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Abstract

In this paper, three compact finite difference schemes on uniform mesh to solve the fractional Black-Scholes partial
differential equation for European type option are presented. The time-fractional derivative is approximated by

L1 formula, L1 − 2 formula and L2 − 1σ formula respectively, and three compact difference schemes with orders

O((∆t)2−α +(∆x)4), O((∆t)3−α +(∆x)4) and O((∆t)2 +(∆x)4) are constructed. The stability and convergence
analysis of the proposed method is also analyzed. Finally, a numerical example is carried out to verify the accuracy

and effectiveness of the proposed methods, and the comparisons of these schemes are given. The paper also provides

numerical studies including the effect of fractional orders and the effect of different parameters on option price in
the time-fractional framework.
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1. Introduction

Option pricing is an emerging research topic in the field of computational finance owing to its growing applications
in stock and commodity these days. The pioneer of option pricing theory goes back to Fischer Black and Myron Scholes
when they proposed an explicit formula to evaluate the value of an option in 1973. The study of the Black-Scholes
(BS) equation for European option pricing earned the Nobel Prize in Economic Sciences in 1997. The BS model is an
attempt to simplify the markets for both financial assets and derivatives into a set of mathematical rules. The model
serves as the basis for a wide range of analyses of markets. In [4, 11, 20, 21] by replacing the standard Brownian
motion with fractional Brownian motion in the BS equation, fractional BS models were derived. The emergence of
fractal-based asset pricing models after the financial market’s fractal nature was discovered has accelerated the search
for precise and reliable numerical methods to solve these complex but helpful asset pricing models.

Although there are many numerical approaches for traditional asset pricing models, there are very few for fractional
calculus-based models. Since fractional models are, in some ways, a generalization of classical models, a number of
numerical algorithms for solving classical models already exist. The fractional Black-Scholes model and the classical
Black-Scholes model differ significantly from one another in terms of the Black-Scholes model in that the derivatives
involved in the former are globally defined and the latter can only capture localized information about a function
in a point-wise manner. As a result, among other things, the non-locality of fractional derivatives-based models
considerably adds to the complexity of the design, analysis, and implementation of the solution methods for fractional
models.

In literature, Dura and Mosneagu [5] used the implicit, semi-implicit and explicit methods to solve time fractional
Black-Scholes (TFBS) equation. Kumar et al. [9], presented a numerical algorithm to investigate the TFBS equation
with boundary conditions for a European option problem by employing the homotopy perturbation method and
homotopy analysis method. Cen et al. [23], converted the TFBS equation into an integral–differential equation with
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a weakly singular kernel, and for time discretization they used an integral discretization scheme on an adapted mesh.
Roul [16], proposed a numerical approach based on quintic B-spline and backward Euler methods to study the TFBS
equation. An et al. [3], proposed a spectral method based on Jacobi polynomials and Fourier-like basis functions
to solve the TFBS equation. Singh and Kumar [18], developed a numerical scheme of TFBS using the exponential
B-spline collocation to discretize in space and a finite difference method to discretize in time. Kumar et al. [10],
produce an analytical solution for fractional BS equation using the Laplace homotopy perturbation method.

Song and Wang [19] derived an implicit difference scheme to solve the TFBS equation of European put option having
convergence rate O(∆t + (∆x)2) (∆t denotes temporal step size, ∆x denotes spatial step size). In [22], Zhang et al.
proposed an implicit difference scheme for the TFBS equation, demonstrating that the method attains a convergence
rate of O((∆t)(2−α) + (∆x)2). Roul and Goura [17], derived a numerical scheme using the compact finite difference
method for space derivatives and the L1 formula for time fractional derivative. From above, we can see that many
numerical schemes having lower order of convergence is there to solve the TFBS equation. In this paper, we will
propose three compact difference schemes for the TFBS model to improve the numerical accuracy.

The outline of the paper is as follows: In section 2.1, we presents the basic concept and convert the original TFBS
model to a suitable form. In Section 3, three different schemes for temporal discretization have been given. In section
4, a scheme for spatial discretization is presented. In section 5, three different numerical schemes are shown for
solving the TFBS model. The stability and convergence of our suggested numerical technique are shown in section
6. Numerical examples are performed in section 7 to confirm the great accuracy and effectiveness of our suggested
approach. Finally, a brief conclusion is provided in section 8.

2. Model

This section outlines the basic understanding of fractional differentiation while describing the relevant fractional
BS model and its brief derivation history.

2.1. Time fractional Black-Scholes model. Let us first suppose that the stock price S dynamics follow the fol-
lowing fractional stochastic process [13, 14]

dS = (R−D)Sdτ + δSω(τ)(dτ)α/2, 0 < α ≤ 1, (2.1)

where ω(τ) is the typical Wiener process, R is the risk-free interest rate, and D and δ, respectively, are the continuous
dividend and volatility. We should additionally take into account the following significant identities, which Jumarie
[7] claims are in excellent agreement with the Jumarie fractional (generalized) Taylor series in [14]:

dατ =
1

(2− α)
τ1−α(dτ)α, 0 < α ≤ 1, (2.2)

dαS = Γ(1 + α)dS, 0 < α ≤ 1, (2.3)

and
dαS

(dS)α
=

1

Γ(2− α)
S1−α, 0 < α ≤ 1. (2.4)

Combining (2.4) and (2.5), we get a formula, which convert integer derivative to fractional derivative and vice-versa:

dS =
S(1−α)

Γ(1 + α)Γ(2− α)
(dS)α, 0 < α ≤ 1. (2.5)

Let Φ(S, τ) is the value of a European put option, and suppose that Φ(S, τ) is smooth with respect to S and its α
derivative with respect to time exists for some α(0 < α ≤ 1). Consider the risk-free investment interest rate dynamic
equation

dΦ = RΦdτ. (2.6)

Now multiplying Γ(1− α) in both side of Eq. (2.6), we get:

Γ(1− α)dΦ = Γ(1− α)RΦdτ. (2.7)
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Now from Eq. (2.7) and Eq. 2.3, we get variational fractional increment process:

dαΦ = Γ(1 + α)RΦdτ. (2.8)

Using Eq. (2.8) and Eq. (2.5), we get fractional interest rate dynamic equation:

dαΦ =
RΦ

Γ(2− α)
τ1−α(dτ)α. (2.9)

Since Φ(S, τ) is sufficiently smooth with respect to S and its α order derivative(0 < α ≤ 1) with respect to τ exists,
applying the fractional Taylor series [14] of order α on Φ(S, τ) we get

dΦ =
1

Γ(1 + α)

∂αΦ

∂τα
(dτ)α +

∂Φ

∂S
dS +

1

2

∂2Φ

∂S2
(dS)2. (2.10)

Using the Eqs. (2.1)–(2.9) and Itô’s lemma [14] we get,

∂αΦ

∂τα
=

(
RΦ− (R−D)S

∂Φ

∂S

)
τ1−α

Γ(2− α)
− Γ(1 + α)

2
δ2S2 ∂

2Φ

∂S2
, 0 < α ≤ 1. (2.11)

The following TFBS model can therefore be obtained by setting τ = T − t and S = ex in Eq. (2.11) and then noting
Ψ(x, t) = Φ(ex, T − t):

∂αΨ(x, t)

∂tα
=

Γ(1 + α)

2
δ2

∂2Ψ(x, t)

∂x2
+

(
(R−D)(T − t)1−α

Γ(2− α)
− Γ(1 + α)δ2

2

)
∂Ψ(x, t)

∂x
− R(T − t)1−α

Γ(2− α)
Ψ(x, t), (2.12)

with initial and boundary conditions

Ψ(x, 0) = v(x), Ψ(−∞, t) = u(t), Ψ(∞, t) = w(t), (2.13)

where the fractional derivative ∂αΨ(x,t)
∂tα is defined as

∂αΨ(x, t)

∂tα
=

1

Γ(1− α)

d

dt

∫ t

0

Ψ(x, η)−Ψ(x, 0)

(t− η)α
dη. (2.14)

Since the problem (2.12)–(2.14) defined on an unbounded domain R × (0, T ), so we have to truncate it into a finite
domain to solve it numerically. We consider the problem on a finite domain (Dl, Dr)× (0, T ). Thus, we have

∂αΨ(x, t)

∂tα
= p

∂2Ψ(x, t)

∂x2
+ q

∂Ψ(x, t)

∂x
− rΨ(x, t) + f(x, t), (x, t) ∈ (Dl, Dr)× (0, T ), (2.15)

Ψ(x, 0) = v(x), Ψ(Dl, t) = u(t), Ψ(Dr, t) = w(t), (2.16)

where, p = Γ(1+α)
2 δ2, q(t) = r− p and r = R(T−t)1−α

Γ(2−α) and D = 0. Note that here we have added an extra term f(x, t).

By putting f(x, t) = 0 in Eq. (2.15) we can get back to our original model.

3. Temporal Discretaization

In this section, we are giving three different approximations namely, L1, L1− 2, L2− 1σ to approximate the time
fractional derivative.

3.1. L1 Approximation [12]. Let us first discretize the Eqs. (2.15)–(2.16) over the temporal interval [0, T ]. Let the
partition on the time domain [0, T ] be 0 = t1 < t2 < . . . < tN < tN+1 = T , where tj = (j− 1)∆t, j = 1, 2, 3, . . . , N +1

and ∆t = T
N . Using Eq. (2.14), we get

∂αΨ(x, t)

∂tα
=

1

Γ(1− α)

d

dt

∫ t

0

Ψ(x, η)−Ψ(x, 0)

(t− η)α
dη

=
1

Γ(1− α)

[
d

dt

∫ t

0

Ψ(x, η)

(t− η)α
dη − d

dt

∫ t

0

Ψ(x, 0)

(t− η)α
dη

]
=

1

Γ(1− α)

[
Ψ(x, 0)t−α +

∫ t

0

(t− η)−α ∂Ψ(x, η)

∂η
dη −Ψ(x, 0)t−α

]



Unco
rre

cte
d Pro

of

4 S. TAREI, A. KANAUJIYA, AND J. MOHAPATRA

=
1

Γ(1− α)

∫ t

0

(t− η)−α ∂Ψ(x, η)

∂η
dη

=C
0 Dα

t Ψ(x, t), (3.1)

where C
0 D

α
t Ψ(x, t) denotes the Caputo fractional derivative. At the time t = tj , from the definition of Caputo

derivative, we have

C
0 D

α
t Ψ(x, tj) =

1

Γ(1− α)

j−1∑
s=1

ts+1∫
ts

(t− ζ)−α ∂Ψ(x, ζ)

∂ζ
dζ

=
∆t−α

Γ(2− α)

j−1∑
s=1

(Ψ(x, ts+1)−Ψ(x, ts))
[
(j − s)1−α − (j − s− 1)1−α

]
+ (R1)

j
∆t

=
∆t−α

Γ(2− α)

j−1∑
s=1

aαj−s (Ψ(x, ts+1)−Ψ(x, ts)) + (R1)
j
∆t, (3.2)

where aαm = m1−α − (m− 1)1−α for m = 1, 2, . . . , N + 1 and (R1)
j
∆t is the truncation error which is given by:

(R1)
j
∆t ≤ cΨ∆t(2−α), (3.3)

where cΨ is a constant which only depends on Ψ.

