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Abstract r )

This paper introduced a fully discrete numerical scheme for solving two-dimensional fractional diffusion equations.
The time fractional derivative in the Caputo sense was discretized using a local quadratic polynomial approxima-
tion, enhancing accuracy in temporal integration. For spatial fractional derivatives of Riesz type, a nonuniform
fractional central difference scheme is developed to effectively handle two-dimensional domains with variable mesh
sizes. Stability and convergence analyses confirmed the robustness and precision of the method. Numerical ex-
periments demonstrated that the scheme achieved high-order accuracy in both time and space, validated by exact
solutions. The method efficiently managed nonlinear diffusion and reaction terms, showing excellent agreement
between numerical and analytical results. Computational performance was evaluated through error norms and
CPU time metrics, confirming the method’s practicality for complex fractional models. This approach offered
a flexible and accurate tool for modeling anomalous diffusion processes across various scientific and engineering
applications.
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1. INTRODUCTION

In recent years, fractional partial differential equations (FPDEs) have attracted growing interest from researchers
in mathematics, physics, and engineering due to their ability to capture a wide range of complex phenomena [1, 6, 7,
9, 12, 13, 16, 18-20, 28, 36, 39]. These equations extend traditional integer-order models by incorporating fractional
derivatives, which provide a more accurate description of processes exhibiting memory effects and anomalous transport
behaviors. One of the key advantages of FPDEs is their flexibility in modeling systems with nonlocal temporal and
spatial characteristics that cannot be explained by classical models. In particular, two-dimensional nonlinear time-
space fractional equations have become valuable tools for investigating problems where both time-dependent memory
and spatial long-range interactions influence system dynamics [2, 5, 8, 10, 17, 21-23, 25, 26, 32, 33, 37, 38, 42]. Such
models have found applications in diverse fields, including porous media flow, groundwater contamination, viscoelastic
material deformation, and biological pattern formation. The presence of nonlinearity in these models allows for the
simulation of realistic physical processes with variable diffusion rates and nonlinear reaction mechanisms. Furthermore,
the coupling of a time-fractional derivative, often in the Caputo sense, with a space-fractional derivative like the Riesz
operator, enhances the model’s capability to represent both temporal and spatial complexities simultaneously. As
a result, these two-dimensional nonlinear fractional models have emerged as essential tools for understanding and
predicting the behavior of many real-world systems. Developing efficient numerical schemes for solving such models
remains an active and challenging area of research.

A prominent and widely applicable example of fractional modeling is the two-dimensional nonlinear diffusion-
reaction system that integrates a Caputo time-fractional derivative with a Riesz space-fractional operator. This
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advanced model is particularly effective for capturing complex dynamics that are strongly influenced by both temporal
memory effects and spatial nonlocal interactions. Its significance becomes evident in various real-world scenarios
where classical integer-order models are insufficient. For instance, in contaminant transport within porous geological
formations, this model offers a more realistic representation of pollutant spreading over time and space. Additionally, in
nonlinear groundwater flow simulations, it helps to describe slow, anomalous fluid movements affected by heterogeneous
subsurface structures. In the field of thermal science, the model is applicable for studying heat conduction in materials
with fractal geometries, where conventional models fail to predict thermal behavior accurately. Furthermore, in
biological systems, it plays a vital role in understanding pattern formation processes, such as population dynamics
and tissue growth. The incorporation of nonlinear reaction terms further increases the model’s ability to simulate
complex chemical and biological reactions under nonlocal and history-dependent conditions. Because of its versatility
and precision, this model is now considered a critical tool in both natural sciences and industrial applications, including
environmental engineering, material science, and biological modeling.
The general form of the considered model can be written as:
&% t 8 B
) — g (Da(ul . 0)) 4 5 (Dy(uta )+ Rlul . ), (11)

in which 0 < a < 1 indicates the order of the Caputo fractional derivative in time, which reflects memory effects
inherent in the evolution of the process, 1 < 8 < 2 corresponds to the order of the Riesz space-fractional derivative,
accounting for nonlocal interactions across spatial domains, x, and k, are strictly positive constants representing
diffusion intensities along the x- and y-directions, respectively, D,(u) and D,(u) denote nonlinear diffusion terms,
each being a function of the unknown wu(z,y,t), and R(u) expresses a nonlinear reaction term that may incorporate
source, sink, or reactive phenomena such as chemical transformations. The Caputo time-fractional derivative of order
« for a function u(z,y,t) is defined as [6]:

CDeu(x,y,t) = F(llf a) /0 8u((a;:,y,:))a/87 dr, (1.2)
ou

where 0 < a < 1, T'(+) is the Gamma function, and Z* is the first-order partial derivative with respect to 7. The
two-dimensional Riesz fractional derivative of order 8, with 1 < 8 < 2, acts independently on each spatial variable as
follows [15]:

B
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Here, the left- and right-sided Riemann-Liouville fractional derivatives are formulated according to [4]:
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and similarly for the y-direction,
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where m = [5].

This nonlinear fractional model offers a sophisticated mathematical framework designed to describe transport and
reaction phenomena in complex media where both long-range spatial dependencies and memory effects in time play
an
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crucial roles. By integrating fractional derivatives in both space and time, the model captures the intricate interplay
between spatial nonlocality and temporal history that is often observed in heterogeneous and fractal-like materials.
The nonlinear terms in the diffusion and reaction components allow the model to effectively simulate a wide range
of real-world processes characterized by nonlinear interactions and feedback mechanisms. Such processes include the
spread of pollutants in porous soils, where contaminant transport deviates from classical diffusion due to complex
pore structures. In ecological and biological systems, the model is valuable for analyzing population dynamics with
memory effects, such as species dispersal influenced by past environmental conditions. Furthermore, it has been
successfully applied to thermal transport in materials with irregular microstructures, capturing anomalous heat flow
that traditional integer-order models cannot describe accurately. This comprehensive approach makes the model
highly relevant not only in environmental science and biology but also in industrial applications involving materials
engineering and chemical reactions. The ability to incorporate both spatial and temporal fractional derivatives along
with nonlinearity provides a powerful tool for researchers to predict and control complex dynamical systems in various
scientific and engineering fields.

