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Abstract - N

This paper presents a novel approach for solving the Poisson equation on arbitrary domains using a direct Radial
Basis Function (DRBF) partition of unity technique. The method involves dividing the primary domain into
overlapping subdomains, calculating local approximations within each subdomain, and then combining these ap-
proximations through discontinuous weight functions to form a global solution. We also use polyharmonic spline
(PHS) kernels, with scaling properties. This strategy improves stability, lowers computational costs, and replaces
a single ill-conditioned linear system with several smaller, well-conditioned linear systems. Numerical experiments
are performed to confirm the efficacy of the proposed method.
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1. INTRODUCTION

Methods based on radial basis functions (RBFs) are a rapidly growing area of research and have become a common
tool for solving partial differential equations (PDEs) [? ?-? ]. Several valuable properties—such as easy implementation,
applicability to scattered data, flexibility with respect to geometry and dimension, and high-order convergence rates—
make them particularly advantageous for higher-dimensional problems [7, 19]. However, despite their applicability,
especially in high-dimensional spaces, one of the main disadvantages of RBFs is the ill-conditioned system generated
by the interpolation conditions. Localized methods have been introduced to address this issue, providing the benefits
of a sparse interpolation matrix and a well-conditioned final system, which results in greater stability and lower
computational costs.

An interesting example of localized methods is the partition of unity (PU) method, a type of meshless approach
that enables fast computation. This method was first introduced by Shepard in 1968 [15]. This method decomposes a
large problem into many smaller problems. Combining popular numerical methods with the PU method yields various
approaches that are widely used in computational research. Historically, Babuska and Melenk introduced the partition
of unity finite element method (PUFEM) for solving PDEs [2, 10].

Wendland combined the PU method with the RBF method for scattered data problems [18]. Various RBF-PU
methods exist [9], including a form based on collocation (C-RBF-PU) for PDE problems introduced by Larsson and
Heryudono [14]. Another form, the compact radial basis function partition of unity (CRBF-PU) method, integrates
standard Hermite interpolation, RBF-FD, and the PU method [1]. Mirzaei proposed a new direct RBF-PU (D-RBF-
PU) scheme that omits PU weight derivatives [12], demonstrating its effectiveness in solving boundary value problems
and showing it to be faster than traditional RBF-PU methods. The applications of RBF-PU methods for solving
PDEs are extensively documented in references [3, 4, 6, 8, 11, 13].

In this paper, we want to obtain a numerical solution using the D-RBF-PU method for solving the Poisson equation
with pure Dirichlet boundary conditions. The structure of this article is organized as follows. Section 2 defines the
notations that will be used during the article. Following this, Section 3 offers a detailed description of the D-RBF-PU
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method, such as its formulation, implementation, and some theoretical subjects. In Section 4, the application of the
D-RBF-PU method is demonstrated for the numerical solution of the Poisson equation, by a presentation of numerical
investigations that shows the effectiveness and accuracy of the method. Finally, Section 5 includes the conclusions
drawn from the study, summarizing the main findings and discussing the potential implications and future research in
this area.

2. NOTATIONS

In order to describe the proposed method, we define some notations that we use them in whole of this article.
For the given positive integer d, R? denotes the d dimensional Euclidian space of real numbers and € is an open
bounded domain in R%. In general the bold lower-case letters such as x,y, and the bold lower-case Greek letter such
as a, 3 € N U {0} are used for vectors in R? and multi-indices, respectively. For example

x =z, 247, xR

a=ay, 04", acN
. The inequality o« < B means that a; < §;, for j = 1,---d. For an arbitrary set X C ) with N distinct points
xy, -+ ,xp, we define two geometric quantities which express quality of point distribution.

e The fill distance quantity which is the radius of largest empty ball inside 2 and is defined by

h = hx o = max min || — x;||.
’ zeQ x, €X

e The separation of X which is defined by

1
ax,0 = 51};12 |x; — 2.

