ x
[ 10 2 -50 50

(a) 1-soliton (b) 2-soliton

)\ X

-40 -2 20 40

(c) 3-soliton

FIGURE 8. Soliton solutions with values wo = 1.2, \y =1, Ao =0.7, A3 =0.1, y=0, V1 =1, 95 =
2, 193 = 0.3, g1 = 1, g9 = 07, g3 = 0.6.

For 3-soliton

w9 (ﬂ%62(7t01+12191+)\1y) + 19%62(7t02+m92+)\2y) _|__ §362(7t03+$’l93+>\3y))

1,3(C) = (6—t01+1191+)\1y + e—ta'2+zl92+>\2y + 1) 2
s (ﬂ%e—t01+m91+>\1y + ﬂ%e—t0‘2+w192+>\2y) (4 13)
 e—tortatity | e—toatadatiay 4 o(—tostadstiay) 41’ ’
* A *
Ui s(¢) = 5T15(0), (4.14)
* ) *
V7 5(0) = 1 U15(0). (4.15)
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5. STABILITY ANALYSIS

This section examines the stability of the governing system using the Hamiltonian approach. The method is applied
to specific solutions to evaluate their stability in different contexts [43]. Stability analysis is performed across various
models. To analyze the stability of (1.3), we define the Hamiltonian transformation as follows:

1 oo
M= 7/ 202 da. (5.1)
2 —00
In this context, M represents the momentum factor, while the potential for power is expressed by U(z,y,t). We now

establish a necessary criterion for the stability of soliton solutions:

oM
oM, (5.2)

where o denotes the soliton velocity. By putting (3.8) into (5.1)

1 [0 [ wasech?(5(—to + 20 + Ay)) 2

By using the criteria given in (5.2), we have

tooy (sech2(5(ta — Ay + 1009)) — sech?(8(=to + Ay + 109)))
=— SL29 > 0. (5.4)

Using the parameters § = 0.6, A=3, L=1, t=—-1, y =3, wy = —2, ¥ = —0.5, and ¢ = 0.6, the solution remains
stable. Thus, Equation (1.3) describes a stable nonlinear model, provided the specified condition is satisfied.

6. SEMI-INVERSE VARIATIONAL PRINCIPLE

Over the past few decades, qualitative analysis and innovative mathematical techniques for addressing numerous
nonlinear problems have been examined. The semi-inverse method [28, 42] is a potent and efficient approach for
identifying variational principles in physical problems, offering valuable insight into the solution’s nature.

According to Hes semi-inverse method [61], we construct the following trial-functional of Eq. (2.25)

J(0) = /Ldg, (6.1)

where L is an unknown function of ¥ and its derivatives.
Then, by the Ritz method, various forms of solitary wave solutions can be derived, including

U(¢) = Asech(B(), B(¢) = Atanh(B(), B(¢) = Acsch(B(), B(() = Acoth(B(). (6.2)

Here, the parameters A and B represent the amplitude and inverse width of the soliton. SVP states that the parameters
A and B can be retrieved from the coupled system of equations given by

oJ

a1 =0 (6.3)
and

oJ

87B —_— O- (6.4)

(&)
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6.1. Application of SVP. By the SVP, the subsequent variational formulation is established:
J= / [392 N2 4+ B3 (9m + An) — 300?]dC. (6.5)
0

We look for a solitary wave solution using a Ritz-like technique in the form
B(¢) = Asech(B(), (6.6)
and so J, from (6.5), simplifies to

[ _ A (wA9m AN + 4B*0°N — 120)

1B . (6.7)
Making J stationary with respect to A and B yields
0J  ABmA(m+ In)+8(B2*9?N —30)) (6.8)
0A 4B - '
oJ A? (AWM + An) — 4 (B*02\ + 30)) _0 6.9
9B 4B2 e (6.9
By solving Eqgs. (6.8) and (6.9), we get
480 \/gv -0
A:77 3277 (6'10)
5m(Im + An) IVIVI
which holds good for o < 0. Hence finally, the solution to Eq. (1.3) is given by
VEV=a¢
o 48csech (W 611
T br(Wm+an) (6.11)
Ao
U(C) = 5T12(0), (6.12)
-
.(¢) = Xmlz(o- (6.13)

7. GRAPHICAL BEHAVIOUR AND NUMERICAL RESULTS

The objective of this section is to present numerical simulations of several exact solutions obtained utilizing the
outlined methodologies. The applied methods have some advantages and limitations, which are summarized in Table 1.