The combined influence of nonlinearity, memory effects, and spatial nonlocality significantly increases the complexity
of the fractional model. These factors make it difficult to derive exact analytical solutions, as classical methods often
fall short in handling such intricacies. Consequently, the design and implementation of stable, efficient, and accurate
numerical algorithms become essential for effectively solving these equations. Developing such robust numerical
schemes remains a vibrant and challenging research area, attracting considerable attention from scientists and engineers
alike. In this study, a comprehensive discrete numerical framework was proposed for addressing two-dimensional
fractional diffusion equations. The temporal fractional derivative, defined in the Caputo sense, was approximated using
a locally adapted quadratic interpolation, significantly improving the temporal resolution and accuracy of the solution.
To discretize the Riesz-type spatial fractional derivatives, a nonuniform fractional centered difference technique was
designed, enabling precise modeling over irregular two-dimensional spatial grids with varying step sizes. Rigorous
stability and convergence evaluations confirmed the method’s reliability and computational robustness. Extensive
numerical tests, benchmarked against known analytical solutions, verified that the scheme delivers high-order accuracy
in both spatial and temporal dimensions. The approach demonstrated particular effectiveness in tackling nonlinear
diffusion-reaction systems, showing a strong correlation between simulated and exact results. Furthermore, by assessing
error metrics and CPU runtime performance, the algorithm’s efficiency and suitability for large-scale and complex
fractional diffusion models were established. This makes the method a versatile and accurate computational tool for
simulating anomalous diffusion phenomena encountered in diverse scientific and engineering fields.

Numerical techniques serve as indispensable tools for addressing mathematical models that lack exact analytical
solutions. This is particularly true for real-world systems characterized by intricate geometries, nonlinear behav-
ior, or fractional calculus, where obtaining closed-form solutions is either highly impractical or impossible. These
computational approaches provide versatile and efficient means to approximate solutions with controllable accuracy,
thereby allowing researchers to explore and study models that would otherwise be analytically inaccessible. With
the continuous advancement of computational resources, numerical algorithms have become especially viable for solv-
ing complex problems across scientific and engineering disciplines. In [34], Shams and collaborators introduced a
modified single-step fractional iterative algorithm based on a one-parameter Caputo-type family. Their convergence
analysis established the convergence order of the method, and the symbolic software CAS-Maple was employed to
derive the associated error expressions. The robustness and effectiveness of their approach were validated through
several applications in civil and chemical engineering, where the new method demonstrated superior performance in
terms of error reduction, computational efficiency, and convergence rate compared to conventional fractional schemes.
Derakhshan et al. in [11] presented a hybrid numerical method tailored for the time-space fractional diffusion model
incorporating Caputo and Riesz derivatives. This approach combines quadratic and linear interpolation techniques to
approximate the time-fractional derivative and achieves both high precision and low computational overhead. The-
oretical investigations confirmed the stability and convergence of the proposed algorithm. In a separate study, Shi
et al. [35] explored neural network-based strategies for solving fractional differential equations. They developed a
physics-informed neural network (fPINN) framework tailored to the time-fractional Huxley equation. This method
embeds the underlying physical laws within the training process, enabling the network to approximate solutions with
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high fidelity. Lu and colleagues [27] examined the robust asymptotic stability of fractional-order linear systems under
structured uncertainties. Leveraging Kronecker products and p-analysis, they transformed the problem into verifying
the non-singularity of a certain class of perturbed matrices, and established both necessary and sufficient conditions
for stability—extending beyond previously considered interval systems. In [30], Owolabi addressed the numerical
treatment of space-time fractional reaction—diffusion systems governed by Caputo and Riesz operators, modeling
anomalous transport phenomena. A flexible numerical framework was introduced to approximate these operators ef-
fectively, enabling simulation of systems with non-classical diffusion dynamics. Deng et al. [14] proposed a high-order
accurate scheme for the time-fractional Gray—Scott model, which is known for exhibiting singular behavior at the
initial time. By employing Euler’s beta function, they investigated the regularity of the solution and applied decom-
position techniques to enhance accuracy. Zhang and Ding contributed a second-order finite difference approximation
for the Riesz fractional operator and utilized the Crank-Nicolson method for time discretization. Their algorithm
for two-dimensional fractional diffusion equations was rigorously shown—via the energy method—to be both stable
and convergent. Furthermore, by incorporating higher-order perturbations, they extended the scheme to an alternat-
ing direction implicit (ADI) method, increasing computational performance without sacrificing accuracy. In another
advancement, Alghtani et al. [3] proposed a numerical framework for solving Riesz-type fractional parabolic equa-
tions. Motivated by the role of Riesz operators in modeling anomalous diffusion and dispersion, their work extends
classical Brownian motion models via space-fractional formulations, offering improved modeling fidelity in various
physical systems. Qu et al. [31] designed a novel fourth-order finite difference method integrated with Crank—Nicolson
explicit linearization to handle nonlinear two-dimensional Riesz fractional reaction—diffusion systems. The explicit
treatment of nonlinearities, under a Lipschitz condition, allowed the authors to prove unconditional stability and
enhance overall computational accuracy. Lastly, Zhang et al. [40] developed a second-order numerical approach for
nonlinear Riesz space-fractional diffusion equations. The spatial derivatives were discretized using a fractional central
difference scheme, while time integration was handled via the Crank—Nicolson method. To manage the nonlinearity,
they employed explicit linearization, and efficiently solved the resulting ill-conditioned Toeplitz systems using the fast
sine transform (FST), thereby accelerating computations and improving accuracy for large-scale problems.