3.2. L1-2 Approximation [6]. Let us consider same uniform mesh given in previous subsection v̄∆t = {tj = (j −
1)∆t, j = 1, 2, . . . , N +1, ∆t = T

N }. Then for j ≥ 1, tj+ 1
2
=

tj+tj+1

2 . Suppose, Ψ(t) ∈ C1[0, tj ] (j ≥ 1) and Ψj denotes

the value of Ψ(t) at grid point tj . Let us introduce difference quotient operators,

δtΨj+ 1
2
=

Ψj+1 −Ψj

∆t
, δ2tΨj =

1

∆t
(δtΨj+ 1

2
− δtΨj− 1

2
). (3.4)

Then the Caputo fractional derivative of order α, where 0 < α < 1, for the function Ψ(t) evaluated at the discrete
time point tj (j = 1, 2, . . . , N + 1) is given by,

C
0 D

α
tjΨ(t) =

1

Γ(1− α)

∫ tj

0

1

(tj − η)α
∂Ψ(η)

∂η
dη

=
1

Γ(1− α)

j−1∑
s=1

∫ ts+1

ts

Ψ
′
(η)

(tj − η)α
dη. (3.5)

As outlined in [6], a quadratic interpolation P2,sΨ(t) is defined for Ψ(t) over each interval [ts, ts+1], where 1 ≤ s ≤ j−1,
using three adjacent points (ts−1,Ψ(ts−1)), (ts,Ψ(ts)) and (ts+1,Ψ(ts+1)), is given by,

P2,sΨ(t) = P1,sΨ(t) +
1

2
δ2tΨs(t− ts)(t− ts+1), (3.6)

(P2,sΨ(t))
′
= (P1,sΨ(t))

′
+ δ2tΨs(t− ts+ 1

2
) = δtΨs+ 1

2
+ δ2tΨs(t− ts+ 1

2
), t ∈ [ts, ts+1], (3.7)

and

Ψ(t)− P2,sΨ(t) =
Ψ

′′′
(vs)

6
(t− ts−1)(t− ts)(t− ts+1), vs ∈ (ts−1, ts+1), t ∈ [ts, ts+1], 2 ≤ s ≤ j − 1. (3.8)

where P1,sΨ(t) is the linear interpolation of Ψ(t) using two points (ts,Ψ(ts)) and (ts+1,Ψ(ts+1)), i.e.

P1,sΨ(t) =
t− ts

ts+1 − ts
Ψ(ts+1) +

t− ts+1

ts − ts+1
Ψ(ts), (3.9)

and from the linear interpolation theory,

Ψ(t)− P1,sΨ(t) =
Ψ

′′
(ε̃s)

6
(t− ts)(t− ts+1), ε̃s ∈ (ts, ts+1), t ∈ [ts, ts+1], 1 ≤ s ≤ j − 1. (3.10)
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In Eq. (3.5), We use P1,2Ψ(t) to approximate Ψ(t) on the small interval [t1, t2] and P2,sΨ(t) to approximate Ψ(t) on
the interval [ts, ts+1] (s ≥ 2). Noticing

∫ ts+1

ts

(η − ts+ 1
2
)(tj − η)−αdη =

(∆t)2−α

1− α
b
(α)
j−s, 2 ≤ s ≤ j − 1 (3.11)

with

b(α)m =
1

2− α
[m2−α − (m− 1)2−α]− 1

2
[m1−α + (m− 1)1−α], m ≥ 1.

Using Eq. (3.7) and Eq. (3.9), we can find a new approximation of the Caputo fractional derivative of order
α, where 0 < α < 1, for the function Ψ(t) is given by,

C
0 D

α
t Ψ(t)|t=tj =

1

Γ(1− α)

j−1∑
s=1

∫ ts+1

ts

Ψ
′
(η)

(tj − η)α
dη

≈ 1

Γ(1− α)

∫ t2

t1

(P1,2Ψ(η))
′

(tj − η)α
dη +

1

Γ(1− α)

j−1∑
s=2

∫ ts+1

ts

(P2,sΨ(η))
′

(tj − η)α
dη

=
1

Γ(1− α)

[
δtΨ 3

2

∫ t2

t1

(tj − η)−αdη +

j−1∑
s=2

∫ ts+1

ts

(tj − η)−α[δtΨs+ 1
2
+ (δ2tΨs)(η − ts+ 1

2
)]dη

]

=
1

Γ(1− α)

[j−1∑
s=1

δtΨs+ 1
2

∫ ts+1

ts

(tj − η)−αdη +

j−1∑
s=2

(δ2tΨs)

∫ ts+1

ts

(η − ts+ 1
2
)(tj − η)−αdη

]

= D̃α
t Ψ(t)|t=tj +

(∆t)2−α

Γ(2− α)

j−1∑
s=2

b
(α)
j−sδ

2
tΨs,

where D̃α
t Ψ(t) will be found by the classical L1 operator which is derived from a piece-wise linear interpolation

approximation of Ψ(t) on each small interval [ts, ts+1] (1 ≤ s ≤ j − 1), which is defined by

D̃α
t Ψ(t)|t=tj =

(∆t)1−α

Γ(2− α)

j−1∑
s=1

a
(α)
j−sδtΨs+ 1

2

=
(∆t)−α

Γ(2− α)

[
a1Ψj −

j−1∑
s=2

(a(j−s) − a(j−s+1))Ψs − aj−1Ψ1

]
,

(3.12)

with

a(α)m = m1−α − (m− 1)1−α, 1 ≤ m ≤ j.

We define

Dα
t Ψ(t)|t=tj := D̃α

t Ψ(t)|t=tj +
(∆t)2−α

Γ(2− α)

j−1∑
s=2

b
(α)
j−sδ

2
tΨs, (3.13)
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where Dα
t is the L1− 2 operator. Now Eq. (3.13) can be rewritten as

Dα
t Ψ(t)|t=tj =

∆t1−α

Γ(2− α)

[j−1∑
s=1

a
(α)
j−sδtΨs+ 1

2
+

j−1∑
s=2

b
(α)
j−s(δtΨs+ 1

2
− δtΨs− 1

2
)

]

=
∆t1−α

Γ(2− α)

[j−1∑
s=1

a
(α)
j−sδtΨs+ 1

2
+

j−1∑
s=2

b
(α)
j−sδtΨs+ 1

2
−

j−1∑
s=2

b
(α)
j−sδtΨs− 1

2

]

=
∆t1−α

Γ(2− α)

j−1∑
s=1

ĉ
(α)
j−sδtΨs+ 1

2

=
∆t−α

Γ(2− α)

[
ĉ1Ψ(tj)−

j−1∑
s=2

(ĉj−s − ĉj−s+1)Ψ(ts)− ĉj−1Ψ(t1)

]
,

(3.14)

where for j = 2, ĉ
(α)
1 = a

(α)
1 = 1 and for j ≥ 3,

ĉ(α)s =


a
(α)
1 + b

(α)
1 , s = 1,

a(α)s + b(α)s − b
(α)
s−1, 2 ≤ s ≤ j − 2,

a(α)s − b
(α)
s−1, s = j − 1.

where, a
(α)
m = m1−α − (m− 1)1−α and b

(α)
m = 1

2−α [m
2−α − (m− 1)2−α]− 1

2 [m
1−α + (m− 1)1−α], m ≥ 1.

3.3. L2 − 1σ Approximation [2]. Let us again consider the same uniform mesh given in the previous subsection.
Let σ = 1− α

2 , then the Caputo fractional derivative of order α, where 0 < α < 1 for the function Ψ(t) ∈ C3[0, T ] at
the discrete time point tj+σ (j = 1, 2, . . . , N + 1) is given by,

C
0 D

α
tj+σ

Ψ(t) =
1

Γ(1− α)

∫ tj+σ

0

1

(tj+σ − η)α
∂Ψ(η)

∂η
dη

=
1

Γ(1− α)

j−1∑
s=1

∫ ts+1

ts

Ψ
′
(η)

(tj+σ − η)α
dη +

1

Γ(1− α)

∫ tj+σ

tj

Ψ
′
(η)

(tj+σ − η)α
dη. (3.15)

As outlined in [6], a quadratic interpolation P2,sΨ(t) is defined for Ψ(t) over each interval [ts, ts+1], where 1 ≤ s ≤ j−1,
using three adjacent points (ts−1,Ψ(ts−1)), (ts,Ψ(ts)) and (ts+1,Ψ(ts+1)), is given by,

P2,sΨ(t) = P1,sΨ(t) +
1

2
δ2tΨs(t− ts)(t− ts+1), (3.16)

where, P1,sΨ(t) is the linear interpolation of Ψ(t) using two points (ts,Ψ(ts)) and (ts+1,Ψ(ts+1)). Hence

P1,sΨ(t) =
t− ts

ts+1 − ts
Ψ(ts+1) +

t− ts+1

ts − ts+1
Ψ(ts). (3.17)

Now

(P2,sΨ(t))
′
= (P1,sΨ(t))

′
+ δ2tΨs(t− ts+ 1

2
) = Ψt,s +Ψtt,s(t− ts+ 1

2
), (3.18)

and Ψ(t)− (P2,sΨ(t)) = Ψ
′′′

(κ̃)
6 (t− ts−1)(t− ts)(t− ts+1), κ̃ ∈ (ts−1, ts+1), t ∈ [ts, ts+1],

where ts+ 1
2
= ts +

1
2∆t, Ψt,s =

Ψ(ts+1)−Ψ(ts)
∆t .

In Eq. (3.15), we use P2,sΨ(t) to approximate Ψ(t) on the interval [ts, ts+1] (1 ≤ s ≤ j − 1). Noticing∫ ts+1

ts

(η − ts+ 1
2 )

(tj+σ − η)α
dη =

∆t2−α

1− α
b
(α,σ)
j−s , 1 ≤ s ≤ j − 1 (3.19)
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with bn = 1
2−α [(n+ σ)2−α − (n+ σ − 1)2−α]− 1

2 [(n+ σ)1−α + (n+ σ − 1)1−α], n ≥ 1,

from Eq. (3.15) and Eq. (3.18) we can obtain the numerical approximation of the Caputo fractional derivative of
order α, where 0 < α < 1, for the function Ψ(t) is given by

C
0 D

α
tj+σ

Ψ(t) =
1

Γ(1− α)

j−1∑
s=1

∫ ts+1

ts

Ψ
′
(η)

(tj+σ − η)α
dη +

1

Γ(1− α)

∫ tj+σ

tj

Ψ
′
(η)

(tj+σ − η)α
dη

≈ 1

Γ(1− α)

j−1∑
s=1

∫ ts+1

ts

(P2,sΨ(η))
′

(tj+σ − η)α
dη +

1

Γ(1− α)

∫ tj+σ

tj

Ψ
′
(η)

(tj+σ − η)α
dη

=
1

Γ(1− α)

j−1∑
s=1

∫ ts+1

ts

Ψt,s +Ψtt,s(t− ts+ 1
2
)

(tj+σ − η)α
dη +

1

Γ(1− α)

∫ tj+σ

tj

Ψ
′
(η)

(tj+σ − η)α
dη

=
∆t1−α

Γ(2− α)
[(

j−1∑
s=1

(a
(α,σ)
j−s Ψt,s + b

(α,σ)
j−s Ψtt,s∆t)) + a

(α,σ)
0 Ψt,j ]

=
∆t1−α

Γ(2− α)

j∑
s=1

c̃
(j,α)
j−s Ψt,s

=
∆t−α

Γ(2− α)

j∑
s=1

c̃
(j,α)
j−s (Ψ(ts+1)−Ψ(ts)),

(3.20)

where, for j = 1, c̃
(j,α)
0 = a

(α,σ)
0 and for j ≥ 2,

c̃(j,α)s =


a
(α,σ)
0 + b

(α,σ)
1 , s = 0,

a(α,σ)s + b
(α,σ)
s+1 − b(α,σ)s , 1 ≤ s ≤ j − 2,

a(α,σ)s − b(α,σ)s , s = j − 1.

where, a
(α,σ)
0 = σ1−α, a

(α,σ)
m = (m+ σ)1−α − (m+ σ − 1)1−α, m ≥ 1, b

(α,σ)
m = 1

2−α [(m+ σ)2−α − (m+ σ − 1)2−α]−
1
2 [(m+ σ)1−α + (m+ σ − 1)1−α], m ≥ 1.