For the multi-index a, and & € R?, we define a! = a1! x-++ X ag!, |a| = a1 + -+ + ag, and * = 2§, 25"
I1,,,(R%) is the @ dimensional space of multi-variable polynomials of degree less than or equal to m with the classical
basis function {p;(z)}<, where each element g(z) € {pi(x), : - - ,po(x)} is a monomial with the following form

gl) =z =2 -2y, |al =m.
We define the partial derivative operator D® for multi-indices a as
pe_ 9% 9
oz ! Oxy*
3. 'SOME PRELIMINARIES FOR D-RBF-PU METHOD

D-RBF-PU method, which is proposed in [12] for the first time, is a localized RBF method based on PU and has
used for solving boundary and initial-boundary value problems. This method benefits from a direct discretization
approach and is more faster than standard PU method because it is avoiding all derivatives of PU weight functions.

3.1. The interpolation using Radial Basis Functions (RBFs). In this section, we interpolate the function u at
scattered data points using conditionally positive definite radial basis functions.

Definition 3.1. The function 9 : R — R is called conditionally positive definite of order m if

N M
DY bibji(ai —ay) >0,

i=1 j=1

for any pairwise distinct nodes x;,--- ,xy € R? for all vectors b = (by,--- ,bx)T € RV satisfying

N
> bipe(m;) =0, L=1,---,Q,
j=1

(=)=
E)NE
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Q
u(x) ~ a(x Zczw i) + ;CNMW(“B) (3.1)

= ‘I’(x) c1 +P(90)T027

where ¢ = [c1,--+,en]T, €2 = [eni1, 0 eniolty Y(x) = [Y(x — 1), -, ¢(z — zn)]T € RY, and p(z) =
[p1(x), -+ ,po(x)]T, which p1,---,pg are the bases for the @Q-dimensional space II,,,(R%). The vectors ¢; and ¢z
are obtained by interpolation conditions @(xy) = u(xr), k=1,---,N, along with @ additional constraints

N
ZCkpg($k):0, 6217762

These computations lead to the following system of linear equations:
Rey + pes = U‘X,

3.2
PTcl = 07 ( )

where Ulx = [u(z1),--- ,u(zy)]”, p = pT(X) € RV*Q and R = 97 (X) € RV*N. If ¢ is a positively definite
conditional function of order m and the set X consists of unique solvers in IL,,(R?), then the Equation (3.2) is
uniquely solvable. Moving forward, we express the interpolation operator @ in Lagrangian form, which plays a pivotal
role in implementing the RBF — PU method. Let’s assume e) € RY denote the j -th unit vector. Assuming that
the set X C 2 is II,,,(R%) unisolvent, the following linear system is uniquely solvable:

R P (3) o)
PT O 0|’

(J)
where O denotes the @ x @ zero matrix. Moreover, Lagrange functions ¥; exist and are given by:

N
=3t 0+ Y e
j=1

Moreover, the Lagrange functions 97 satisfy the property 97 (z;) = d;; and belong to the subspace:

Zajw T —x;), Zalpl x;), l=1,-,Q, p €IL,(R?Y 3 &L, (RY).

Theorem 3.2. [19] Let ¢ be a positive definite kernel with respect to I,,,(R%). If X C Q be a I1,,(R?) unisolvent,

then functions U; € v; exist such that U7 (z) = 0. Additionally, functions vi, j=12,---,Q exist such that

R P| |9 (x)| |¥(x) (3.3)
PT 0| |vi(w)| = |plx)]|" '
Then the function u can be interpolated as follows:

N
=0 (@)u(z;)
j=1

To approximate the function D*u using the kernel 1) € C2¥(Q x Q), analogous to how we interpolated u, assume that
X C Q, implying uje.(x) € C¥(Q2), where @(x) is the interpolation of u using . Define the derivatives:

D (z) = [DT(),- -, Div(x)],
Dp(z) = [Dipi(x),-- -, Dipo(=)],
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where Df* denotes the derivative with respect to the ith component of . The approximation of D*u using Lagrange
functions is expressed as:

N
Du(x) =~ Z D (x)u(z;),

j=1
where D} (x) are Lagrange basis functions satisfying

5 2]l

3.2. Partition of Unity (PU). The Partition of Unity method is a mesh-free approach that enables rapid compu-
tations by replacing the global approximation with specific number of local approximations. This method decomposes
a large problem into numerous smaller problems, while extending the accuracy of local approximations to a global
approximation. It solves several interpolation problems and then combines them into a global approximation.