TABLE 1. Comparison of methods: Advantages and limitations.

\ Method Name \ Advantages \ Limitations \
Modified Sardar Sub-Equation Method (MSSEM) Yields diverse solutions: dark, bright,
singular, periodic-singular, and combined solitons. Solutions depend on constraint conditions.
Not applicable to first-order equations. ‘
Simplest Equation Method (SEM) Derives multisoliton solutions without altering the original NLPDE.
Simple application without the need for bilinearization. Limited to 141 dimensional equations. ‘
New Kudryashov’s Method Gives hyperbolic solution in the form of dark,
singular, bright and combined solution Unable to derive periodic soliton solution ‘
Semi-inverse variational method (SEM) It can be used to establish generalized variational principles

with multiple variables without the variational crisis phenomenon | The semi-inverse method’s reliance on specific solution
forms, like traveling waves or solitons, limits its generality
when the true nature of the equation’s solution differs.

The graphic representation of the results is a very strong and effective way to describe the nature of the obtained
solutions and the relationship between all the parameters of the solutions. Hence, here a numerical simulation is

(=)=
E)NE
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(a) (b)

0| [U]) ||

FIGURE 9. Plots of |U.|, |U| and |¥,|, with d =1, A =1, [ =0.99, m = 0.96, n = 0.87, 0 = —1,
and y = —0.91. (a) Three-dimensional plot, (b) Two-dimensional plot.

performed and some 2D and 3D graphs of the obtained solutions are presented. It is significant to note that the
characteristics of the wave profile are determined by the values of the associated parameters. We have illustrated
several graphs of the solution for various free parameter values to help visualize the situation.

The 3D and 2D graphs in Figure 1 illustrate the bright solitary wave solutions of |U|, |41] and |¥y|, where the
parameters are set as A = —1, oo =0, 01 =1, 02 =0.92, 0 =0.98, ¥ =0.71, p=0.84, ws = 0.96, and y = 0.91. In
terms of functional solutions, the 2D line chart depicts higher and lower frequency and amplitudes. In Figure 2, the
plots of the singular soliton solutions of |Us|, [Us| and |¥s| in 3D are depicted by choosing the following parametric
values; A = —1, oo =0,01 =1, 02 =0.92, 0 =0.98, ¥ = 0.6, p=0.84, wy = 0.96, and y = 0.91. Here, the function
solutions in V3|, [Uz| and [¥3], [V, [Us| and [¥s], |Vs|, [Us| and [¥g| and [Vg|, [Uy| and || all show the same soliton
solution form as obtained in hyperbolic function solutions. Also function solutions in [Uis|, [Uis| and |Ps|, [Diel,
[Uro| and [T1g|, |Vaol|, Uz0| and |Tog| and | Vo1 |, [Ua1| and |Pay| represent the singular soliton solutions that arise in
exponential and rational function solutions. We just showed, for convenience, the solution shape for the function |Us|,
|Us| and |¥s|. In terms of functional solutions, the 2D line chart depicts higher and lower frequency and amplitudes.
Figure 3 illustrates the dark soliton solutions of |Uy|, |Uy|, and |¥4] in 3D by choosing the following parametric values;
A=—=1, o0 =044, 00 = =1, 09 =0.56, 0 = —0.98, 9 = —0.85, p = —0.93, wy = —1.5, wg =0.91, and y = —1.7.
In terms of functional solutions, the 2D line chart depicts higher and lower frequency and amplitudes. Figure 4
displays the dark-bright soliton solutions of |Ug|, |Us|, and |¥g| in 3D by choosing the following parametric values;
A=0.55, 01 =—-1, 0o =0.6, 0 =098, 9 =0.87, p=0, ws = 1.5, wg = 0.91, and y = 1.7. In terms of functional
solutions, the 2D line chart depicts higher and lower frequency and amplitudes.