4. Spatial Discretization

Let us discretize the space domain [Dl, Dr] into uniform partition Dl = x1 < x2 < x3 < . . . < xM+1 = Dr, so xk =
Dl + (k − 1)∆x, k = 1, 2, . . . ,M + 1 and ∆x = Dr−Dl

M . The first derivative Ψ′(xk) can be expressed by the finite
difference approximation as

δxΨ(xk) =
Ψ(xk+1)−Ψ(xk−1)

2(∆x)
+ r̂1, k = 2, 3, . . . ,M, (4.1)

where

r̂1 =
(∆x)2

3!
Ψ(3)(xk) +

(∆x)4

5!
Ψ(5)(xk) +O((∆x)6).

Similarly, for the second derivative Ψ′′(xk), the finite difference approximation can be expressed as

δ2xΨ(xk) =
Ψ(xk−1)− 2Ψ(xk) + Ψ(xk+1)

(∆x)2
+ r̂2, k = 2, 3, . . . ,M, (4.2)

where

r̂2 =
2(∆x)2

4!
Ψ(4)(xk) +

2(∆x)4

6!
Ψ(6)(xk) +O((∆x)6).
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Theorem 4.1. Consider the differential equation as

γ1
d2Ψ(x)

dx2
+ γ2

dΨ(x)

dx
− γ3Ψ(x) = h(x), (4.3)

and the compact finite difference method of fourth order for Eq. (4.3) is given as[
γ1 −

∆x2

12

(
γ3 −

γ2
2

γ1

)]
δ2xΨ(xk) +

[
γ2 −

∆x2

12

γ2γ3
γ1

]
δxΨ(xk)− γ3Ψ(xk)

= h(xk) +
γ2
γ1

∆x2

12
δxh(xk) +

∆x2

12
δ2xh(xk) + r̃, k = 2, 3, . . . ,M,

(4.4)

where r̃ is truncation error of O((∆x)4),

r̃ = −∆x4

144

[(
γ3−

γ2
2

γ1

)
Ψ(4)(xk)+

2γ2γ3
γ1

Ψ(3)(xk)+
2γ2
γ1

h(3)(xk)+h(4)(xk)−
2γ1
5

Ψ(6)(xk)−
6γ2
5

Ψ(5)(xk)

]
. (4.5)

Proof. Utilizing approximations Eq. (4.1) and Eq. (4.2), we can write the finite difference discretization for Eq. (4.3)
at x = xk as

γ1δ
2
xΨ(xk) + γ2δxΨ(xk)− γ3Ψ(xk)− r̃1 = h(xk), (4.6)

where

r̃1 = γ1

(
2(∆x)2

4!
Ψ(4)(xk) +

2(∆x)4

6!
Ψ(6)(xk)

)
+ γ2

(
(∆x)2

3!
Ψ(3)(xk) +

(∆x)4

5!
Ψ(5)(xk)

)
. (4.7)

We need to approximate Ψ(3)(xk) and Ψ(4)(xk) in Eq. (4.7) in order to find a fourth-order finite difference approach.
Thus, differentiating Eq. (4.3) with respect to x. we get

γ1
d3Ψ(x)

dx3
+ γ2

d2Ψ(x)

dx2
− γ3

dΨ(x)

dx
=

dh(x)

dx
. (4.8)

From Eq. (4.8), we have

Ψ(3)(x) = −γ2
γ1

Ψ
′′
(x) +

γ3
γ1

Ψ
′
(x) +

1

γ1
h

′
(x). (4.9)

Putting x = xk in Eq. (4.9) we have

Ψ(3)(xk) = −γ2
γ1

Ψ
′′
(xk) +

γ3
γ1

Ψ
′
(xk) +

1

γ1
h

′
(xk). (4.10)

Differentiating Eq. (4.3) with respect to x twice, it gives

γ1
d4Ψ(x)

dx4
+ γ2

d3Ψ(x)

dx3
− γ3

d2Ψ(x)

dx2
=

d2h(x)

dx2
. (4.11)

At x = xk, Eq. (4.11) becomes

γ1Ψ
(4)(xk) = −γ2Ψ

(3)(xk) + γ3Ψ
′′
(xk) + h

′′
(xk). (4.12)

Substituting Ψ(3)(x) in Eq. (4.12), we get

γ1Ψ
(4)(xk) =

(
γ3 +

γ2
2

γ1

)
Ψ

′′
(xk)−

γ2γ3
γ1

Ψ
′
(xk)−

γ2
γ1

h
′
(xk) + h

′′
(xk). (4.13)

Using Eqs. (4.10) and (4.12) in Eq. (4.7), we get

r̃1 =
∆x2

12

[(
γ3−

γ2
2

γ1

)
Ψ

′′
(xk)+

γ2γ3
γ1

Ψ
′
(xk)+

γ2
γ1

h
′
(xk)+h

′′
(xk)

]
+

2γ1∆x4

6!
Ψ(6)(xk)+

γ2∆x4

5!
Ψ(5)(xk). (4.14)

Using Eqs. (4.1) and (4.3) in Eq. (4.14) we get

r̃1 =
∆x2

12

[(
γ3 −

γ2
2

γ1

)
δ2xΨ(xk) +

γ2γ3
γ1

δxΨ(xk) +
γ2
γ1

δxh(xk) + δ2xh(xk)

]
+ r̃, (4.15)
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where

r̃ = −∆x4

144

[(
γ3−

γ2
2

γ1

)
Ψ(4)(xk)+

2γ2γ3
γ1

Ψ(3)(xk)+
2γ2
γ1

h(3)(xk)+h(4)(xk)−
2γ1
5

Ψ(6)(xk)−
6γ2
5

Ψ(5)(xk)

]
. (4.16)

Using Eq. (4.15) in Eq. (4.6), we get[
γ1 −

∆x2

12

(
γ3 −

γ2
2

γ1

)]
δ2xΨ(xk) +

[
γ2 −

∆x2

12

γ2γ3
γ1

]
δxΨ(xk)− γ3Ψ(xk)

= h(xk) +
γ2
γ1

∆x2

12
δxh(xk) +

∆x2

12
δ2xh(xk) + r̃, k = 2, 3, . . . ,M.

(4.17)

□

5. Fully Discrete Schemes

In this section, we will combine the temporal and space discretization discussed in Section 3 and Section 4 to
develop three different compact schemes namely, L1, L1− 2, and L2− 1σ.

5.1. Compact L1 Scheme [17]. In this section, a difference scheme of order ((∆t)2−α + (∆x)4) is constructed for
problem (2.15)–(2.16). Now consider,m(x, t) =C

0 Dα
t Ψ(x, t). Then at point (xk, tj), we havem(xk, tj) =

C
0 Dα

t Ψ(xk, tj).
Using Eq. (3.2), we get

m(xk, tj) =
∆t−α

Γ(2− α)

j−1∑
s=1

aj−s(Ψ(xk, ts+1)−Ψ(xk, ts)) + (R1)
j
∆t

=

j−1∑
s=1

daj−s(Ψ(xk, ts+1)−Ψ(xk, ts)) + (R1)
j
∆t, (5.1)

with d = ∆t−α

Γ(2−α) . We can rewrite Eq. (2.15) as

−p
∂2Ψ(x, t)

∂x2
− q

∂Ψ(x, t)

∂x
+ rΨ(x, t) = f(x, t)−m(x, t). (5.2)

With γ1 = −p, γ2 = −q, γ3 = −r and Theorem 4.1, Eq. (5.2) at the point (xk, tj) can now be expressed as[
−p− (∆x)2

12

(
−r +

q2

p

)]
δ2xΨ(xk, tj) +

[
−q +

(∆x)2

12

qr

p

]
δxΨ(xk, tj) + rΨ(xk, tj) = f(xk, tj)

−m(xk, tj) +
q

p

(∆x)2

12
δx(f(xk, tj)−m(xk, tj)) +

(∆x)2

12
δ2x(f(xk, tj)−m(xk, tj)) + r̃.

(5.3)

Now assuming Ψj
k = Ψ(xk, tj) and f j

k = f(xk, tj) (k = 1, 2, . . . ,M + 1; j = 1, 2, . . . , N + 1) and using Eq. (5.3) and
Eq. (5.1) and then using Eq. (4.1) and Eq. (4.2) we get(

−p

∆x2
+

r

12
− q2

12p
+

q

2∆x
− ∆x

24

qr

p

)
Ψj

k−1 +

(
2p

∆x2
+

5r

6
+

q2

6p

)
Ψj

k

+

(
−p

∆x2
+

r

12
− q2

12p
− q

2∆x
+

∆x

24

qr

p

)
Ψj

k+1 =

(
1

12
− q∆x

24p

)
f j
k−1 +

5

6
f j
k +

(
1

12
+

q∆x

24p

)
f j
k+1

+ daj−1

[(
1

12
− q∆x

24p

)
Ψ1

k−1 +
5

6
Ψ1

k +

(
1

12
+

q∆x

24p
Ψ1

k+1

)]
+

j−1∑
s=2

d(aj−s − aj−s+1)

[(
1

12
− q∆x

24p

)
Ψs

k−1 +
5

6
Ψs

k +

(
1

12
+

q∆x

24p

)
Ψs

k+1

]
− da1

[(
1

12
− q∆x

24p

)
Ψj

k−1 +
5

6
Ψj

k +

(
1

12
+

q∆x

24p

)
Ψj

k+1

]
+ R̂j

k, k = 2, 3, . . . ,M, j = 2, 3, . . . , N + 1,

(5.4)
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where R̂j
k = O((∆t)(2−α) + (∆x)4), and the boundary and initial conditions can be discretized as

Ψj
1 = u(tj) = uj , Ψj

M+1 = w(tj) = wj , j = 2, 3, . . . N + 1, (5.5)

Ψ1
k = v(xk) = vk, k = 1, 2, . . . ,M + 1. (5.6)

Rearranging above Eq. (5.4) we get(
−p

∆x2
+

r

12
− q2

12p
+

q

2∆x
− ∆x

24

qr

p
+

da1
12

− da1q∆x

24p

)
Ψj

k−1 +

(
2p

∆x2
+

5r

6
+

q2

6p
+

5da1
6

)
Ψj

k

+

(
−p

∆x2
+

r

12
− q2

12p
− q

2∆x
+

∆x

24

qr

p
+

da1
12

+
da1q∆x

24p

)
Ψj

k+1 (5.7)

=

(
1

12
− qdx

24p

)
f j
k−1 +

5

6
f j
k +

(
1

12
+

q∆x

24p

)
f j
k+1 + daj−1

[(
1

12
− q∆x

24p

)
Ψ1

k−1 +
5

6
Ψ1

k

+

(
1

12
+

q∆x

24p

)
Ψ1

k+1

]
+

j−1∑
s=2

d(aj−s − aj−s+1)

[(
1

12
− q∆x

24p

)
Ψs

k−1 +
5

6
Ψs

k +

(
1

12
+

q∆x

24p

)
Ψs

k+1

]
+ R̂j

k,

k = 2, 3, . . . ,M, j = 2, 3, . . . , N + 1.