Definition 3.3. Let Q2 C R? be an open and bounded region, and let {w, }3]:1 constitute an open and bounded cover
for Q (meaning all 2; are open, bounded, and © C U}’zlﬂj). We define:

0; = diam(Q;) = sup |z — yls.
z,y€eN;

Definition 3.4. A family of non-negative functions {w; }3’:1, where w; € CF(RY), constitutes a Partition of Unity

with respect to the cover {w; }3]:1 if it satisfies the following conditions:
(1) supp(w;) C €;
(2) On Q, we have: Z‘j]:l wi(x) =1, forallx e,
(3) For every multi-index « € NZ such that |a| < k, , there exists a positive constant C, > 0 such that for
each j=1,---,J, we have:

e

slaf”
o;

IDwjlzway <

In [7], Shepard weights are used to construct Partition of Unity weight functions. If {¢;(x) 37:1 are non-negative,

non-zero, and compactly supported functions, then the Partition of Unity weight functions are defined as follows:
¥ ()
Wy ((B) = 7 : )
2j=1 ¥5(®)
In Equation (3.4), we can interchange the summation indices with the following set:

I@)={te{1,2,--,J}: xecQl}.

J=1, (3.4)

The function u within each subdomain is approximated using the local approximation #; € v;. So, these approxi-
mations are combined using the weight functions w; forming a global approximation across the entire space 2. This
means

upn(@) = Y dg(w)wi(z), @€ Q. (3.5)
teI(T)
Theorem 3.5. [19] Let Q@ C R* be a bounded and open region, and let {€2;}7_, be an open and bounded cover of
Q. Suppose {Qj}}]=1 constitutes a k-stable partition of unity. If u € C*(Q) is a function approzimated by u; € vy C
Cck (), a local approzimation space, such that u is approzimated by up, within each region ; N Y, where

|D"u — Daﬂj|Loo(QﬂQj) S 5(a),
an
BE
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Then, in relation to (3.5), the function up, € C¥(Y) satisfies the following for all multi-indices |a| < k:

(D — Daupu)(a:)’ <Y <g) Co ol ¥ey(@), weq. (3.6)

Lel(z) B<La

Our objective is to utilize this method and its outcomes for the radial basis function (RBF) interpolation. Let
X; = X NQ;, and let ¢ be a positive definite function of order m. Then, the local approximation space is defined as
follows:

v; == span{y(x — ), x € X;} DI, (RY).
Now, we apply this method to approximate the solution of the following partial differential equation (PDE):

Lu=f xe€,

Bu=g, x¢cd9, (3.7)

where £ denotes an arbitrary differential operator and B represents the boundary operators such as Dirichlet or
Neumann boundary conditions. To obtain the numerical solution of the PDE, we apply these operators to the
approximation up, as defined in (3.5). Therefore, we have:

J
£upu ~ Z L‘(Wj’l]j),

=1

J
Bupy ~ Y B(w;ii;),

Jj=1

where %; and up, represent the local and global approximations on sub domains {2; and domain {2, respectively, as
introduced earlier. The operators £ and B involve partial derivatives D%, where a € Ng denotes multi-indices. For a
sufficiently smooth %, we can apply the Leibniz rule, which states:

J
DUupy =Y > (Z) Dw, D Pii;.

j=1p<a
For example, the Laplace operator is in the form:

L = A = D(20,,0) + D02, ,0) 4 p(0,0,---,2)

)
and we can express Aup, as:

J
Aupy =Y (il;Aw; +2Vw; Vilj +w;Adly).

j=1

Here, computing the derivatives w; from Equation (3.4) is complex and has computational cost. To address these
issues, an alternative method was used to avoid these challenging computations, reducing both computational cost
and algorithmic complexity.