Figure 5 illustrates the dark-singular soliton solutions of |U7|, |U7| and |¥7| in 3D by choosing the following
parametric values; A = 0.55, g1 = —1, oo = 2, ¢ = 098, ¥ = —-0.87, p = 0, we = 1.5, wg = —0.91, and
y = 1.7. In terms of functional solutions, the 2D line chart depicts higher and lower frequency and amplitudes. In
Figure 6, the plots of periodic soliton solutions of |U11], |11], and |¥11| in 3D and 2D are depicted by choosing the
following parametric values; A = —1, g9 = 0, o1 = —1, 02 = 0.92, 0 = 0.98, 9 = 0.44, p = 0.84, ws = 0.96,
and y = 0.91. Here, the function solutions [Uio|, |Uo| and |Wio|, [Via|, [Uio| and [¥1a|, [V, [Uhs| and |¥i3],
|Q}14|, |Z/[14| and |\I/14|, |%15|, |Z/{15| and ‘\1115‘, |Q]16\, |Z/[16| and |\I/16|, \‘1717|, ‘U17| and |\I/17| are also depicts the same
solution shape arises in trigonometric function solution. In terms of functional solutions, the 2D line chart depicts
higher and lower frequency and amplitudes. Figure 7 demonstrates the bright soliton solution for |U7|, U], and |¥]]
by choosing the following parametric values; A = —1, 0 = —0.98, § =1, ¥ = 0.71, L = 0.88, x = 0.93, wy =
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—0.96, and y = —0.91. In terms of functional solutions, the 2D line chart depicts higher and lower frequency and
amplitudes. Figure 8 illustrates the 1-Soliton, 2-Soliton and 3-Soliton solutions for Eq. (1.3) with parameter values
Wy = 1.27 )\1 = 1, )\2 = 0.7, )\3 = 0.1, Yy = 0, 191 = 1, 192 = 2, 193 = 0.3, g1 = 1, 09 = 0.77 g3 = 0.6. Figure
9 displays the bright soliton solutions of |U.|, |Us|, and |¥,| in 3D by choosing the following parametric values;
9 =051, A=1,1=0.99, m=0.96, n=0.87, 0 = —1, and y = —0.91.

8. CONCLUSION

In this article, optical soliton solutions to the Riemann wave equation are deduced with the assist of a modified
Sardar sub-equation method, new Kudryashov method, Simplest equation method and Semi-inverse method. This
leads to the depiction of a broad range of solutions with important physical perspectives and distinct dynamic be-
haviors, including bright solitons, dark solitons, singular solitons, combo bright-singular solitons, bright-dark soliton,
periodic, exponential, rational, and multi-soliton solutions. These solutions offer valuable insights into various inter-
esting wave properties, enhancing our understanding of the model. Furthermore, we harnessed the stability analysis
of the solutions to provide a clearer study of the equation’s dynamics. Solitary wave behavior has been graphically
displayed with respect to both space and time. Numerical simulations of the specified outcomes were generated based
on the selection of appropriate parametric values, and the intriguing physical patterns of the obtained solutions were
displayed in 3D and 2D surfaces via Mathematica. It is clear from the graphs of the obtained solutions that our
proposed methods are more authentic and efficient than other existing methods, producing more general solutions.
The obtained solutions will be useful to investigate mathematical physics and engineering problems in more detail.
This research will examine the practical implementation of the intended solutions as well as their physical interpreta-
tion. Future investigations into Riemann wave equation concerning solitary wave solutions can focus on advancements
in numerical methods, analytical techniques, and the exploration of nonlinear dynamics, as well as interdisciplinary
applications. Furthermore, exploring higher dimensions, nonlocal effects, and real-world complexities can enhance our
comprehension and practical significance of solitary waves in diverse domains.

DECLARATIONS

Conflict of Interest. The authors declare that they have no conflict of interest.

Funding. The authors declare that no funds, grants, or other support were received during the preparation of this
manuscript.

Data Availability. There is no data set used.

REFERENCES

[1] M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur, Method for solving the sine-Gordon equation, Physical
Review Letters, 30(25) (1973), 1262.

[2] M. J. Ablowitz, and H: Segur, Solitons and the Inverse Scattering Transform, STAM, (1981).

P. Agarwal, P. Varma, and M. Tiwari, Study of gradient effects on kinetic Alfon wave with inhomogeneous plasma,

Astrophysics and Space Science, 345 (2013), 99107.

[4] M. A. Akbar, N. H. M. Ali, and J. Hussain, Optical soliton solutions to the (2+1)-dimensional Chaffeelnfante
equation and the dimensionless form of the Zakharov equation, Advances in Difference Equations, 2019(1) (2019),
446.

[5] L. Akinyemi, M. enol, E. Az-Zobi, P. Veeresha, and U. Akpan, Nowvel soliton solutions of four sets of generalized
(2+1)-dimensional BoussinesqgKadomtsevPetviashvili-like equations, Modern Physics Letters B, 36(01) (2022),
2150530.