Let’s denote Ψ̃j
k be the approximate solution of Ψj

k and neglect the error term R̂j
k in Eq. (5.7), we get(

−p

∆x2
+

r

12
− q2

12p
+

q

2∆x
− ∆x

24

qr

p
+

da1
12

− da1q∆x

24p

)
Ψ̃j

k−1 +

(
2p

∆x2
+

5r

6
+

q2

6p
+

5da1
6

)
Ψ̃j

k

+

(
−p

∆x2
+

r

12
− q2

12p
− q

2∆x
+

∆x

24

qr

p
+

da1
12

+
da1q∆x

24p

)
Ψ̃j

k+1 =

(
1

12
− qdx

24p

)
f j
k−1 +

5

6
f j
k

+

(
1

12
+

q∆x

24p

)
f j
k+1 + daj−1

[(
1

12
− q∆x

24p

)
Ψ̃1

k−1 +
5

6
Ψ̃1

k +

(
1

12
+

q∆x

24p

)
Ψ̃1

k+1

]
+

j−1∑
s=2

d(aj−s − aj−s+1)

[(
1

12
− q∆x

24p

)
Ψ̃s

k−1 +
5

6
Ψ̃s

k +

(
1

12
+

q∆x

24p

)
Ψ̃s

k+1

]
,

k = 2, 3, . . . ,M, j = 2, 3, . . . , N + 1.

(5.8)

with boundaries conditions and initial condition discretized as

Ψ̃j
1 = uj , Ψ̃j

M+1 = wj , j = 2, 3, . . . , N + 1, (5.9)

Ψ̃1
k = vk, k = 1, 2, . . . ,M + 1. (5.10)

Now combining all the Eqs. (5.8) for k = 2, 3, . . . ,M with initial and boundary conditions given in Eq. (5.9)) and

Eq. (5.10) we will get a system of M − 1 Eqns. with M − 1 unknowns Ψ̃j
2, Ψ̃j

3, . . . , Ψ̃j
M which can be represented in

matrix form as

AW j = D

(
d

[
aj−1W

1 +

j−1∑
s=2

(aj−s − aj−s+1)W
s

])
+BF j + Ej , 2 ≤ j ≤ N + 1. (5.11)

where W j = (Ψ̃j
2, Ψ̃

j
3 . . . , Ψ̃

j
M )T and F j = (f j

1 , f
j
2 , . . . , f

j
M+1)

T and

A =


β Λ 0 0 · · · 0 0 0
λ β Λ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
0 0 0 · · · 0 λ β Λ
0 0 0 · · · 0 0 λ β

 , Ej =



∑j−1
s=2 d(aj−s − aj−s+1)λ̃Ψ̃

s
1 + daj−1λ̃Ψ̃

1
1 − λΨ̃j

1

0
...
0∑j−1

s=2 d(aj−s − aj−s+1)Λ̃Ψ̃
s
M+1 + daj−1Λ̃Ψ̃

1
M+1 − ΛΨ̃j

M+1

 ,
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B =


λ̃ β̃ Λ̃ 0 0 · · · 0 0 0

0 λ̃ β̃ Λ̃ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
...

0 0 0 · · · 0 λ̃ β̃ Λ̃ 0

0 0 0 · · · 0 0 λ̃ β̃ Λ̃

 , D =


β̃ Λ̃ 0 0 · · · 0 0 0

λ̃ β̃ Λ̃ 0 · · · 0 0 0
...

...
...

...
...

...
...

...

0 0 0 · · · 0 λ̃ β̃ Λ̃

0 0 0 · · · 0 0 λ̃ β̃

 ,

where λ =

(
−p
∆x2 + r

12 − q2

12p + q
2∆x − ∆x

24
qr
p + da1

12 − da1q∆x
24p

)
, β =

(
2p
∆x2 + 5r

6 + q2

6p + 5da1

6

)
, Λ =

(
−p
∆x2 + r

12 − q2

12p −

q
2∆x + ∆x

24
qr
p + da1

12 + da1q∆x
24p

)
, λ̃ = 1

12 − q∆x
24p , β̃ = 5

6 , Λ̃ = 1
12 + q∆x

24p .

5.2. Compact L1 − 2 Scheme. In this section, a difference scheme of order ((∆t)(3−α) + (∆x)4) is constructed for
problem (2.15)–(2.16). Using Eq. 3.14, we have

m(xk, tj) =
∆t1−α

Γ(2− α)

j−1∑
s=1

ĉ
(j,α)
j−s δtΨs+ 1

2

=
∆t−α

Γ(2− α)

[
ĉ1Ψ(xk, tj)−

j−1∑
s=2

(ĉj−s − ĉj−s+1)Ψ(xk, ts)− ĉj−1Ψ(xk, t1)

]
. (5.12)

Using Eq. (5.3) and Eq. (5.12) and then using Eq. (4.1) and Eq. (4.2) we get(
−p

∆x2
+

r

12
− q2

12p
+

q

2∆x
− ∆x

24

qr

p

)
Ψj

k−1 +

(
2p

∆x2
+

5r

6
+

q2

6p

)
Ψj

k +

(
−p

∆x2
+

r

12
− q2

12p
− q

2∆x
+

∆x

24

qr

p

)
Ψj

k+1

=

(
1

12
− q∆x

24p

)
f j
k−1 +

5

6
f j
k +

(
1

12
+

q∆x

24p

)
f j
k+1 + dĉj−1

[(
1

12

q∆x

24p

)
Ψ1

k−1 +
5

6
Ψ1

k +

(
1

12
+

q∆x

24p

)
Ψ1

k+1

]
+

j−1∑
s=2

d(ĉj−s − ĉj−s+1)

[(
1

12
− q∆x

24p

)
Ψs

k−1 +
5

6
Ψs

k +

(
1

12
+

q∆x

24p

)
Ψs

k+1

]
− dĉ1

[(
1

12
− q∆x

24p

)
Ψj

k−1 +
5

6
Ψj

k +

(
1

12
+

q∆x

24p

)
Ψj

k+1

]
+ Rj

k, k = 2, 3, . . . ,M, j = 2, 3, . . . , N + 1, (5.13)

where Rj
k = O((∆t)(3−α) + (∆x)4), and the discretization of boundary and initial conditions is given in Eq. (5.5) and

Eq. (5.6). Let’s denote Ψ̃j
k be the approximate solution of Ψj

k and neglect the error term Rj
k in Eq. (5.13), we get(

−p

∆x2
+

r

12
− q2

12p
+

q

2∆x
− ∆x

24

qr

p
+

dĉ1
12

− dĉ1q∆x

24p

)
Ψ̃j

k−1 +

(
2p

∆x2
+

5r

6
+

q2

6p
+

5dĉ1
6

)
Ψ̃j

k

+

(
−p

∆x2
+

r

12
− q2

12p
− q

2∆x
+

∆x

24

qr

p
+

dĉ1
12

+
dĉ1q∆x

24p

)
Ψ̃j

k+1 =

(
1

12
− qdx

24p

)
f j
k−1 +

5

6
f j
k +

(
1

12
+

q∆x

24p

)
f j
k+1

+ dĉj−1

[(
1

12
− q∆x

24p

)
Ψ̃1

k−1 +
5

6
Ψ̃1

k +

(
1

12
+

q∆x

24p

)
Ψ̃1

k+1

]
(5.14)

+

j−1∑
s=2

d(ĉj−s − ĉj−s+1)

[(
1

12
− q∆x

24p

)
Ψ̃s

k−1 +
5

6
Ψ̃s

k +

(
1

12
+

q∆x

24p

)
Ψ̃s

k+1

]
, k = 2, 3, . . . ,M, j = 2, 3, . . . , N + 1.

Combining all the Eqs. (5.14) for k = 2, 3, . . . ,M with initial and boundary conditions given in Eq. (5.9) and Eq.

(5.10) we will get a system of M − 1 Eqs. with M − 1 unknowns Ψ̃j
2, Ψ̃

j
3, . . . , Ψ̃

j
M which can be represented in matrix

form as

AW j = D
(
d

[
ĉj−1W

1 +

j−1∑
s=2

(ĉj−s − ĉj−s+1)W
s

])
+ BF j + Ej , 1 ≤ j ≤ N. (5.15)
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where W j = (Ψ̃j
2, Ψ̃

j
3 . . . , Ψ̃

j
M )T , and F j = (f j

1 , f
j
2 , . . . , f

j
M+1)

T and

A =


Π Θ 0 0 · · · 0 0 0
θ Π Θ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
0 0 0 · · · 0 θ Π Θ
0 0 0 · · · 0 0 θ Π

 , Ej =



∑j−1
s=2 d(ĉj−s − ĉj−s+1)θ̃Ψ̃

s
1 + dĉj−1θ̃Ψ̃

1
1 − θΨ̃j

1

0
...
0∑j

s=2 d(ĉj−s − ĉj−s+1)Θ̃Ψ̃s
M+1 + dĉj−1Θ̃Ψ̃1

M+1 −ΘΨ̃j
M+1

 ,

B =


θ̃ Π̃ Θ̃ 0 0 · · · 0 0 0

0 θ̃ Π̃ Θ̃ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
...

0 0 0 · · · 0 θ̃ Π̃ Θ̃ 0

0 0 0 · · · 0 0 θ̃ Π̃ Θ̃

 , D =


Π̃ Θ̃ 0 0 · · · 0 0 0

θ̃ Π̃ Θ̃ 0 · · · 0 0 0
...

...
...

...
...

...
...

...

0 0 0 · · · 0 θ̃ Π̃ Θ̃

0 0 0 · · · 0 0 θ̃ Π̃

 ,

where θ =

(
−p
∆x2 + r

12 − q2

12p + q
2∆x − ∆x

24
qr
p + dĉ1

12 − dĉ1q∆x
24p

)
, Π =

(
2p
∆x2 + 5r

6 + q2

6p + 5dĉ1
6

)
, Θ =

(
−p
∆x2 + r

12 − q2

12p −

q
2∆x + ∆x

24
qr
p + dĉ1

12 + dĉ1q∆x
24p

)
, θ̃ = 1

12 − q∆x
24p , Π̃ = 5

6 , Θ̃ = 1
12 + q∆x

24p .

5.3. Compact L2 − 1σ Scheme. In this section, a difference scheme of order ((∆t)2 + (∆x)4) is constructed for
problem (2.15)–(2.16). Now consider, m(x, t) =C

0 Dα
t Ψ(x, t). At the point (xk, tj+σ), we have

m(xk, tj+σ) =
C
0 Dα

tj+σ
Ψ(xk, tj+σ). (5.16)

Using Eq. (3.20) and Eq. (5.16), we get

m(xk, tj+σ) =
∆t1−α

Γ(2− α)

j∑
s=1

c̃
(j,α)
j−s Ψt,s (5.17)

= d

j∑
s=1

c̃
(j,α)
j−s (Ψ(xk, ts+1)−Ψ(xk, ts)), (5.18)

with d = ∆t−α

Γ(2−α) . Now using Theorem 4.1 with γ1 = −p, γ2 = −q, γ3 = −r, Eq. (5.2) at the point (xk, tj+σ) can be

written as[
−p− ∆x2

12

(
−r +

q2

p

)]
δ2xΨ(xk, tj+σ) +

[
−q +

∆x2

12

qr

p

]
δxΨ(xk, tj+σ) + rΨ(xk, tj+σ) =

f(xk, tj+σ)−m(xk, tj+σ) +
q

p

∆x2

12
δx(f(xk, tj+σ)−m(xk, tj+σ)) +

∆x2

12
δ2x(f(xk, tj+σ)

−m(xk, tj+σ)) + r̃1.