3.3. Classical RBF-PU method. Consider the conditionally positive definite function ¢ : R — R of order m,
and X as the set of N distinct points in {2 as mentioned earlier. Let X, = X N Qy, ¢ =1,---,J. Consider the
following set:

ng{j€{1,~-~,J}: SL’jGX@}.
If the local approximation is comes from the following approximation space:

Sp&ﬂ{?}/}(m—wj) g EJZ}@Hm(Rd), L=1,---,J,
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then the local approximation #y is an interpolation of the function u on X, as follows:

Q
tp(x) = Z cjp(x — ;) + Zbkpk(a:), x € NN,

Jjed k=1
It can be written in the following Lagrangian form:
tp(x) = Z 95 (G z)u(z;),
J€Je

so that the Lagrangian functions ﬁ;f(l; x) satisfying in the following linear system of equations

= ol [h@] -[56)]

where

Rij:w(wifmj)a iajEJla
ij:pk:(l'j), jeJh k:1727"'7Q7
\I’<CL') = \I’(:Bl), l e Ji,

p(x) = [p1(x),- - ,po(x)]".

Therefore, we have the following global approximation:

J
Upu(®) = z Z (we(@); (L)) u(x;), x € (3.8)

{=1j€ed,

Now we want to perform the collocation method RBF-PU for the problem (3.7). To do this, suppose we have the
following point set:

Y:{ylv"'yyM} MZN

Separate Y into two sets, Y}, and Y;, each of which lies on the boundary or inside €2, respectively. Therefore Y = Y, UY;.
We use the collocation method to solve the problem (3.7) at points Y’

(Lu)(yg) = flyr), ¥ €Y,

(Bu)(yr) = 9(yr)s  Yp €Ys. (3.9)

According to what was stated at the beginning of this section and in the first section Lu and Bu are approximated as
follows:

J
Li=3" 3 Llwnd (.)ula)),

Lu =~
=1 j€eJ,
J
Bur Bi=Y Y Blw;(l;.))u(x;).
=1 j€J,

We insert these equations into Equation (3.9), resulting in the following linear system of equations:

f

slo=la

(=)=
E)NE
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That approximate solution of u in points X denoted as U = [uy,--- ,ux]? and the matrix components L and B are
as follows:
Lk, j) =Y (Lwed;(65.) (W), i € Yi,
tely,
B(k,j)= Y (Bwed5(6:.)) () yi €Y,
tely,

As mentioned earlier, this device results in challenging and algorithm complexity.

4. IMPLEMENTATION OF D-RBF-PU FOR Po01SsON EQUATION

The new D-RBF-PU method was introduced for the first time in [12] to reduce the computational cost, by avoiding
differentiation with respect to PU weight functions. This important property, allows using some types of discontinuous
weight functions. Comparing with the RBF-FD method, this method is much faster and has better accuracy. Indeed
in the D-RBF-PU method, the differential operators just act on the local approximations. In this case we have

L, (x Z D (wel@) L (G ))a(e,), @ € Q. (4.1)

(=1 jeJ,

In this section, we apply the D-RBF-PU Method for numerical solution of Poisson Equation. Now, we consider Poisson
equation

Au(x) = f(x), =€, (4.2)
with boundary conditions:
u(@) = g(@), @€ o9,

where f and g are given functions. The pure Dirichlet boundary condition is imposed on whole of 2. Considering
L=A,in (4.1) and replacing in (4.2), we get

Atup, (x Z D (wel@) Ag; (G a))a(e;), € Q. (4.3)

=1 jed,

Upu (T Z Z we(x)Y; (4 x))u(x;), =« € 0. (4.4)

(=1jed,
Eventually, collocating the main Equation (4.3) and the boundary condition (4.4) generates the final system, and the
approximate solution is obtained by solving it.