[6] L. Akinyemi, M. enol, U. Akpan, and K. Oluwasegun, The optical soliton solutions of generalized coupled nonlinear
SchrdingerKortewegde Vries equations, Optical and Quantum Electronics, 53 (2021), 114.

[7] L. Akinyemi, H. Rezazadeh, S.-W. Yao, M. A. Akbar, M. M. Khater, A. Jhangeer, M. Inc, and H. Ahmad,
Nonlinear dispersion in parabolic law medium and its optical solitons, Results in Physics, 26 (2021), 104411.

[8] L. Akinyemi, U. Akpan, P. Veeresha, H. Rezazadeh, and M. n, Computational techniques to study the dynamics
of generalized unstable nonlinear Schrdinger equation, Journal of Ocean Engineering and Science, (2022).

(=)=
E)NE

=



REFERENCES 19

[9]
[10]
[11]

[12]

E. A. Az-Zobi, W. A. Alzoubi, L. Akinyemi, M. enol, and B. S. Masaedeh, A variety of wave amplitudes for the
conformable fractional (2+1)-dimensional Ito equation, Modern Physics Letters B, 85(15) (2021), 2150254.
C.-L. Bai, and H. Zhao, Complex hyperbolic-function method and its applications to nonlinear equations, Physics
Letters A 355 (1) (2006) 3238.

H. K. Barman, A. R. Seadawy, M. A. Akbar, and D. Baleanu, Competent closed form soliton solutions to the
Riemann wave equation and the NovikovVeselov equation, Results in Physics, 17 (2020), 103131.

H. K. Barman, M. S. Aktar, M. H. Uddin, M. A. Akbar, D. Baleanu, and M. Osman, Physically significant wave
solutions to the Riemann wave equations and the LandauGinsburgHiggs equation, Results in Physics, 27 (2021),
104517.

A. Biswas, Y. Yildirim, E. Yasar, Q. Zhou, S. P. Moshokoa, and M. Belic, Optical solitons for Lakshmanan-
PorsezianDaniel model by modified simple equation method, Optik, 160 (2018), 2432.

N. Cheemaa, A. R. Seadawy, and S. Chen, More general families of exact solitary wave solutions of the nonlinear
Schrdinger equation with their applications in nonlinear optics, The European Physical Journal Plus, 133 (2018),
19.

S. A. Elwakil, S. El-Labany, M. Zahran, and R. Sabry, Modified extended tanh-function method for solving non-
linear partial differential equations, Physics Letters A, 299(23) (2002), 179188.

A. El-Sayed, and P. Agarwal, Spectral treatment for the fractional-order wave equation using shifted Chebyshev
orthogonal polynomials, Journal of Computational and Applied Mathematics, 42/ (2023), 114933.

X. Fan, T. Qu, S. Huang, X. Chen, M. Cao, Q. Zhou, and W. Liu, Analytic study on the influences of higher-order
effects on optical solitons in fiber laser, Optik, 186 (2019), 326331.

W. Gao, and H. M. Baskonus, The modulation instability analysis and analytical solutions of the monlinear
GrossPitaevskii model with conformable operator and Riemann wave equations via recently developed scheme,
Advances in Mathematical Physics, (2023).

C. Gu, and H. Hu, Ezxplicit solutions to the intrinsic generalization for the wave and sine-Gordon equations,
Letters in Mathematical Physics, 29(1) (1993), 111.

C. Gu, H. Hu, and Z. Zhou, Darboux Transformations in Integrable Systems: Theory and Their Applications to
Geometry, Springer Science & Business Media, (2004).

X. Guan, W. Liu, Q. Zhou, and A. Biswas, Some lump solutions for a generalized (3+1)-dimensional Kadomt-
sevPetviashvili equation, Applied Mathematics and Computation, 366 (2020), 124757.

A. Gurevich, A. Krylov, and G. El, Fvolution of a Riemann wave in dispersive hydrodynamics, Zh. Eksp. Teor.
Fiz, 101 (1992), 17971807.

P. Hammachukiattikul, E. Sekar, A. Tamilselvan, R. Vadivel, N. Gunasekaran, and P. Agarwal, Comparative study
on numerical methods for singularly perturbed advanced-delay differential equations, Journal of Mathematics,
2021(1) (2021), 6636607.

M. Hashemi, Some new ezact solutions of (2+1)-dimensional nonlinear Heisenberg ferromagnetic spin chain with
the conformable time fractional derivative, Optical and Quantum Electronics, 50(2) (2018), 79.