The structure of this paper is organized as follows. In section 2, we focus on the discretization of the two-dimensional
Caputo fractional derivative by employing a local quadratic polynomial approximation, which enhances the accuracy of
temporal integration for the proposed model. Additionally, this section presents the semi-discrete time discretization
of the governing equation and provides a comprehensive convergence analysis of the resulting semi-discrete numerical
scheme to ensure its theoretical validity and computational reliability. In section 3, attention is directed towards the
spatial discretization of the two-dimensional Riesz fractional derivatives using a nonuniform fractional central difference
scheme. This approach effectively handles irregular spatial meshes and captures the complexities of fractional spatial
operators. Furthermore, this section introduces the full discretization of the proposed two-dimensional nonlinear time-
space fractional model, integrating both time and space discretization strategies into a unified framework. Section 4 is
dedicated to the stability analysis of the fully discrete fractional scheme, where we rigorously prove the unconditional
stability of the numerical method under appropriate conditions. In section 5, we conduct a detailed error analysis for
the fully discrete scheme, establishing error bounds and demonstrating the scheme’s convergence order both in time
and space. Section 6 presents several numerical simulations and illustrative examples that validate the theoretical
findings and demonstrate the accuracy, efficiency, and practical applicability of the proposed method for solving
complex nonlinear fractional diffusion problems. Finally, section 7 summarizes the main conclusions drawn from this
study and outlines possible directions for future research on high-order numerical methods for time-space fractional
partial differential equations.

2. DISCRETIZATION OF THE TwO-DIMENSIONAL CAPUTO FRACTIONAL DERIVATIVE USING LOCAL QUADRATIC
POLYNOMIAL APPROXIMATION

In this section, we extend the detailed discretization scheme of the Caputo fractional derivative to a two-dimensional
spatial domain (x,y) with respect to time ¢. For a sufficiently smooth function u(x,y,t), the Caputo fractional
an
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derivative of order a € (0,1) in time at a fixed spatial point (x;,y;) and time t = ¢,, is defined by

1 b Qu(x, yj,7) /0T
C nHa oo v J)0
Diu(zi,y;,tn) = T —a) /0 T — 7)o dr. (2.1)

We discretize the time interval [0,¢,] into n subintervals:

O0=s59<81 < < 8p_1 <8y =1tn,
and on each subinterval [s,,_1,$,,], approximate the time derivative du/0t at fixed (z;,y;) by a local quadratic
polynomial:

Pi (1) = a1 = en)? + b33 (7 — ) + i
where

o Sm—1 1+ Sm
Cm = 2 »

and coefficients a’J, bl diJ are determined by interpolating du/dt at T = S,,_1,8m,Cm at the spatial grid point
(xi,y;). The Caputo derivative integral becomes a sum over the temporal subintervals:

1 L
C na 0
D s Yjrtn) = 57— I’], 2.9
tu(a? Yj ) F(l_a)mz::lm ( )
with
[ — / dulwiny;, 1)/0 ) /'" P g
Sm—1 (tn - T)a Sm—1 (tn — T)a
Following the same procedure as in the one-dimensional case, define:
him
hm:sm*sm—la ArrL:*SrrL—l*CrrL:*T-

Change variable

T— Sm—1
z hm 6[ ) ]7

and rewrite
59~ /1 ] (A + hip2) £ 03] (A + hip2) + dipd d
~ hp, .
m 0 (tn — Sm—1 — hmz)o‘
Set polynomial coefficients for each spatial point (x;,y;):
Al = a3, 4 VA b,
B9 = 20" Ay hyy + 05 b,
YR
Cyl =aylh;,.
The integral becomes

15 & hyy (AL Jo + BLIJy + CLl o)

where
1 ok
Ji = ———dz, D,,=t,—8Sm_1, k=0,1,2.
g /0 (D = hin2)> ‘ m=t

As before, change variables to express Ji via the incomplete Beta function:

Dk+1fo¢ hm
Jh=—"7By(k+1L1-qa), n=_——<1L
m Dy,
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Therefore,

I Z C” fn — Sm—1 Beeons (k+1,1—a), (2.3)

S’m _Sm—l)k tn—sm—1

)/c-l—l—oc

with C’Z,;{O = AL C -J = = BYJ, C;nj CLJ. The full discrete approximation of the Caputo derivative at (z;,y;,t,)
reads

1 <y
“Du(xi,y;,tn) ~ Ti—a) E I (2.4)
m=1

The accuracy of the proposed discretization for the Caputo time-fractional derivative depends primarily on the in-
terpolation error introduced by approximating the time derivative u@iyit) with a local quadratic polynomial over
each subinterval [s;,_1, $;]. Let hy, = sy — Sm—1 denote the length of the m-th time subinterval, and assume that
u(x,y,t) has continuous fourth-order partial derivatives with respect to time in [0, ¢,,] for each spatial location (z;,y;).