5. TEST EXAMPLES

We compute our all computations in MATLAB R2014a on a computer with Intel(R) Core(TM) i5-3230M CPU @
2.60 GHz; memory (RAM): 4.00 GB; and system type: 32-bit Operating System.
There are three domains €1, 25, 23 that the boundary of them are defined by using polar coordinate as follow:

Q: r(0) =025 (2 + sin(20) — 0.01 cos(50 — g) +0.63sin(60 — 0.1)) ,
Qo1 12(6) =0.5 + 0.25 (sin®(46) + sin(50)) + 0.2 (sin®(0)) ,
Qs r3(0) =0.7+ 0.12 (sin(660) + sin(36)) , ,

where r is a radial coordinate and 6 € [0, 27] is the angle. These domains are shown in figures, Fig.1, Fig.2 and Fig.3,
respectively. The polyharmonic spline (PHS) kernel, defined as

r?™logr m is even,

Ym(r) = { p2m—1 m is odd,
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FIGURE 1. Schematic diagrams of the domain {2; with boundary points and internal points and
partitioning of domain with circular patches.

FIGURE 2. Schematic diagrams of the domain €2, with boundary points and internal points and
partitioning of domain with circular patches.

FIGURE 3. Schematic diagrams of the domain {23 with boundary points and internal points and
partitioning of domain with circular patches.

is employed as the RBF basis function, which is conditionally positive definite of order m. Some different values for
m are chosen, and results are depicted in the figures.

(=)=
E)NE
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Example 5.1. Consider the function u; as exact solution of (4.2), as follows:

(@) = %e%[(9w—2)2+(9y—2)21 4 3 5 0a 1)+ 4 (9y+1)?)

4 LR oe-m2 0937 _ L (00— +(9y-1?
2 b
where u; is the Franke function, and = = [z,y]T.

There is a comparison between the convergence rates and the absolute values of error (Cpqte) for C-RBF-PU and
D-RBF-PU, as reported in Tables 1, 2, 3, and 4, for different values of h (where h =~ \/Lﬁ) and various PHS kernels
with different choices of m. Additionally, the absolute values of error are shown in Figures 4, 5, and 6.

Example 5.2. We use function uy as exact solution of (4.2) as follow:
5
ug(z,y) = Z e VY (cos(2/z) + cos(2'y)) .
7=0

Similar to previous example, Tables 5, 6, 7, and 8 lists the detailed results of the computation and Figures 8, 9, and
10 plot the computational errors. Already, this equation has been solved by the least squres RBF-FD method in [17].
To evaluate accuracy of this method, we use following infinity relative error norm in this study:

_ | Su,x(x) —U(x) ||oo

Eoo
| Sux () [l
We compute the convergence rate of the proposed method as follows:
~ log(£)
rate — 9
log(f)

where & and & are errors that corresponding to hy and hg, respectively.
We set polyharmonic spline (PHS) as kernel in this study. This kernel is defined by following form:

rPlogr b even
wir) = { 7,8

r b odd,
in which b is a positive real number, r =| ||z and ¢(r) is conditionally positive definite of order n = L%J We use
¥(r) =15 and ¥(r) = 7% logr as PHSs.
Here, in the PU method, we set covering Q; = B(w, ) for j = 1,---,J where points w, are covering centers. r. = 4h

is covering radius where h is fill distance.
We employed the Wendlands function ws o with € = r. as

r \6 Ty r
waa(r) = (1= (D)), (38207 +18(2) +3).
The function ws o(r) is C* compactly supported.

TABLE 1. The obtained error, convergence rate C,qe, the condition number and the computational
time using the C-RBF-PU method with different values of h with the kernel r° on Q3 for Example
5.1.

h Error Crate Cond time

0.10000 | 2.8682¢ — 03 - 8.2826e + 03  0.4052
0.05773 | 1.4033e — 03 1.3011 3.8943e+ 04 0.6239
0.03333 | 5.2201e — 04 1.8002 2.0718e+ 05 3.6726
0.01924 | 2.2340e — 04 1.5446 8.4742e + 05 58.2016
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FIGURE 7. Density plot of the error on 5 (left), Qs (middle) and Q3 (right) for h = .1, with the
kernel r%log for Example 5.1.
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with PHS kernels 7%log for Example 5.2.