(5.19)

Now let Ψj+σ
k = Ψ(xk, tj+σ) and f j+σ

k = f(xk, tj+σ), (k = 1, 2, . . . ,M + 1; j = 1, 2, . . . , N + 1). Using Eq. (5.19) and
(5.18) and then using Eq. (4.1) and Eq. (4.2) we get(

−p

∆x2
+

r

12
− q2

12p
+

q

2∆x
− ∆x

24

qr

p

)
Ψj+σ

k−1 +

(
2p

∆x2
+

5r

6
+

q2

6p

)
Ψj+σ

k +

(
−p

∆x2
+

r

12
− q2

12p
− q

2∆x
+

∆x

24

qr

p

)
Ψj+σ

k+1

=

(
1

12
− q∆x

24p

)
f j+σ
k−1 +

5

6
f j+σ
k +

(
1

12
+

q∆x

24p

)
f j+σ
k+1 − d

(
1

12
− q∆x

24p

) j∑
s=1

c̃j−s(Ψ
s+1
k−1 −Ψs

k−1) (5.20)

− 5

6
d

j∑
s=1

c̃j−s(Ψ
s+1
k −Ψs

k)−
(

1

12
+

q∆x

24p

)
d

j∑
s=1

c̃j−s(Ψ
s+1
k+1 −Ψs

k+1) +Rj+σ
k , k = 2, 3, . . . ,M, j = 1, 2, . . . , N + 1.
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i.e.(
−p

∆x2
+

r

12
− q2

12p
+

q

2∆x
− ∆x

24

qr

p

)
Ψj+σ

k−1 +

(
2p

∆x2
+

5r

6
+

q2

6p

)
Ψj+σ

k +

(
−p

∆x2
+

r

12
− q2

12p
− q

2∆x
+

∆x

24

qr

p

)
Ψj+σ

k+1

=

(
1

12
− q∆x

24p

)
f j+σ
k−1 +

5

6
f j+σ
k +

(
1

12
+

q∆x

24p

)
f j+σ
k+1 + dc̃j−1

[(
1

12
− q∆x

24p

)
Ψ1

k−1 +
5

6
Ψ1

k +

(
1

12
+

q∆x

24p

)
Ψ1

k+1

]
+

j∑
s=2

d(c̃j−s − c̃j−s+1)

[(
1

12
− q∆x

24p

)
Ψs

k−1 +
5

6
Ψs

k +

(
1

12
+

q∆x

24p

)
Ψs

k+1

]
− dc̃0

[(
1

12
− q∆x

24p

)
Ψj+1

k−1 +
5

6
Ψj+1

k

+

(
1

12
+

q∆x

24p

)
Ψj+1

k+1

]
+Rj+σ

k , k = 2, 3, . . . ,M, j = 1, 2, . . . , N + 1, (5.21)

where Rj+σ
k = O((∆t)3−α+(∆x)4), and the discretization of boundary and initial conditions is given in Eq. (5.5) and

Eq. (5.6). Applying linear interpolation between tj+1 and tj for term Ψ(xk, tj+σ), we have

Ψ(xk, tj+σ) = σΨ(xk, tj+1)− (σ − 1)Ψ(xk, tj) +O((∆t)2). (5.22)

Using Eq. (5.22), Eq. (5.21) becomes(
−σp

∆x2
+

σr

12
− σq2

12p
+

σq

2∆x
− σ∆x

24

qr

p
+

dc̃0
12

− dc̃0q∆x

24p

)
Ψj+1

k−1 +

(
σ2p

∆x2
+

σ5r

6
+

σq2

6p
+

d5c̃0
6

)
Ψj+1

k

+

(
−σp

∆x2
+

σr

12
− σq2

12p
− σq

2∆x
+

σ∆x

24

qr

p
+

dc̃0
12

+
dc̃0q∆x

24p

)
Ψj+1

k+1 =

(
1

12
− qdx

24p

)
f j+σ
k−1 +

5

6
f j+σ
k

+

(
1

12
+

q∆x

24p

)
f j+σ
k+1 +

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
+

(σ − 1)q

2∆x
− (σ − 1)∆x

24

qr

p

)
Ψj

k−1

+

(
(σ − 1)2p

∆x2
+

(σ − 1)5r

6
+

(σ − 1)q2

6p

)
Ψj

k +

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
− (σ − 1)q

2∆x

+
(σ − 1)∆x

24

qr

p

)
Ψj

k+1 + dc̃j−1

[(
1

12
− q∆x

24p

)
Ψ1

k−1 +
5

6
Ψ1

k +

(
1

12
+

q∆x

24p

)
Ψ1

k+1

]
+

j∑
s=2

d(c̃j−s − c̃j−s+1)[(
1

12
− q∆x

24p

)
Ψs

k−1 +
5

6
Ψs

k +

(
1

12
+

q∆x

24p

)
Ψs

k+1

]
+Rj+σ

k , k = 2, 3, . . . ,M, j = 1, 2, . . . , N + 1. (5.23)

and the discretization of boundary and initial conditions is given in Eq. (5.5) and Eq. (5.6). Let’s denote Ψ̃j
k be the

approximate solution of Ψj
k and neglect the error term Rj+σ

k in Eq. (5.23), we get(
−σp

∆x2
+

σr

12
− σq2

12p
+

σq

2∆x
− σ∆x

24

qr

p
+

dc̃0
12

− dc̃0q∆x

24p

)
Ψ̃j+1

k−1 +

(
σ2p

∆x2
+

σ5r

6
+

σq2

6p
+

d5c̃0
6

)
Ψ̃j+1

k

+

(
−σp

∆x2
+

σr

12
− σq2

12p
− σq

2∆x
+

σ∆x

24

qr

p
+

dc̃0
12

+
dc̃0q∆x

24p

)
Ψ̃j+1

k+1 =

(
1

12
− qdx

24p

)
f j+σ
k−1 +

5

6
f j+σ
k +

(
1

12
+

q∆x

24p

)
f j+σ
k+1

+

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
+

(σ − 1)q

2∆x
− (σ − 1)∆x

24

qr

p

)
Ψ̃j

k−1 +

(
(σ − 1)2p

∆x2
+

(σ − 1)5r

6
+

(σ − 1)q2

6p

)
Ψ̃j

k

+

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
− (σ − 1)q

2∆x
+

(σ − 1)∆x

24

qr

p

)
Ψ̃j

k+1 + dc̃j−1

[(
1

12
− q∆x

24p

)
Ψ̃1

k−1 +
5

6
Ψ̃1

k

+

(
1

12
+

q∆x

24p

)
Ψ̃1

k+1

]
+

j∑
s=2

d(c̃j−s − c̃j−s+1)

[(
1

12
− q∆x

24p

)
Ψ̃s

k−1 +
5

6
Ψ̃s

k +

(
1

12
+

q∆x

24p

)
Ψ̃s

k+1

]
,

k = 2, 3, . . . ,M, j = 1, 2, . . . , N + 1. (5.24)

Now combining all the Eqs. (5.24) for k = 2, 3, . . . ,M with initial and boundary conditions given in Eq. (5.9) and

Eq. (5.10) we will get a system of M − 1 equations with M − 1 unknowns Ψ̃j
2, Ψ̃j

3, . . . , Ψ̃j
M which can be represented
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in matrix form as

PY j+1 = Q

(
d

[
c̃j−1Y

1 +

j∑
s=2

(c̃j−s − c̃j−s+1)Y
s

])
+ UỸ j + SF j+σ +Rj , 1 ≤ j ≤ N. (5.25)

where Y j = (Ψ̃j
2, Ψ̃

j
3 . . . , Ψ̃

j
M )T , Ỹ j = (Ψ̃j

1, Ψ̃
j
2 . . . , Ψ̃

j
M+1)

T and F j+σ = (f j+σ
1 , f j+σ

2 , . . . , f j+σ
M+1)

T and

P =


ω κ 0 0 · · · 0 0 0
µ ω κ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
0 0 0 · · · 0 µ ω κ
0 0 0 · · · 0 0 µ ω

 , Rj =



∑j
s=2 d(c̃j−s − c̃j−s+1)µ̃Ψ̃

s
1 + dc̃j−1µ̃Ψ̃

1
1 − µΨ̃j+1

1

0
...
0∑j

s=2 d(c̃j−s − c̃j−s+1)κ̃Ψ̃
s
M+1 + dc̃j−1κ̃Ψ̃

1
M+1 − κΨ̃j+1

M+1

 ,

U =


µ̂ ω̂ κ̂ 0 0 · · · 0 0 0
0 µ̂ ω̂ κ̂ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
...

0 0 0 · · · 0 µ̂ ω̂ κ̂ 0
0 0 0 · · · 0 0 µ̂ ω̂ κ̂

 ,

Q =


ω̃ κ̃ 0 0 · · · 0 0 0
µ̃ ω̃ κ̃ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
0 0 0 · · · 0 µ̃ ω̃ κ̃
0 0 0 · · · 0 0 µ̃ ω̃

 , S =


µ̃ ω̃ κ̃ 0 0 · · · 0 0 0
0 µ̃ ω̃ κ̃ 0 · · · 0 0 0
...

...
...

...
...

...
...

...
...

0 0 0 · · · 0 µ̃ ω̃ κ̃ 0
0 0 0 · · · 0 0 µ̃ ω̃ κ̃

 ,

where

µ =

(
−σp

∆x2
+

σr

12
− σq2

12p
+

σq

2∆x
− σ∆x

24

qr

p
+

dc̃0
12

− dc̃0q∆x

24p

)
, ω =

(
σ2p

∆x2
+

σ5r

6
+

σq2

6p
+

5dc̃0
6

)
,

κ =

(
−σp

∆x2
+

σr

12
− σq2

12p
− σq

2∆x
+

σ∆x

24

qr

p
+

dc̃0
12

+
dc̃0q∆x

24p

)
, µ̃ =

1

12
− q∆x

24p
, ω̃ =

5

6
, κ̃ =

1

12
+

q∆x

24p
,

µ̂ =

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
+

(σ − 1)q

2∆x
− (σ − 1)∆x

24

qr

p

)
, ω̂ =

(
(σ − 1)2p

∆x2
+

(σ − 1)5r

6
+

(σ − 1)q2

6p

)
,

κ̂ =

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
− (σ − 1)q

2∆x
+

(σ − 1)∆x

24

qr

p

)
.

6. Stability and Convergence Analysis

6.1. Stability Analysis. In this subsection, we will use the Fourier analysis method to analyze the stability of the
proposed scheme Eq. (5.24) for the problem (2.15)–(2.16). Let Ψj

k be approximate by Ψ̃j
k. Now for j = 1, 2, . . . , N +1.