The local interpolation error for approximating the time derivative on each subinterval satisfies:
ou(x;, y;,T) MW
ot

— Phi(r)| < B2, YT € [Sm—1,5m], 25)

where
84“(331'7 Y, 7_)
ott '
Considering the weakly singular kernel (¢, — 7)™ in the Caputo derivative integral, the total global discretization
error €7 at the spatial point (z;,y;) and time ¢,, is bounded by:

M = max
TE[Sm—1,5m]

i« 2 4 _ —a )
< rr g Zh o) (2.
where
L MBI
c" = .
6
For uniform time steps h,, = h, this reduces to:
- . h3 n
<O — tn — Sm—1) <. 2.7
[ < F(l—a)mzzl< N\ 2.7)

For total time t,, = nAt, this gives the following error estimate:
le"7] = O(AE* - 172, (2.8)

where the error order is O(At?) due to the cubic interpolation, and the factor t.=% comes from the time-fractional
integral kernel.

2.1. Semi-Discrete Time Discretization of the Proposed Model. In this subsection, we develop a semi-discrete
numerical scheme for the proposed two-dimensional nonlinear time-space fractional diffusion-reaction model which is
given in Eq. (1.1), where the time-fractional derivative is discretized using a quadratic interpolation-based scheme,
while the spatial operators remain in continuous form. Let the time domain [0, 7] be divided into N uniform intervals
with time step size At, so that t, = nAt for n = 0,1,2,...,N. The Caputo fractional derivative at time ¢, is
approximated at each spatial point (z;,y;) using the quadratic interpolation-based discrete formula:

n

1 .
CDiuwi, yj,tn) ~ Ti—a) I, (2.9)
m=1
where
Il = A (u71) + B (ully) + Co (w5, (2.10)
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and the coefficients A,,, B,,, and C,, are derived from the analytical integration of the quadratic interpolating
polynomial over [t,,_1,t,], as shown in section 2. By substituting the discrete approximation (2.9) into the main
Equation (1.1), we obtain the following semi-discrete form at time level ¢,, for each grid point (z;,y;):

1 z”: [Ap (u71) 4 By (uf) 4+ Cp ()] = & i (Dy(u}))) + & 876 (Dy(u?))) + R (uf;). (2.11)
1-\(1 _a) — m %5 m 2,] m ,] 16|$V3 z\ % g ya|y|5 y\ i 4 i,5) .

Here, u;'; denotes the numerical approximation of u(x;, yj,tn) at time level n. The local truncation error 7;; of the
time discretization at point (z;,y;) and time level ¢,, can be estimated as:

3
= Cph® - max |——u(w;,y;,t
J o tef0,t,] | dt3 (@i 95,1)

, (2.12)

where C,, is a positive constant dependent on the fractional order a and the interpolation kernel. This shows that
the proposed scheme achieves third-order accuracy in time for smooth solutions. In Table 1, a detailed step-by-step
procedure for implementing the semi-discrete numerical method is presented, with an emphasis on time discretization
using the Caputo fractional derivative approximation. The table demonstrates how spatial derivatives and nonlinear
terms remain continuous, while the discretization is applied solely to the time derivatives. Additionally, it summarizes
the expected order of accuracy and the corresponding error bounds associated with the time discretization scheme.

Algorithm 1 Semi-discrete numerical method for time-fractional derivative

1: Time-fractional derivative approximation: Approximate the Caputo fractional derivative in time at time
level t,, using
0u(w,y,tn) 1
ot T -a)

n

5 A + By + Cin]

,J

m=1
where coefficients A,,,, By, C, depend on the discretization scheme and step size At.
2: Spatial derivatives treated continuously: Keep the Riesz fractional derivatives and nonlinear reaction terms
continuous in space:
S (D) + iy s (Dy () FROE,)
Ko o[z =\ Us Ry aly|? y\ U4 s, g

3: Semi-discrete scheme: Combine the above approximations to get the semi-discrete equation at time t,:

1 & m—1 m m—+17 __ aﬂ n 86 n n

4: Error estimation: The truncation error in time is bounded by O(At?>~), indicating convergence order dependent
on fractional order a.

2.2. Convergence Analysis of the Semi-Discrete Numerical Scheme. In this subsection, we provide a rigorous
convergence analysis for the proposed semi-discrete numerical scheme in the time direction for solving the nonlinear
two-dimensional time-space fractional diffusion-reaction model. The analysis focuses on the error between the exact
solution and the numerical approximation obtained by the quadratic interpolation-based time discretization.

Theorem 2.1. Let u(z,y,t) be the exact solution of the model (1.1) with sufficient smoothness, and let ui; denote
the numerical approzimation obtained using the proposed semi-discrete scheme (2.11) at spatial point (z;,y;) and time
level t,,. Assume that u(x,y,t) satisfies:

‘ Pu(z,y,t)

o ' <M, Y(z,y,t)eQx]0,T],
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where M > 0 is a positive constant. Then, the numerical scheme is convergent in time, and the global discretization
error el ; = u(x;,y;,tn) — uf; satisfies the following bound:
lef;| < C - A%, (2.13)

where At is the time step size and C is a constant independent of At, but dependent on T, «, and the third time
derivative of the exact solution.