M. S. Hashemi, and D. Baleanu, Lie Symmetry Analysis of Fractional Differential Equations, CRC Press, (2020).
T. Hayat, and M. Sajid, Homotopy analysis of MHD boundary layer flow of an upper-convected Mazwell fluid,
International Journal of Engineering Science, 45(28) (2007), 393401.

J. He, Variational iteration method for delay differential equations, Communications in Nonlinear Science and
Numerical Simulation, 2(4) (1997), 235236.

J.-H. He, Semi-inverse method of establishing generalized variational principles for fluid mechanics with emphasis
on turbomachinery aerodynamics, International Journal of Turbo and Jet Engines, 14(1) (1997), 2328.

A. R. Helal, BenjaminFeir instability in nonlinear dispersive waves, Computers & Mathematics with Applications,
64(11) (2012), 35573568.

A. Houwe, S. Yakada, S. Abbagari, Y. Saliou, M. Inc, and S. Y. Doka, Survey of third- and fourth-order dispersions
including ellipticity angle in birefringent fibers on W-shaped soliton solutions and modulation instability analysis,
The European Physical Journal Plus, 136 (2021), 127.

(&)
ENE



20

[31]

[32]

[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]

[47]

[48]

[49]

[50]

[51]

REFERENCES

A. Houwe, S. Abbagari, Y. Saliou, M. Inc, S. Y. Doka, T. B. Bouetou, and M. Bayram, Attitude of the modulation
instability gain in oppositely directed coupler with the effects of the intrapulse Raman scattering and saturable
function, Results in Physics, 31 (2021), 104851.

N. Irkl, E. Pikin, and P. Agarwal, Global existence and decay of solutions for a system of viscoelastic wave
equations of Kirchhoff type with logarithmic nonlinearity, Mathematical Methods in the Applied Sciences, 45(5)
(2022), 29212948.

A. Jeffrey, and M. Mohamad, Ezact solutions to the KdVBurgers equation, Wave Motion, 14(4) (1991), 369375.
A. Jhangeer, H. Rezazadeh, and A. Seadawy, A study of travelling, periodic, quasiperiodic and chaotic structures
of perturbed FokasLenells model, Pramana, 95 (2021), 111.

K. Khan, and M. A. Akbar, Ezact and solitary wave solutions for the TzitzeicaDoddBullough and the modified
KdVZakharovKuznetsov equations using the modified simple equation method, Ain Shams Engineering Journal,
4(4) (2013), 903909.

M. M. Khater, M. Inc, R. A. Attia, D. Lu, and B. Almohsen, Abundant new computational wave solutions of the
GM-DP-CH equation via two modified recent computational schemes, Journal of Taibah University for Science,
14(1) (2020), 15541562.

N. A. Kudryashov, Method for finding highly dispersive optical solitons of nonlinear differential equations, Optik,
206 (2020), 163550.

P. R. Kundu, M. R. A. Fahim, M. E. Islam, and M. A. Akbar, The sine-Gordon expansion method for higher-
dimensional NLEEs and parametric analysis, Heliyon, 7(3) (2021).

C.-K. Kuo, The new ezxact solitary and multi-soliton solutions for the (2+1)-dimensional ZakharovKuznetsov
equation, Computers & Mathematics with Applications, 75(8) (2018), 28512857.

M. A. S. Murad, H. F. Ismael, F. K. Hamasalh, N. A. Shah, and S. M. Eldin, Optical soliton solutions for time-
fractional GinzburgLandau equation by a modified sub-equation method, Results in Physics, 53 (2023), 106950.
M. Ozisik, A. Secer, M. Bayram, and H. Aydin, An encyclopedia of Kudryashovs integrability approaches applicable
to optoelectronic devices, Optik, 265 (2022), 169499.

T. zi, and A. Yldrm, Application of Hes semi-inverse method to the nonlinear Schrdinger equation, Computers &
Mathematics with Applications, 54(78) (2007), 10391042.

H. Qawaqneh, J. Manafian, M. Alharthi, and Y. Alrashedi, Stability analysis, modulation instability, and beta-time
fractional exact soliton solutions to the Van der Waals equation, Mathematics, 12(14) (2024).

N. Savaissou, B. Gambo, H. Rezazadeh, A. Bekir, and S. Y. Doka, Ezact optical solitons to the perturbed nonlinear
Schrdinger equation with dual-power law of nonlinearity, Optical and Quantum Electronics, 52 (2020), 116.