TABLE 2. The obtained error, C,44, the condition number and the computational time using D-RBF-
PU method with different values of h and the PHS kernels 7° on {23 for Example 5.1.

h Error Crate Cond time
0.10000 | 1.4322¢ — 03 - 7.8028¢ + 03  0.2664
0.05773 | 4.1323¢ — 04 2.2624 3.9859¢ + 04  .3415
0.03333 | 1.2465e¢ — 04 2.1818 2.1306e + 05 3.2557
0.01924 | 5.4932¢ — 05 1.4913 5.4932¢ + 05 55.0363

6. CONCLUSION

In this study, we use the direct radial basis function partition of unity (D-RBF-PU) method to obtain the numerical
solution of the two-dimensional Poisson equation. In addition, different irregular 2D domains, two exact solutions, and
various types of polyharmonic spline kernels for this equation are presented in this paper. Finally, through different
examples, a comparative study of the efficiency, convergence rate, and speed demonstrates that this method is less
expensive, more accurate, and faster than the classical radial basis function partition of unity method.
an
BE



CMDE Vol. *, No. *, * pp. 1-14

13

TABLE 3. The obtained error, C,qte, the condition number and the computational time using the
C-RBF-PU method with different values of h and the PHS kernels 7°logr on Q3 for Example 5.1.

h

Error

Crate

Cond

time

0.10000
0.05773
0.03333
0.01924

1.2391e — 03
5.6124e — 04
2.0892e — 04
8.7740e — 05

1.4416
1.7989
1.5789

9.8904e + 03
4.2038e + 04
1.6004e 4 05
9.9442e + 05

0.2802
0.5786
4.0098
57.1031

TABLE 4. The obtained error, C,qte, the condition number and the computational time using the
D-RBF-PU method with different values of h with the PHS kernels 7° log r on Q3 for Example 5.1.

h

Error

Crate

Cond

time

0.10000
0.05773
0.03333
0.01924

8.5341e — 04
2.4980e — 04
5.7844e — 05
2.3860e — 05

2.2362
2.6631
1.6116

8.5131e + 03
4.3688e + 04
1.8393e +- 05
9.8714e + 05

0.2040

0.3797

3.1993
95.4523

TABLE 5. The obtained error, C,qe, condition number and time using C-RBF-PU method with
different values of h with PHS kernels r® on domain €2 for Example 5.2.

h

Error

Crate

Cond

time

0.10000
0.05773
0.03333
0.01924

1.1276e — 02

7.9291e + 03

2.6155e — 03 2.6597 6.5195e 4 04
9.1794e — 04 1.9061 4.6443e+ 05
2.0675e — 04 2.7129 4.5973e + 06

0.6622

0.5583

2.6694
40.1659

TABLE 6. The obtained error, C,rqte, condition number and time using D-RBF-PU method with
different values of h with PHS kernels r® on domain €2, for Example 5.2.

h

FError

Crate

Cond

time

0.10000
0.05773
0.03333
0.01924

1.3591e — 02
2.6771le — 03
3.3828e — 04
4.8249e — 05

2.9572
3.7658
3.5443

8.0555e + 03
6.3298e + 04
3.2810e + 05
3.5417e + 06

0.2348
3121
2.3675
38.7791

TABLE 7. The obtained error, C,4te, condition number and time using C-RBF-PU method with
different values of h with PHS kernels 7° log r on domain €y for Example 5.2.

h

Error

Crate

Cond

time

0.10000
0.05773
0.03333
0.01924

1.9025e — 02
2.6337e¢ — 03
4.5905e — 04
8.7150e — 05

3.5992
3.1803
3.0239

8.7762e + 03
1.4972e +- 05
8.2592¢ + 05
9.7761e + 06

0.2541

0.5281

3.0229
40.5526
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TABLE 8. The obtained error, C,qte, condition number and time using D-RBF-PU method with
different values of h with PHS kernels 7° log r on domain €y for Example 5.2.

h Error Crate Cond time

0.10000 | 1.4764e — 02 - 9.0659¢ + 03 0.1497
0.05773 | 2.6844e — 03 3.1029 1.3527¢ +05 0.3139
0.03333 | 2.6439¢ — 04 4.2194 4.5221e+ 05 2.3552
0.01924 | 2.2325e — 05 4.4984 7.7704e + 06 39.2626

REFERENCES

[1] S. Arefian and D. Mirzaei, A compact radial basis function partition of unity method, Computers and Mathematics
with Applications, 127 (2022), 1-11.