Proof. Let us define the local truncation error 7*; at time level ¢,, and spatial point (z;,y;) as

n

L Z [Amum Ly Boui + Cmum+1] , (2.14)

T.n. — CDto‘u(xl,y],tn) — m
m=1

i
where A,,, B, and C), are the discrete coefficients defined in Section 3. Using the standard remainder formula for
quadratic interpolation and properties of the Caputo derivative, it can be shown that:

Pu(z;, Yj, t)
ot3

where K, is a constant depending only on the fractional order a. Next, by applying the discrete Gronwall inequality
(or fractional discrete Gronwall lemma) for the error propagation equation derived from subtracting the numerical
scheme from the exact equation, we obtain:

lei;| <C (lglax r,j|> (2.16)

where C is a constant depending on the final time T, fractional order «, and the Lipschitz constant of the nonlinear
terms. Finally, substituting the local error bound (2.15) into (2.16), we conclude that:

lef;] < C"- At?,
where C' = C - K, - M, completing the proof. a

7] < KoAt? - max , (2.15)

t€[0,t,]

3. SPATIAL DISCRETIZATION OF TwO-DIMENSIONAL RIESZ FRACTIONAL DERIVATIVES USING A NONUNIFORM
FRACTIONAL CENTRAL DIFFERENCE SCHEME

In this section, we introduce a novel and less commonly used approach for the spatial discretization of the two-
dimensional Riesz space-fractional derivatives appearing in the proposed model (1.1). The method is based on a
nonuniform fractional central difference operator, which provides enhanced flexibility for handling spatial hetero-
geneities and sharp gradients in the solution. The Riesz space-fractional derivative of order 5 € (1,2) in the z and
y directions for a sufficiently smooth function u(x,y,t) is defined in Eqgs. (1.3) and (1.4). To discretize the above
derivatives, we consider a nonuniform grid along the x and y directions. Let z; and y; denote the grid points with
spatial step sizes Az; = xy—x;—1 and Ay; = y; —y;—1, which may vary across the domain. The discrete approximation
of the Riesz fractional derivative in the x-direction at grid point (x;,y,) and time level n is given by:

86u 1 ‘
~ - (8),n (8),n 3.1
amﬂ €6 <(Awi)5 ;wk Ui—j,j + Ax (Azi1)? ; Wy, z+k,]> ) (3.1)
where w(ﬁ ) are the nonuniform fractional weights defined as:

B B\ (=D)FT(B+1)
o = () - s (32)

for £ > 1, and M denotes the total number of spatial grid points in the x-direction. Similarly, the Riesz derivative in
the y-direction is discretized as:

86u

8\y|ﬁ < (Ay,)? RE Ay +1)? koo k) (3:3)

(=)=
E)NE
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where L is the total number of grid points in the y-direction. The local truncation error for the nonuniform fractional
central difference scheme for the Riesz derivative at grid point (x;,y;) and time level n is expressed as:

OPur, [
z i _ 2: (B),n 2: (8)
LTEi’j o 3|$|’8 ( “s )P Wy Uiopg + AJJ it1) 5 P W 1+k]1 ) ’ (3.4)
Pur [
Yy 27 (8)
LTE;; = aly|? - ( B nu kT Ay )P E :wk u; J+k] )‘ (3.5)
The total local spatial discretization error at (x;,y;) is then:
space __ T Y
LTE"™* = LTE}; + LTEY,. (3.6)

3.1. Full Discretization of the Proposed Two-Dimensional Nonlinear Time-Space Fractional Model. In
this section, we derive the fully-discrete numerical scheme for the proposed two-dimensional nonlinear time-space
fractional model given in (1.1). This is achieved by combining the time discretization based on the newly proposed
weighted finite difference approximation for the Caputo fractional derivative (as presented in the semi-discrete scheme)
with the nonuniform fractional central difference method for the spatial Riesz fractional derivatives.

The full-discrete form of the governing equation at grid point (z;,y;) and time level n is written as:

(B)n (8),n

1 § : m—1 m m+1
m |:Am ui,j + Bm U77J + Cm ui,j i| = KRy
k=1

m=1
+ Ky | —c g ur. g, —— E w®
Y ( B Ui j—k ij+1 k ,j+k:‘|>

+R(,). (3.7)

The total local truncation error (LTE) of the full-discrete scheme at grid point (x;,y;) and time level n consists of two
main components: the temporal discretization error (LTE}'/*°) and the spatial discretization error (LTE;%*“). The
local truncation error due to time discretization, based on the finite difference approximation of the Caputo derivative,
is given by:

LTE[™ = Cy AtP +O(A), (3.8)

where p denotes the order of convergence in time (depending on the specific weights used), and C; is a constant.
The spatial discretization error resulting from the nonuniform fractional central difference approximation of the Riesz
derivative in both directions is given by:

LTE;J;“Ce = C (max Az;)? + (max Ay;)?) + O ((max Ax;)? 4+ (max Ay;)9), (3.9)

where ¢ represents the spatial convergence order and C5 is a constant. The total LTE at (z;,y;) and time level n is
then:

total __ time space
LTE!%® = LTE!"™ + LTE""". (3.10)

Table 2 summarizes the step-by-step procedure of the fully discrete numerical method for solving the proposed frac-
tional model. It details the initialization, computation of fractional derivative weights, and iterative update of the
solution at each time step. This framework ensures accurate approximation of both time-fractional Caputo and
space-fractional Riesz derivatives with nonlinear reaction terms.

(&)
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Algorithm 2 Fully discrete numerical method for the fractional model

1: Initialization: Set spatial grid points (x;,y;), temporal points ¢,, fractional orders «, 5, and coefficients k5, Ky.
2: Initial condition: Assign uj ; = ug(z;,y;) for all spatial nodes.
3: Time-derivative weights: Compute Caputo fractional time-derivative weights A,,, B,,, and C,, for order a.
4: Spatial-derivative weights: Calculate Riesz fractional spatial derivative weights w,(f ) for both z- and Y-
directions based on f.

5. Time-stepping procedure: For each time step n =1,2,..., N and spatial node (4, j):

(1) Evaluate the fractional time derivative term

n
S G Bty G

,J
m=1

(
(2) Approximate the Riesz fractional derivatives in space using discrete convolution sums with weights w(’g )
(3) Compute the nonlinear reaction term R(u;';).