Define the error Ẽj
k as

Ẽj
k = Ψ̃j

k −Ψj
k. (6.1)

Using Eq. (6.1), we get the error equation as(
−σp

∆x2
+

σr

12
− σq2

12p
+

σq

2∆x
− σ∆x

24

qr

p
+

dc̃0
12

− dc̃0q∆x

24p

)
Ẽj+1

k−1 +

(
σ2p

∆x2
+

σ5r

6
+

σq2

6p
+

d5c̃0
6

)
Ẽj+1

k

+

(
−σp

∆x2
+

σr

12
− σq2

12p
− σq

2∆x
+

σ∆x

24

qr

p
+

dc̃0
12

+
dc̃0q∆x

24p

)
Ẽj+1

k+1 =

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
+

(σ − 1)q

2∆x

− (σ − 1)∆x

24

qr

p

)
Ẽj

k−1 +

(
(σ − 1)2p

∆x2
+

(σ − 1)5r

6
+

(σ − 1)q2

6p

)
Ẽj

k +

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
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− (σ − 1)q

2∆x
+

(σ − 1)∆x

24

qr

p

)
Ẽj

k+1 + dc̃j−1

[(
1

12
− q∆x

24p

)
Ẽ1

k−1 +
5

6
Ẽ1

k +

(
1

12
+

q∆x

24p

)
Ẽ1

k+1

]
(6.2)

+

j∑
s=2

d(c̃j−s − c̃j−s+1)

[(
1

12
− q∆x

24p

)
Ẽs

k−1 +
5

6
Ẽs

k +

(
1

12
+

q∆x

24p

)
Ẽs

k+1

]
, k = 2, 3, . . . ,M, j = 1, 2, . . . , N + 1.

and Ẽj
1 = Ẽj

M+1 = 0. For j = 1, 2, . . . , N + 1, let us define a function

Ẽj(x) =

{
Ẽj

k, if xk− 1
2
< x ≤ xk+ 1

2
, k = 2, 3, . . . ,M,

0, if Dl < x ≤ Dl +
∆x
2 or Dr − ∆x

2 < x ≤ Dr,
(6.3)

and let Ẽj = [Ẽj
2, Ẽ

j
3, . . . , Ẽ

j
M ]T and let us consider norm

||Ẽj ||2 =

(
M∑
k=2

∆x|Ẽj
k|

2

) 1
2

=

( ∞∑
l=−∞

|χj(l)|2
) 1

2

, (6.4)

where χj(l) denotes the Fourier coefficient of the series Ej(x). Then, the error Ej
k can be expressed in terms of these

coefficients as follows:

Ej
k = χje

ιρ(Dl+k∆x), ι =
√
−1. (6.5)

Now substituting Eq. (6.5) into Eq. (6.2) we get

χj+1e
ιρ(Dl+k∆x)

[(
−σp

∆x2
+

σr

12
− σq2

12p
+

σq

2∆x
− σ∆x

24

qr

p
+

dc̃0
12

− dc̃0q∆x

24p

)
e−ιρ∆x +

(
2σp

∆x2
+

5σr

6
+

σq2

6p
+

5dc̃0
6

)
+

(
−σp

∆x2
+

σr

12
− σq2

12p
− σq

2∆x
+

σ∆x

24

qr

p
+

dc̃0
12

+
dc̃0q∆x

24p

)
eιρ∆x)

]
= χje

ιρ(Dl+k∆x)

[(
−(σ − 1)p

∆x2
+

(σ − 1)r

12

− (σ − 1)q2

12p
+

(σ − 1)q

2∆x
− (σ − 1)∆x

24

qr

p

)
e−ιρ∆x +

(
(σ − 1)2p

∆x2
+

(σ − 1)5r

6
+

(σ − 1)q2

6p

)
+

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12

− (σ − 1)q2

12p
− (σ − 1)q

2∆x
+

(σ − 1)∆x

24

qr

p

)
eιρ∆x

]
+ dc̃j−1χ1e

ιρ(Dl+k∆x)

[(
1

12
− q∆x

24p

)
e−ιρ∆x +

5

6
+

(
1

12
+

q∆x

24p

)
eιρ∆x

]
+

j∑
s=2

d(c̃j−s − c̃j−s+1)χse
ιρ(Dl+k∆x)

[(
1

12
− q∆x

24p

)
e−ιρ∆x +

5

6
+

(
1

12
+

q∆x

24p

)
eιρ∆x

]
, (6.6)

k = 2, 3, . . .M, j = 1, 2, . . . , N + 1.

Which implies

χj+1

[{
−2σp

∆x2
+

σr

6
− σq2

6p
+

dc̃0
6

}
cos(ρ∆x) +

{
2σp

∆x2
+

5σr

6
+

σq2

6p
+

5dc̃0
6

}
+

{
−σq

∆x
+

σ∆xqr

12p
+

q∆xdc̃0
12p

}
ι sin(ρ∆x)

]
=

[
dc̃j−1 cos(ρ∆x)

6
+

5dc̃j−1

6
+

q∆xdcj−1

12p
ι sin(ρ∆x)

]
χ1 +

[ j∑
s=2

(c̃j−s − c̃j−s+1)

(
d

6
cos(ρ∆x) +

5d

6

+
qd∆x

12p
ι sin(ρ∆x)

)]
χs +

[{
−2(σ − 1)p

∆x2
+

(σ − 1)r

6
− (σ − 1)q2

6p

}
cos(ρ∆x) +

{
2(σ − 1)p

∆x2

+
5(σ − 1)r

6
+

(σ − 1)q2

6p

}
+

{
−(σ − 1)q

∆x
+

(σ − 1)qr∆x

12p

}
ι sin(ρ∆x)

]
χj . (6.7)

Define ℑ1 = 5
6 + 1

6 cos(ρ∆x), ℑ2 = q∆x
12p sin(ρ∆x), ℑ3 = (−2p

∆x2 + r
6 − q2

6p ) cos(ρ∆x) + ( 2p
(∆x)2 + 5r

6 + q2

6p ),

ℑ4 = ( q
∆x − ∆xqr

12p ) sin(ρ∆x). Thus we can write Eq. (6.7) as

χj+1 =
1

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)

[
dc̃j−1(ℑ1 + ιℑ2)χ1 + d

j∑
s=2

(c̃j−s − c̃j−s+1)(ℑ1 + ιℑ2)χs + (σ − 1)(ℑ3 − ιℑ4)χj

]
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=
d(ℑ1 + ιℑ2)

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)

[
c̃j−1χ1 +

j∑
s=2

(c̃j−s − c̃j−s+1)χs

]
+

(σ − 1)(ℑ3 − ιℑ4)

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)
χj . (6.8)

Taking modulus both sides in Eq. (6.8) we have

|χj+1| ≤

∣∣∣∣∣ d(ℑ1 + ιℑ2)

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)

[
c̃j−1χ1 +

j∑
s=2

(c̃j−s − c̃j−s+1)χs

]∣∣∣∣∣+
∣∣∣∣ (σ − 1)(ℑ3 − ιℑ4)

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)
χj

∣∣∣∣ . (6.9)

Now, define ϕ1 =
∣∣∣d(ℑ1+ιℑ2)+(σ−1)(ℑ3−ιℑ4)
+σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

∣∣∣ , ϕ2 =
∣∣∣ d(ℑ1+ιℑ2)
σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

∣∣∣ , and ϕ3 =
∣∣∣ (σ−1)(ℑ3−ιℑ4)
σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

∣∣∣ . Then
we have the following stability result.

Theorem 6.1. The numerical scheme (5.24) is stable when ϕ1 ≤ 1, ϕ2 ≤ 1, ϕ3 ≤ 1.

Proof. We have to prove,

|χj+1| ≤ C̃|χ1|, j ≥ 1, (6.10)

where, C̃ is any arbitrary constant.
If ϕ1 ≤ 1, for j = 1 Eq. (6.9) reduces to

|χ2| ≤ C̃|χ1|. (6.11)

Thus, Eq. (6.10) holds for j = 1. Now assume that Eq. (6.10) holds for j ≤ i− 1. i.e.

|χj+1| ≤ C̃|χ1|, j = 2, 3, . . . , i− 1. (6.12)

for j = i, Eq. (6.9) becomes

|χi+1| ≤

∣∣∣∣∣
[
c̃i−1χ1 +

i−1∑
s=2

(c̃i−s − c̃i−s+1)χs + (c̃0 − c̃1)χi

]∣∣∣∣∣ + |(σ − 1)||χi|, (6.13)

i.e.

|χi+1| ≤
[
c̃i−1|χ1|+

i−1∑
s=2

(c̃i−s − c̃i−s+1)|χs|+ (c̃0 − c̃1)|χi|
]

+ |(σ − 1)||χi|. (6.14)

Using Eq. (6.11) in Eq. (6.12), we get

|χi+1| ≤
[
c̃i−1|χ1|+

i−1∑
s=2

(c̃i−s − c̃i−s+1)|χ1|+ (c̃0 − c̃1)|χ1|
]
+ |(σ − 1)||χ1|

≤ c̃0|χ1|+ |σ − 1||χ1|

≤ C̃ |χ1|.

(6.15)

Hence for j = i the result holds. Therefore, by the principle of mathematical induction Eq. (6.10) is valid for every i.
i.e.

|χj+1| ≤ C̃|χ1|, j ≥ 1. (6.16)

For j = 1, Using Eq. (6.4) and Eq. (6.16), we have

||Ẽj+1||2 =

( ∞∑
l=−∞

|χj(l)|2
) 1

2

≤

( ∞∑
l=−∞

|C̃χ1(l)|2
) 1

2

≤ |C̃| ||Ẽ1||2. (6.17)

Therefore, it follows that

||Ẽj+1||2 ≤ |C̃| ||Ẽ1||2. (6.18)

Hence, proof of Theorem 6.1 is completed. □
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6.2. Convergence Analysis. In this subsection, we will analyze the convergence rate of the numerical scheme defined
by Eq. (5.24). Here we assume that Ψ̃j

k is the solution of Eq. (5.24) and Ψj
k is the approximate solution of Eq. (5.23).

Now subtracting Eq. (5.24) from Eq. (5.23), we have the error equation as(
−σp

∆x2
+

σr

12
− σq2

12p
+

σq

2∆x
− σ∆x

24

qr

p
+

dc̃0
12

− dc̃0q∆x

24p

)
νj+1
k−1 +

(
σ2p

∆x2
+

σ5r

6
+

σq2

6p
+

d5c̃0
6

)
νj+1
k

+

(
−σp

∆x2
+

σr

12
− σq2

12p
− σq

2∆x
+

σ∆x

24

qr

p
+

dν0
12

+
dc̃0q∆x

24p

)
νj+1
k+1 =

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p

+
(σ − 1)q

2∆x
− (σ − 1)∆x

24

qr

p

)
νjk−1 +

(
(σ − 1)2p

∆x2
+

(σ − 1)5r

6
+

(σ − 1)q2

6p

)
νjk +

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12

− (σ − 1)q2

12p
− (σ − 1)q

2∆x
+

(σ − 1)∆x

24

qr

p

)
νjk+1 +

j∑
s=2

d(c̃j−s − c̃j−s+1)

[(
1

12
− q∆x

24p

)
νsk−1 +

5

6
νsk

+

(
1

12
+

q∆x

24p

)
νsk+1

]
+Rj+1

k , k = 2, 3, . . . ,M, j = 1, 2, . . . , N + 1. (6.19)

where νjk = Ψj
k − Ψ̃j

k, with

νj1 = 0, νjM+1 = 0, ν1k = 0, k = 1, 2, . . . ,M + 1, j = 1, 2, . . . , N + 1. (6.20)

Now, we define the grid functions as:

Rj(x) =

{
Rj

k, if xk− 1
2
< x ≤ xk+ 1

2
, k = 2, 3, . . . ,M,

0, if Dl ≤ x ≤ Dl +
∆x
2 or Dr − ∆x

2 < x ≤ Dr,
(6.21)

νj(x) =

{
νjk, if xk− 1

2
< x ≤ xk+ 1

2
, k = 2, 3, . . . ,M,

0, if Dl ≤ x ≤ Dl +
∆x
2 or Dr − ∆x

2 < x ≤ Dr,
(6.22)

and assuming νj = [νj2 , ν
j
3 , . . . , ν

j
M ]T , and Rj = [Rj

2, R
j
3, . . . , R

j
M ]T . Let’s define the following norms for j =

1, 2, . . . , N + 1

||Rj ||2 =

(
M∑
k=2

∆x|Rj
k|

2

) 1
2

=

( ∞∑
k=−∞

|ζj(k)|2
) 1

2

, j = 1, 2, . . . , N + 1, (6.23)

and

||νj ||2 =

(
M∑
k=2

∆x|νjk|
2

) 1
2

=

( ∞∑
k=−∞

|ςj(k)|2
) 1

2

, j = 1, 2, . . . , N + 1, (6.24)

where the functions Rj(x) and νj(x) have Fourier coefficients denoted by ζj(k) and ςj(k) respectively.