A. R. Seadawy, M. Arshad, and D. Lu, The weakly nonlinear wave propagation theory for the KelvinHelmholtz
instability in magnetohydrodynamics flows, Chaos, Solitons & Fractals, 139 (2020), 110141.

A. R. Seadawy, and B. A. Alsaedi, Dynamical structure of optical soliton solutions and variational principle of
nonlinear Schrdinger equation with Kerr law nonlinearity, Modern Physics Letters B, 202/, 2450254.

A. R. Seadawy, and B. A. Alsaedi, Variational principle and optical soliton solutions for some types of nonlinear
Schrdinger dynamical systems, International Journal of Geometric Methods in Modern Physics, 21(6) (2024),
2430004245.

A. R. Seadawy, and B. A. Alsaedi, Variational principle for generalized unstable and modified unstable nonlinear
Schrdinger dynamical equations and their optical soliton solutions, Optical and Quantum Electronics, 56(5) (2024),
844.

A. R. Seadawy, D. Lu, and C. Yue, Travelling wave solutions of the generalized nonlinear fifth-order KdV water
wave equations and its stability, Journal of Taibah University for Science, 11(4) (2017), 623633.

M. Shams, N. Rafiq, N. Kausar, P. Agarwal, C. Park, and N. A. Mir, On highly efficient derivative-free family
of numerical methods for solving polynomial equation simultaneously, Advances in Difference Equations, 2021
(2021), 110.

Y. Shang, The extended hyperbolic function method and exact solutions of the longshort wave resonance equations,
Chaos, Solitons & Fractals, 36(3) (2008), 762771.

(=)=
E)NE



REFERENCES 21

[52]
[53]
[54]
[55]

[56]

[57]
[58]
[59]
[60]
[61]

[62]

H. Triki, A. Yildirim, T. Hayat, O. M. Aldossary, A. Biswas, Shock wave solution of the BenneyLuke equation,
Romanian Journal of Physics, 57(78) (2012), 10291034.

J. Vahidi, S. M. Zekavatmand, H. Rezazadeh, M. Inc, M. A. Akinlar, and Y.-M. Chu, New solitary wave solutions
to the coupled Maccari system, Results in Physics, 21 (2021), 103801.

M. Wadati, The ezxact solution of the modified Kortewegde Vries equation, Journal of the Physical Society of
Japan, 32(6) (1972), 16811681.

X. Wang, Ezact and explicit solitary wave solutions for the generalised Fisher equation, Physics Letters A, 131(45)
(1988), 277279.

J. Wang, K. Shehzad, A. R. Seadawy, M. Arshad, and F. Asmat, Dynamic study of multi-peak solitons and other
wave solutions of new coupled KAV and new coupled ZakharovKuznetsov systems with their stability, Journal of
Taibah University for Science, 17(1) (2023), 2163872.

G. Wang, K. Yang, H. Gu, F. Guan, and A. Kara, A (2+1)-dimensional sine-Gordon and sinh-Gordon equations
with symmetries and kink wave solutions, Nuclear Physics B, 953 (2020), 114956.

A.-M. Wazwaz, Multiple kink solutions for two coupled integrable (2+1)-dimensional systems, Applied Mathemat-
ics Letters, 58 (2016), 16.

Y. Yan, and W. Liu, Stable transmission of solitons in the complexr cubicquintic GinzburgLandau equation with
nonlinear gain and higher-order effects, Applied Mathematics Letters, 98 (2019), 171176.

S.-W. Yao, L. Akinyemi, M. Mirzazadeh, M. Inc, K. Hosseini, and M. enol, Dynamics of optical solitons in
higher-order SasaSatsuma equation, Results in Physics, 30 (2021), 104825.

R. F. Zinati, and J. Manafian, Applications of Hes semi-inverse method, ITEM and GGM to the DaveyStewartson
equation, The European Physical Journal Plus, 132 (2017), 126.

Q. Zhou, L. Liu, H. Zhang, M. Mirzazadeh, A. H. Bhrawy, E. Zerrad; S. Moshokoa, and A. Biswas, Dark and
singular optical solitons with competing nonlocal nonlinearities, Optica Applicata, 46(1) (2016).



	1. Introduction
	2. Description of MSSM
	2.1. Determination of solutions

	3. Description of New Kudryashov's method
	3.1. Solutions Strategy

	4. Simplest Equation Method
	4.1. Application of SEM

	5. Stability analysis
	6. Semi-inverse variational principle
	6.1. Application of SVP

	7. Graphical behaviour and Numerical results
	8. Conclusion
	Declarations
	References