(4) Solve the resulting algebraic equation to obtaln (I
6: Boundary conditions: Apply appropriate boundary conditions at each time level.
7: Termination: Repeat the above steps until the final time step, then analyze results for stability and convergence.

4. STABILITY ANALYSIS OF THE FULLY DISCRETE FRACTIONAL SCHEME

Consider the fully discrete numerical scheme for the two-dimensional nonlinear fractional diffusion-reaction equation
given by Equation (3.7). Prove stability of the scheme in the discrete lo-norm under suitable conditions. Define the
discrete lo-norm over spatial grid points as

um)? = ZZ ? Ay Ay;.

i=1 j=1

Multiply both sides by u;'; and sum over all spatial indices:

L
e SOS S (A Bl G ) Ay,

- (8) 1 = @
- ZZ“?{’% ( [ )P Z“’k Ui—,j T (Azi11)P > W u?+k’j‘|>
3 k=1
W . zw“ﬂ )wwz»}mi%.

Yj) ij-i-l
1
T —a) Zu iy Z Amu 1y B +Cmum+1) Az;Ay; > §Dta||u”||2,

m=1

By discrete fractional calculus results, the left-hand side satisfies

where the discrete fractional time derivative D&||u™||? is defined by

n

Dy {lu™]* = Z m (™2 = ™ 7H%)

m=0
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and g > 0 depend on « and discretization parameters. Using properties of fractional difference operators and
symmetry,

n
Z“z‘,j’% (‘
i

and similarly for the y-direction,

LN, 1 ()
ul Ky | —c wyug g+ wy g
; 7 y( ’ (ij)ﬁg b T Ay Z s

where A;, A, > 0 depend on the mesh and problem parameters. Hence,

A M—i
n 1 (8), n 1 (8), n
izjui’jl_c" <<Axi>6,;w’“ o (R 2 e

L

with A = Ay, + A, > 0. Suppose R(-) satisfies the Llpschitz condition
|R(u) — R(v)| < Lglu— v,

with Lipschitz constant Ly > 0. Then,
Z%R JAziAy; < Lyllu"|.

B
AJ: Zw ) ? k] Ax +1 Z wk uerk] ) AwlAyJ < _Az||un||2’
7/ — 2

k=1

) Az Ay; < —Ayllu”|?,

(ﬁ)n (8), n Azr: Ay < —A n|2
,j k Ay +1 Zwk uz;—i—k)] T yJ —= Hu “ 9

Then

1 « n n n n

7 D¢ lu 1> < —Allu"||® + Lgl[u™|]* = —(A = Lg)[Ju"|*.
If

Lg <A,
then

Dflu™* < —2(A — Lg)|[u"|?,

which guarantees that the discrete norm ||u™]|| is non-increasing in time, and the scheme is stable.

5. ERROR ANALYSIS OF THE FULLY DISCRETE FRACTIONAL SCHEME

Consider the fully discrete scheme for the two-dimensional nonlinear fractional diffusion-reaction equation given by
Equation (3.7). Let the exact solution be U(z;,y;,t,), and define the error

e i = U(xi, yj,tn) — ui';.
We assume the following:

e The exact solution U is sufficiently smooth in time and space, with continuous derivatives up to the required
order.
e The nonlinear reaction term R(-) satisfies the Lipschitz condition,

|R(u) — R(v)| < Lrlu— v,

for some constant Lgr > 0.
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Subtract the numerical scheme from the exact equation evaluated at the grid points. Denote the discrete fractional
operators as D¢ and D?, Dg acting on v and U. We have:

n

1
m+17 _ (,3)
71_\(1 — a) Tn221 I:Amei)‘? + Bme"n + Cme'L] ] KRy <_ l Zwk ez k,g AI’ +1 Z wk €,L+k ]‘|>
(B) gn 15,0
+ K Wy, B w e
! ( (Ay;)? Z ik T (Ayi)? ; * ”+kD

+ (R(UPY) — R(ui,n) + AT+ WP,

where &', n;'; represent the local truncation errors of the fractional time and space discretizations, respectively.
Multiply both sides by €}'; and sum over all ¢, j:

n
Z ’]I‘l—a Z mem 1—|—Bme + Cop, em+1]AacAyJ

4,7 m:l
B
m Ze?’j <_Cﬁ ) kgt Ax ia1)? Z “’l(c )ez+lm ) AziAy;
,J
n 1 & e, (8) n
+ Ky Zei,j (-Cﬁ (ij)ﬁ Zwk ey ik R TAT g Ay ) /3 Z Wy, € itk Amiij
i,J k=1

+ Z e ( = R(uil;)) AziAy;
+ Z er; tQ—%M + hQUﬁj) Az Ay;.
Using arguments similar to the stability proof. The discrete fractional time derivative satisfies:

1
1 +1 2
= E:ed E: (A€l + Buely + Conel'] AaiAy; > 2 D7le”|.

m=1

The spatial fractional terms satisfy:

/%Ze” (Z mem 1 + B+ Cnm em‘H] AxlAyJ) —I—,%yZer (Z [Amem ! + Bpei + Cp, em‘H] Ax; Ay;

ij m=1

< —Alle”.

m=1

By the Lipschitz condition on R,

S e (RUE) = R(uly)) < Lale™ |,
@,

The truncation error terms are bounded by Cauchy—Schwarz inequality:
> en; (AT + hin) Aidy;| < [l (A€ + h2 ")) -

Thus, we have the inequality:
1 « n n n — n n
S DElle* < =(A = Lr)lle™ | + e[| (A2~ l€" | + B [ln"]]) -

(=)=
E)NE

)
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Divide both sides by ||e"|| (assuming ||e™]| # 0):
1 « n n - n n
FDCllemll < =(A = Lr)lle™ || + A€ ]| + [l
By a discrete fractional Gronwall inequality, we obtain
e < € (At 4 12),

where C' > 0 depends on the final time 7', problem parameters, and regularity of the exact solution.