Now, choose Rj
k and νjk as

Rj
k = ζje

ιρ(Dl+k∆x), νjk = ςje
ιρ(Dl+k∆x). (6.25)
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Substituting Eq. (6.25) into Eq. (6.19) we have

ςj+1e
ιρ(Dl+k∆x)

[(
−σp

∆x2
+

σr

12
− σq2

12p
+

σq

2∆x
− σ∆x

24

qr

p
+

dc̃0
12

− dc̃0q∆x

24p

)
e−ιρ∆x +

(
2σp

∆x2

+
5σr

6
+

σq2

6p
+

5dc̃0
6

)
+

(
−σp

∆x2
+

σr

12
− σq2

12p
− σq

2∆x
+

σ∆x

24

qr

p
+

dc̃0
12

+
dc̃0q∆x

24p

)
eιρ∆x)

]
= ςje

ιρ(Dl+k∆x)

[(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
+

(σ − 1)q

2∆x
− (σ − 1)∆x

24

qr

p

)
e−ιρ∆x

+

(
(σ − 1)2p

∆x2
+

(σ − 1)5r

6
+

(σ − 1)q2

6p

)
+

(
−(σ − 1)p

∆x2
+

(σ − 1)r

12
− (σ − 1)q2

12p
− (σ − 1)q

2∆x

+
(σ − 1)∆x

24

qr

p

)
eιρ∆x

]
+

j∑
s=2

d(c̃j−s − c̃j−s+1)ςse
ιρ(Dl+k∆x)

[(
1

12
− q∆x

24p

)
e−ιρ∆x +

5

6

+

(
1

12
+

q∆x

24p

)
eιρ∆x

]
+ ζj+1e

ιρ(Dl+k∆x).

Using same ℑ1,ℑ2,ℑ3,ℑ4 as define in Subsection 6.1 the above equation can be written as

ςj+1 =
1

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)

[
d

j∑
s=2

(c̃j−s − c̃j−s+1)(ℑ1 + ιℑ2)ςs

+ (σ − 1)(ℑ3 − ιℑ4)ςj + ζj+1

]
=

d(ℑ1 + ιℑ2)

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)

[ j∑
s=2

(c̃j−s − c̃j−s+1)ςs

]
+

(σ − 1)(ℑ3 − ιℑ4)

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)
ςj +

ζj+1

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)
.

(6.26)

For k = 1, 2, . . . ,M + 1, j = 1, 2, . . . , N + 1, ∃ a positive constant lets say B1 such that

|Rj
k| ≤ B1((∆t)2 + (∆x)4). (6.27)

Now using Eq. (6.23) we have

||Rj ||2 =

(
M∑
k=2

∆x|Rj
k|

2

) 1
2

≤

(
M∑
k=2

∆xB1((∆t)2 + (∆x)4)2

) 1
2

≤ B1

(
(∆t)2 + (∆x)4

)
, B1 =

√
M∆xB1, j = 2, 3, . . . , N + 1. (6.28)

Since from the above ||Rj ||2 is convergent, so using Eq. (6.23) we can easily say that
(∑∞

l=−∞ |ζj(l)|2
) 1

2 converges.
Therefore, ∃ a positive constant say B2 such that

|ζj | = |ζj(l)| ≤ B2∆t|ζ1| = B2|ζ2(l)|, j = 2, 3, . . . , N + 1. (6.29)

Theorem 6.2. If
∣∣∣ d(ℑ1+ιℑ2)
σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

∣∣∣ ≤ 1,
∣∣∣ (σ−1)(ℑ3−ιℑ4)
σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

∣∣∣ ≤ 1,
∣∣∣ 1
σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

∣∣∣ ≤ 1, then for

j = 1, 2, . . . , N the following holds true for Eq. (5.24)

||νj+1||2 ≤ A2(1 + ∆t)j+1|ζ2|. (6.30)
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Proof. To prove the above theorem we will use mathematical induction. Now substituting j = 1 in Eq. (6.26)

|ς2| =
∣∣∣∣ (σ − 1)(ℑ3 − ιℑ4)

σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)
ς1 +

ζ2
σ(ℑ3 − ιℑ4) + dc̃0(ℑ1 + ιℑ2)

∣∣∣∣
≤ |σ − 1| |ς1|+ |ζ2|
≤ A2(1 + ∆t)2|ζ2| (Assuming |σ − 1| |ς1|+ |ζ2| ≤ A2(1 + ∆t)2|ζ2|).

Thus, for j = 1 Eq. (6.30) is true. Now assume that for j ≤ k − 1 the Eq. (6.30) holds.

|ςj+1| ≤ A2(1 + ∆t)j+1|ζ2|, j = 1, 2, . . . , k − 1. (6.31)

For j = k − 1 :

|ςk| ≤
k−1∑
s=2

(c̃k−s−1 − c̃k−s)|ςs|+ |σ − 1||ςk−1|+ |ζk|

≤
k−1∑
s=2

(c̃k−s−1 − c̃k−s)A2(1 + ∆t)s|ζ2|+A2(1 + ∆t)k|ζ2| (assuming|σ − 1||ςk−1|+ |ζk| ≤ A2(1 + ∆t)k|ζ2|)

≤ (c̃0 − c̃k−2)(1 + ∆t)k−1A2|ζ2|+A2(1 + ∆t)k|ζ2|

≤ A2|ζ2|(1 + ∆t)k
[
c̃0 − c̃k−2

(1 + ∆t)
+ 1

]
(c̃0 − c̃k−2 ≤ 1)

≤ A3|ζ2|(1 + ∆t)k. (A3 = 2A2)

(6.32)

Hence for all j ≥ 1, it is true i.e.

|ςj | ≤ A2(1 + ∆t)j |ζ2|.
So

|ςj+1| ≤ A2(1 + ∆t)j+1|ζ2|.
Hence the theorem proved. □

Theorem 6.3. Let Ψ(x, t) be the exact solution of the Eq. (2.15) and if d(ℑ1+ιℑ2)
σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

≤ 1, (σ−1)(ℑ3−ιℑ4)
σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)

≤
1, 1

σ(ℑ3−ιℑ4)+dc̃0(ℑ1+ιℑ2)
≤ 1, the proposed numerical scheme defined in Eq. (5.24) is L2-convergent and the resulting

solution satisfies

||νj ||2 ≤ A((∆t)2 + (∆x)4). (6.33)

Proof. Consider the Eq. (6.24),

||νj ||2 =

( ∞∑
l=−∞

|ςj(l)|2
) 1

2

≤

( ∞∑
l=−∞

(A2(1 + ∆t)j |ζ2(l)|)2
) 1

2

(using above theorem)

= A2(1 + ∆t)j

( ∞∑
l=−∞

|ζ2(l)|2
)

= A2(1 + ∆t)j ||R2||2(using Eq. (6.23))

≤ A1A2(1 + ∆t)j((∆t)2 + (∆x)4)
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(a) L1− 2.
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(b) L2− 1σ.

Figure 1. Call option prices of Example 7.2 at different α for M = N = 100, δ = 0.25, r = 0.05,
K = 50, T = 1, and D = 0.

≤ A1A2e
j∆t((∆t)2 + (∆x)4)

≤ A((∆t)2 + (∆x)4). (6.34)

where A = A1A2e
(j∆t).

Hence, proof of Theorem 6.3 is completed. □

7. Numerical Experiments

In this section, some numerical experiments are carried out to establish the accuracy and effectiveness of the
proposed schemes. Also, the results obtained by the proposed L1 − 2 and L2 − 1σ scheme are compared with those
available in the existing literature.

Example 7.1. Consider the double barrier knock-out, European-type call option given by

∂αΦ(S, τ)

∂τα
+ S2 δ

2

2

∂2Φ(S, τ)

∂S2
+ S(r −D)

∂Φ(S, τ)

∂S
− SrΦ(S, τ) = 0, (S, τ) ∈ (0.1, 100)× (0, 1). (7.1)

This problem is subject to the terminal and boundary conditions:

Φ(S, T ) = max{−K + S, 0}, Φ(0.1, τ) = 0, Φ(100, τ) = 0. (7.2)

The parameters used in this model are volatility δ = 0.45, risk-free interest rate r = 0.03, strike price K = 10, maturity
time T = 1(year) and the dividend yield D = 0.01.

Here we explore the influence of α on the pricing of the double barrier option. The underlying problem is numerically
solved by using both L1−2 and L2−1σ scheme. Figure 2 shows the numerical value of the price of the double barrier
option for different values of α (0.3, 0.5, 0.7 and 0.9) with fixed M = N = 100. From Figure 2, It can be seen that,
under the TFBS framework, the option price tends to be lower when the stock value is below K, and becomes higher
once it surpasses K. From Figure 2, we can clearly say that fractional-order derivative has a significant impact on the
behavior of the solution.

Example 7.2. Consider the European-type call option on the domain (S, τ) ∈ (0.01, 100) × (0, 1). The problem is
subject to the following terminal and boundary conditions:

Φ(S, T ) = max{−K + S, 0}, Φ(0.01, τ) = 0, Φ(100, τ) = 100−K exp(−r(1− τ)). (7.3)
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(b) L2− 1σ.

Figure 2. Double barrier option prices of Example 7.1 at different α with fixed M = N = 100.

Table 1. L∞ error and OOC of Example 7.2 (non-smooth case) for L1− 2 and L2− 1σ scheme with
δ = 0.25, r = 0.05, K = 50, T = 1, and D = 0.

M L− 12(N = 100) OOC L2− 1σ(N=100) OOC
α = 0.89 32 2.71e-01 1.34 2.71e-01 1.35

64 1.07e-01 2.13 1.06e-01 2.12
128 2.44e-02 2.07 2.44e-02 2.07
256 5.83e-03 - 5.82e-03 -

α = 0.94 32 2.78e-01 1.36 2.78e-01 1.36
64 1.08e-01 2.20 1.08e-01 2.21
128 2.35e-02 2.08 2.34e-02 2.08
256 5.57e-03 - 5.55e-03 -

α = 0.99 32 2.85e-01 1.37 2.85e-01 1.37
64 1.10e-01 2.29 1.09e-01 2.28
128 2.25e-02 2.08 2.25e-02 2.09
256 5.31e-03 - 5.29e-03 -

The exact solution of Example 7.2 is not available. In order to estimate the errors, we employ the double mesh

principle. Let ΦM,N
k,j denote the approximate solution at the grid point (Sk, τj), where M, N are the spatial and time

discretization parameters, respectively. We find the L∞ error as

εM,N = max
1≤k≤M+1

|ΦM,N
k,N − Φ2M,N (Sk, τN )|,

and the order of convergence (OOC) is computed as

OOC = log2

(
εM,N

ε2M,N

)
.

Table 1 presents the L∞ error and the OOC of L1 − 2 and L2 − 1σ schemes for a non-smooth payoff, using the
parameters δ = 0.25, r = 0.05,K = 50, T = 1(year) and the dividend yield D = 0. Table 1 shows that L1 − 2
and L2 − 1σ schemes achieve only second-order convergence using the double mesh principle. To achieve the fourth



Unco
rre

cte
d Pro

of

22 S. TAREI, A. KANAUJIYA, AND J. MOHAPATRA

Table 2. L∞ error and OOC of Example 7.2 (smooth case) with for L1−2 and L2−1σ scheme with
ϵ = 10, δ = 0.25, r = 0.05, K = 50, T = 1 and D = 0.

M L− 12(N = 100) OOC L2− 1σ (N = 100) OOC
α = 0.89 32 1.90e-02 0.47 1.91e-02 0.47

64 1.37e-02 3.86 1.38e-02 3.87
128 9.45e-04 4.02 9.45e-04 4.03
256 5.81e-05 - 5.80e-05 -

α = 0.94 32 1.99e-02 0.40 1.99e-02 0.40
64 1.51e-02 3.92 1.51e-02 3.92
128 1.00e-03 3.94 1.00e-03 3.94
256 6.50e-05 - 6.50e-05 -

α = 0.99 32 2.07e-02 0.32 2.07e-02 0.32
64 1.66e-02 3.99 1.65e-02 3.99
128 1.04e-03 3.76 1.04e-03 3.76
256 7.65e-05 - 7.65e-05 -

Table 3. Comparison of L∞ error and OOC of Example 7.2 (smooth case) using L1−2 and L2−1σ
scheme with A = 0.01, B = 40, ϵ = 10, δ = 0.3 r = 0.04, K = 10, T = 1 and D = 0.