[2] 1. Babuska and J. M. Melenk, The partition of unity method, The International Journal for Numerical Methods
in Engineering, 40(4) (1997), 727-758.

[3] E. Ben-Ahmed, M. Sadik and M. Wakrim, Radial basis function partition of unity method for modelling water
flow in porous media, Computers and Mathematics with Applications, 75(8) (2018), 2925-2941.

[4] F. Bernal, A. Safdari-Vaighani, and E. Larsson, A radial basis function partition of unity method for steady flow
simulations, Journal of Computational Physics, 503 (2024), 112842,

[5] R. Covoretto and A. De Rossi, Error indicators and refinement strategies for solving Poisson problems through a
RBF partition of unity collocation scheme, Applied Mathematics and Computation, 369 (2020), 124824.

[6] A. Ebrahimijahan, M. Dehghan, and M. Abbaszadeh, A reduced-order model based on integrated radial basis
functions with partition of unity method for option pricing under jump-diffusion models, Engineering Analysis
With Boundary Elements, 155 (2023), 48-61.

[7] G. E. Fasshauer, Meshfree Approzimation Methods with Matlab, Word Scientific, (2007).

[8] F. Gholampour, E. Hesamedini, and A. Taleei, A stable RBF partition of unity local method for elliptic interface
problems in two dimensions, Engineering Analysis with Boundary Elements, 123 (2021), 220-232.

[9] E. Larsson, V. Shcherbakov, and A. Heryudono, 4 least squres radial basis function partition of unity method for
solving PDEs, STAM Journal on Scientific Computing, 39 (2017), A2538-A2563.

[10] J. M. Melenk and I. Babuska, The partition of unity finite element method: Basic theory and applications,
Computer Methods in Applied Mechanics and Engineering, 159(1-4) (1996), 289-314.

[11] R. Mir and D. Mirzaei, The D-RBE-PU method for solving surface PDFEs, Journal of Computational Physics, 479
(2023), 112001.

[12] D. Mirzaei, The direct radial basis function partiton of unity (D-RBF-PU) method for solving PDEs STAM Journal
on Scientific Computing, 43 (2021), A54-A83,.

[13] N. Narimani and M. Dehghan, Predicting the effect of a combination drug therapy on the prostate tumor growth
via an improvement of a direct radial basis function partition of unity technique for a diffuse-interface model,
Computers in Biology and Medicine, 157 (2023), 106708.

[14] A. Safdari-Vaighani, A. Heryudono, and E. Larsson, A radial basis function partition of unity collocation method
for convection-diffusion equations arising in financial applications, Journal of Computational, 6/ (2015), 341-367.

[15] D. Shepard, A two-dimensional interpolation function for irreqularly-spaced data, In Proceedings of the 23th
National Conference ACM, (1968), 517-523.

[16] A. E. Tolstykh, On using RBF-based differencing formulas for unstructured and mized structured-unstructured
grid calculations, In Proceedings of the 16th IMACS World Congress 228, Lausanne, (2000), 4606-4624.

[17] 1. Tomine and Eva Breznik, An unfitted RBF-FD method in a least-squres setting for elliptic PDEs on complex
geometries, Journal of Computational Physics, 436 (2021), 110283.

[18] H. Wendland, Fast evalution of radial basis functions: methods based on partition of unity In approximation
Theory, X: Wavelets, Splines, and Applications, Nashville, TN., Vanderbilt University Press, (2002), 473-483.

[19] H. Wendland, Scattered Data Approzimation, Cambridge University Press, 2005.

(=)=
E)NE



	1. Introduction
	2. Notations
	3. Some preliminaries for D-RBF-PU method
	3.1. The interpolation using Radial Basis Functions (RBFs) 
	3.2. Partition of Unity (PU)
	3.3. Classical RBF-PU method

	4. Implementation of D-RBF-PU for Poisson Equation
	5. Test examples
	6. Conclusion
	References