6. NUMERICAL SIMULATIONS AND EXAMPLES

In this section, we present numerical simulations to verify the accuracy and efficiency of the proposed fully discrete
numerical method. Two-dimensional test problems with known exact solutions are considered to evaluate both tem-
poral and spatial convergence behaviors. To quantitatively assess the accuracy of the numerical method, the discrete
L?-norm of the error at the final time level ¢t = T is calculated as follows:

1/2

M L
Error(h,7) = Z Z |ufvj — Uexact (T4, Y5, T)|2 Az;Ay; , (6.1)

i=1 j=1

where ufvj denotes the numerical solution at grid point (z;, yj) at the final time level ty = T, and Uexact (%4, Y T) is
the exact analytical solution at the same point. To evaluate the temporal and spatial convergence orders, we compute
the following metrics: For two successive time step sizes 7 and 7/2, while keeping the spatial grid size fixed, the
temporal order p is calculated by:

Error(h,r
- log (Error(i(L,T/)Q)>
P log(2)

Similarly, by refining the spatial grid size from h to h/2 while fixing the time step, the spatial convergence order ¢ is
estimated as:

Error(h,r
- log (Error(f(L/Q,z'))
T s

For validation, both simple and complex exact solutions with known source terms are tested under different fractional
orders a (time) and B (space). Various grid refinements in both temporal and spatial directions are conducted to
observe the expected convergence rates. Additionally, computational cost is monitored by recording the CPU time
required for each simulation run. All numerical experiments are performed using MATLAB R2024b on a standard
desktop computer.

(6.2)

(6.3)

TABLE 1. Error analysis, convergence orders in time and space, and CPU time for various fractional
orders a and 3.

a B Grid Size Time Step  L>-Error  Temporal Order CPU Time (s)

06 16 32x32 0.01 1.23 x 10710 1.82 12.5
0.6 1.6 64 x64 0.005 3.15 x 1011 1.95 46.8
0.8 1.8 32x32 0.01 9.56 x 10~11 1.76 13.2
0.8 1.8 64 x64 0.005 2.40 x 10~11 1.92 49.6
09 1.9 32x32 0.01 7.82 x 10~ 11 1.85 14.3
09 1.9 64x64 0.005 1.92 x 10~ 11 1.98 51.4
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(a) approximate numerical solution (b) exact solution (c) absolute error

FIGURE 1. Comparison of the approximate numerical solution (left), the exact solution (middle), and
the absolute error (right) for example 6.1.

«<10710 Error along x at y=0.5

(0]
251 8

0.5 [

F1GURE 2. Cross-sectional comparison of the approximate and exact solutions along the line y = 0.5
for Example 6.1.

Example 6.1. Consider

2y B B
P — g (Da(uli . 0)) 4 5 (Dy(ute )+ Rlulp.0),

in which
(z,y) €[0,1] x [0,1], te0,T].
kg = Ky = 1,

with nonlinear diffusion coefficients
D.(u) =vu?, Dy,(u) =u?

(=)=
E)NE
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and nonlinear reaction term
R(u) = —u + u®.
The initial condition is
u(z,y,0) =0,
and the boundary conditions are homogeneous Dirichlet:
u(z,y,t) =0, for (z,y) € 9([0,1]%), tel0,T].
The exact solution is chosen as
u(w,y,t) =t 2*(1 - 2)*y*(1 - y)*.
To satisfy the governing fractional partial differential equation

o o8 o
i = e (Do) + g (Dy() + R+ f(,.0),

the source term f(x,y,t) is computed by substituting the exact solution u(zx,y,t) into the left-hand side fractional
time derivative and subtracting the diffusion and reaction terms on the right-hand side accordingly, i.e.,

o 05 o5,
f(l’,yvt) - % _wa (u ) —Kyw (U ) —R(U)

Then
0%u 8 0P
flz,y,t) = e ’ﬁxw(iﬁ) - ’iyw(iﬁ) — R(u)
2—a
= 2@9(%9) +t%g(z,y) — t°(z,y)°
L /4 (5 + m)
4 _1\ym 4+m—p _ A \4+m—p
+ Kgept k(y)mz_:o(m>( 1) 4—F(5+m—ﬂ) [x+ +(1—a2)*t ]
t /4 T'(5+ m)
4 _1\m 44+m—p o N\4+m—p
+ fiycpt h(z) 2 <m>( 1) TG m—5) ly +(1-y) !,
where

g(z,y) = 2*(1 — 2)**(1 - y)*
The graphical results presented for Example 6.1 provide a comprehensive evaluation of the accuracy and performance
of the proposed numerical scheme. Figure 1 displays the numerical solution at the time ¢ = 0.5, clearly capturing the
expected spatial distribution. Figure 1 shows the exact analytical solution, which serves as the benchmark for error
analysis. Comparing Figure 1 confirms that the numerical approximation closely follows the exact solution. Figure 1
illustrates the absolute error surface, where the error magnitudes remain relatively small across the domain, with
slightly higher values near the boundaries. Figure 2 presents a one-dimensional error profile along the line y = 0.5,
highlighting the pointwise error behavior. The error remains uniformly low, reflecting good spatial resolution and time
integration. The observed L2-error norm also confirms the quantitative accuracy of the scheme. Overall, the figures
validate the temporal and spatial convergence characteristics of the method. These visualizations demonstrate that the
numerical method efficiently handles nonlinear and fractional terms in the governing equation. Table 1 presents the
numerical L?-error for different values of the fractional orders o and 3, demonstrating both the temporal and spatial
accuracy of the proposed fully discrete method. The temporal convergence order is computed by halving the time step
size while keeping the spatial grid fixed. Similarly, the spatial convergence order is obtained by refining the spatial
grid while maintaining a fixed time step. The CPU time column reports the total computational time required for
each simulation. Overall, the results confirm that the method achieves the expected convergence rates across various
fractional parameters. The numerical results demonstrate the effectiveness and accuracy of the proposed fully discrete

(&)
ENE
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FIGURE 3. Comparison of the approximate numerical solution (left), the exact solution (middle) and
the absolute error (right) for Example 6.2.

u(x,y.t)

o =~ N w A& o

4
12100 : .

—6— Numerical
Exact

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FI1GURE 4. Cross-sectional comparison of the approximate and exact solutions along the line y = 0.5
for Example 6.2.

method for solving fractional diffusion equations. The method consistently achieves the expected convergence rates in
both time and space. These findings confirm its robustness for a range of fractional orders.

TABLE 2. Error norms, convergence orders, and CPU time for different values of « and .

a B Grid Size  L? Error  Temporal Order Spatial Order CPU Time (s)

06 1.6 20x20 1.24x10°10 1.97 1.82 12.3
06 1.6 40x40 3.15x 10711 1.98 1.85 26.7
0.8 1.8 20x20 9.56 x 10~ 1T 2.01 1.88 14.5
0.8 1.8 40x40 2.37x 10~ 2.00 1.90 28.9
09 1.9 20x20 7.33x1071! 2.05 1.91 15.2
09 19 40x40 1.82x10~ 2.03 1.93 30.1
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FI1GURE 5. Cross-sectional comparison of the approximate and exact solutions along the line x = 0.5
for Example 6.2.

Example 6.2. Study

2y B B
Pt — s (Dalulon ) + 5 (Dyula )V Rl 300) + £ (o3,

where (x,y) € [0,1] x [0,1], ¢ €[0,T], kz =0.5, K, = 0.5, nonlinear diffusion coefficients

D, (u) = sin(u) + u?,

Dy(u) = exp(u) — 1,
and nonlinear reaction term

R(u) = cos(u) + u®.

We select the following complex exact solution:

u(z,y,t) = t>° sin(mz) sin(my) + et a?y? (1 — 2)%(1 — y)2.

The initial condition is obtained by evaluating the exact solution at ¢t = 0:

u(xvyvo) = x2 y2 (1 - .’E)2 (1 T y)2
We impose homogeneous Dirichlet boundary conditions:

u(z,y,t) =0, for (z,y) € 9((0,1]*), t€0,7].
The source term f(x,y,t) is computed to ensure that the chosen exact solution satisfies the given PDE. By substituting
u(z,y,t) into the governing equation:

aau(xa Y, t) aﬂ : 2
z,y,t) = — K sin(u(x,y,t u(x,y,t

o8 3
Ry s (. 0) ~ 1) ~ (eon(ulz ) 447 (2,0.).

(6.5)

The presented figures visually demonstrate the accuracy and performance of the proposed fully discrete numerical
method applied to the two-dimensional time-fractional nonlinear diffusion-reaction model. Figure 3 compares the
approximate numerical solution with the exact analytical solution at the final time level ¢ = 0.5, showing that the
numerical solution closely follows the exact profile with minimal error, as indicated in the error distribution plot.
Figure 4 presents the solution behavior along the line y = 0.5, providing a detailed view of how well the numerical
an
BE
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scheme captures spatial variations in the x-direction. Similarly, Figure 5 shows the solution along x = 0.5, highlighting
the method’s spatial accuracy along the y-direction direction. Both path graphs confirm that the proposed method
effectively resolves the solution’s shape and magnitude across the spatial domain. The error curves reveal that the
largest errors occur near regions with higher gradients. The smooth trend of the numerical solution compared with the
exact profile indicates the stability and consistency of the method. Overall, the visualizations validate the effectiveness
of the proposed scheme for complex nonlinear fractional models. These results demonstrate the method’s high-order
accuracy and its suitability for solving two-dimensional space-time fractional PDEs with nonlinearities. Table 2
presents the computed L2-norm of the error for various fractional orders o and /3, demonstrating the temporal and
spatial convergence behavior of the fully discrete numerical method. The temporal convergence order is calculated by
refining the time step size while keeping the spatial grid fixed. Similarly, the spatial convergence order is evaluated by
refining the spatial grid while maintaining a constant time step. The table shows that the numerical method achieves
second-order accuracy in time and close to second-order accuracy in space for the tested cases. Additionally, the
CPU time column reflects the total computational time required for each simulation run, providing insight into the
computational efficiency of the method.

7. CONCLUSION

In this work, we developed a fully discrete numerical scheme for solving two-dimensional fractional diffusion equa-
tions. The Caputo fractional derivative in time was discretized using a local quadratic polynomial approximation,
which improved temporal accuracy. For spatial Riesz fractional derivatives, we employed a nonuniform fractional
central difference scheme tailored for two-dimensional nonuniform grids. Stability and convergence analyses verified
the reliability and accuracy of the proposed method. Numerical experiments confirmed that the scheme achieved
high-order accuracy in both temporal and spatial directions, consistent with theoretical expectations. The method
effectively handled nonlinear diffusion and reaction terms, showing strong agreement between numerical and exact
solutions. Computational efficiency is assessed via error norms and CPU time, demonstrating the practicality of the
approach. Overall, this study provided a robust and flexible numerical tool for simulating complex fractional diffusion
processes in various applications.
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