M Cen[23] OOC Ahmad[1] OOC L− 12 OOC L2− 1σ OOC
(N = 1024) (N = 100) (N = 100)

α = 0.1 64 1.20e-03 2.03 3.78e-03 2.00 1.07e-04 3.97 1.07e-04 3.97
128 2.94e-04 2.02 9.48e-04 2.09 6.78e-06 3.99 6.78e-06 3.99
256 7.23e-05 2.01 2.22e-04 2.14 4.28e-07 4.00 4.28e-07 4.00
512 1.79e-05 - 5.05e-05 - 2.67e-08 - 2.67e-08 -

α = 0.3 64 1.15e-03 1.99 3.60e-03 2.00 7.48e-05 3.99 7.47e-05 3.99
128 2.79e-04 2.04 9.03e-04 2.00 4.71e-06 3.99 4.70e-06 3.99
256 6.88e-05 2.02 2.26e-04 2.09 2.97e-07 4.00 2.96e-07 4.00
512 1.71e-05 - 5.32e-05 - 1.85e-08 - 1.85e-08 -

α = 0.5 64 1.10e-03 2.04 3.41e-03 2.00 5.25e-05 3.96 5.23e-05 3.96
128 2.68e-04 2.12 8.55e-04 2.00 3.36e-06 4.00 3.35e-06 4.00
256 6.16e-05 1.91 2.14e-04 2.05 2.10e-07 4.00 2.09e-07 4.00
512 1.64e-05 - 5.16e-05 - 1.31e-08 - 1.31e-08 -

α = 0.7 64 1.08e-03 2.03 3.22e-03 2.00 4.67e-05 3.98 4.66e-05 3.98
128 2.65e-04 2.02 8.05e-04 2.01 2.96e-06 4.00 2.95e-06 4.00
256 6.55e-05 2.01 2.00e-04 2.17 1.85e-07 4.00 1.84e-07 4.00
512 1.63e-05 - 4.45e-05 - 1.16e-08 - 1.15e-08 -

α = 0.9 64 1.14e-03 2.03 3.05e-03 1.98 5.12e-05 3.98 5.10e-05 3.97
128 2.79e-04 2.02 7.72e-04 2.15 3.25e-06 4.00 3.25e-06 4.00
256 6.89e-05 2.01 1.74e-04 2.14 2.03e-07 4.00 2.03e-07 4.00
512 1.71e-05 - 3.94e-05 - 1.27e-08 - 1.27e-08 -

order convergence of L1− 2 and L2− 1σ schemes, we transform the non-smooth payoff condition by a smooth payoff
Φ(S, T ) = ξ(S −K) using the function ξ(x) [15] as

ξ(x) =


x, x ≥ −ϵ,

c0 + c1(x) + c2(x
2) + · · ·+ c9x

9, −ϵ < x < ϵ,

0 x ≤ ϵ.

(7.4)
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Figure 3. Put option prices of Example 7.3 at different α for δ = 0.25, r = 0.05, K = 50, T = 1,
and D = 0.

Where c0 = 35ϵ
256 , c1 = 1

2 , c2 = 35
64ϵ , c3 = 0, c4 = − 35

128ϵ , c5 = 0, c6 = 7
64ϵ3 , c7 = 0, c8 = −5

256ϵ7 , c9 = 0 for ϵ > 0.
Due to the smoothness of ξ(x), the error is significantly reduced, resulting in a higher convergence rate. With ϵ = 10
in Eq. (7.4), fourth-order convergence in space is observed, as shown in Table 2. Table 3 compares the L∞ error and
the order of convergence (OOC) for the L1–2 and L2–1σ schemes, along with the results reported in [1, 23], using the
smooth payoff function ξ(S−K). For comparison purpose in Table 3 we consider the spatial domain (0.01, 40) and the
parameters we used for simulations are δ = 0.3, r = 0.04, K = 10, T = 1 year, and D = 0. Cen et al. [23] employed a
fine temporal discretization with N = 1024, the proposed method attains higher accuracy using a significantly coarser
temporal grid (N = 100) by varying the number of spatial steps M . This demonstrates the enhanced efficiency and
accuracy of the developed schemes. We apply L1 − 2 and L2 − 1σ scheme to solve the Example 7.2 for different
values of α with fixed M = N = 100. Figure 1 illustrates the call option prices computed using the parameters
δ = 0.25, r = 0.05, K = 50, T = 1 and D = 0. From Figure 1, we can notice that the call option price is affected by
the fractional derivative order. Figure 4 shows the surface plot of the approximate solution obtained using the L1–2
and L2–1σ schemes. The simulations were conducted with parameters δ = 0.25, r = 0.05, K = 50, T = 1 (year), and
D = 0.

Example 7.3. Consider the European type put option on the domain (S, τ) ∈ (0.1, 100) × (0, 1). The problem is
subject to the following terminal and boundary conditions:

Φ(S, T ) = max{K − S, 0}, Φ(0.1, τ) = K exp(−r(1− τ)), Φ(100, τ) = 0. (7.5)

The exact solution of Example 7.3 is not available. To estimate the numerical errors, we employ the double mesh
principle as described in the preceding example. Table 4 shows that L1− 2 and L2− 1σ schemes achieve only second-
order convergence using the double mesh principle with parameters δ = 0.25, r = 0.05, K = 50, T = 1 and D = 0. To
achieve the fourth order convergence of L1 − 2 and L2 − 1σ schemes, we transform the non-smooth payoff condition
by a smooth payoff Φ(S, T ) = ξ(K − S) using the function ξ(x) as defined in Eq. (7.4). Because of its smoothness,
this approach reduces error, resulting in a better convergence rate. By taking ϵ = 5 in Eq. (7.4), we get fourth-order
convergence in space given in Table 5. Table 6 compares the L∞ error and the order of convergence (OOC) for the
L1–2 and L2–1σ schemes, along with the results reported in [8], using the smooth payoff function ξ(K−S) with ϵ = 10.
The parameters used in the simulations are δ = 0.1, r = 0.01, K = 50, T = 1 (year), and D = 0. Kazmi [8] employed a
fine temporal discretization with N = 2048, the proposed method achieves superior accuracy even with a considerably
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Figure 4. Approximate solution of Example 7.2 for α = 0.89, M = N = 100, δ = 0.25, r = 0.05,
K = 50, T = 1, and D = 0.
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Figure 5. Approximate solution of Example 7.3 for α = 0.89, M = N = 100, δ = 0.25, r = 0.05,
K = 50, T = 1, and D = 0.

coarser temporal grid (N = 100), by varying the number of spatial steps M . This highlights the improved efficiency
and accuracy of the developed numerical schemes. We apply L1− 2 and L2− 1σ scheme to solve the Example 7.5 for
different values of α with fixed M = N = 100. Figure 3 shows the put option prices on the domain S = [0.1, 100] with
parameters δ = 0.25, r = 0.05, K = 50, T = 1 and D = 0. From Figure 3, we can notice that the put option price
is affected by the fractional derivative order. The surface plot of the approximate solution obtained by L1 − 2 and
L2− 1σ schemes is shown in Figure 5. The parameters used are δ = 0.25, r = 0.05, K = 50, T = 1 (year), and D = 0.
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Table 4. L∞ error and OOC of Example 7.3 (nonsmooth case) for L1− 2 and L2− 1σ scheme with
δ = 0.25, r = 0.05, K = 50, T = 1 and D = 0.

M L− 12(N = 100) OOC L2− 1σ(N = 100) OOC
α = 0.89 32 2.71e-01 1.34 2.72e-01 1.88

64 1.07e-01 2.13 7.37e-02 2.21
128 2.44e-02 2.07 1.59e-02 2.25
256 5.83e-03 - 3.34e-03 -

α = 0.94 32 2.78e-01 1.36 2.79e-01 1.94
64 1.08e-01 2.20 7.26e-02 2.26
128 2.35e-02 2.08 1.52e-02 2.26
256 5.57e-03 - 3.18e-03 -

α = 0.99 32 2.85e-01 1.37 2.88e-01 2.01
64 1.10e-01 2.29 7.14e-02 2.30
128 2.25e-02 2.08 1.45e-02 2.26
256 5.31e-03 - 3.02e-03 -

Table 5. L∞ error and OOC of Example 7.3 (smooth case) with ϵ = 5 for L1−2 and L2−1σ scheme
with δ = 0.25, r = 0.05, K = 50, T = 1 and D = 0.

M L− 12(N = 100) OOC L2− 1σ(N = 100) OOC
α = 0.89 32 8.41e-02 4.05 8.70e-02 3.60

64 5.06e-03 4.18 7.16e-03 3.90
128 2.79e-04 4.07 4.79e-04 3.95
256 1.66e-05 - 3.09e-05 -

α = 0.94 32 8.62e-02 4.05 9.35e-02 3.53
64 5.21e-03 4.19 8.12e-03 3.94
128 2.85e-04 4.07 5.28e-04 3.97
256 1.70e-05 - 3.38e-05 -

α = 0.99 32 8.83e-02 4.03 1.01e-01 3.43
64 5.39e-03 4.21 9.34e-03 3.93
128 2.92e-04 4.07 6.12e-04 4.01
256 1.74e-05 - 3.80e-05 -

8. Conclusion

In this paper, the numerical approximation of the time fractional Black-Scholes on a uniform mesh has been
considered. Firstly, we transfer the TFBS to a time-fractional diffusion equation by an exponential transformation.
we approximate the time fractional derivative by L1 formula, L1− 2 formula, L2− 1σ formula respectively. Then, a
fourth-order compact finite difference technique is used to approximate spatial derivatives. Further, we constructed
three compact finite difference schemes with convergence rates O((∆t)(2−α)+(∆x)4), O((∆t)(3−α)+(∆x)4), O((∆t)2+
(∆x)4). Truncation error and stability analysis are carried out. Error estimate of order is derived for the proposed
scheme. Finally, numerical examples showed the accuracy and effectiveness of the proposed methods. To show the
effectiveness of the new approach, two numerical experiments with exact answers are carried out. We also used the
suggested approach to price three distinct instances of European options under the time-fractional framework. It has
been noted that a change in the order of the time-fractional derivative has an impact on the option price. We conclude
that the strategy is effective for solving various related time-fractional models governing European options and is in
good agreement with the exact answer for the TFBS model.
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Table 6. Comparison of L∞ error and OOC of Example 7.3 (smooth case) using L1−2 and L2−1σ
scheme for δ = 0.1, r = 0.01, K = 50, T = 1, and D = 0.

M Kazmi[8] OOC L− 12 OOC L2− 1σ OOC
(N = 2048) (N = 100) (N = 100)

α = 0.1 64 3.42e-02 1.98 1.37e-04 3.54 4.73e-03 3.38
128 8.69e-03 2.00 1.18e-05 3.62 4.55e-04 3.96
256 2.17e-03 2.00 9.63e-07 3.97 2.92e-05 3.99
512 5.42e-04 2.00 6.17e-08 3.99 1.84e-06 4.00
1024 1.36e-04 - 3.88e-09 - 1.15e-07 -

α = 0.3 64 3.28e-02 1.99 3.76e-04 2.04 5.84e-03 3.38
128 8.23e-03 2.00 9.16e-05 3.80 5.61e-04 3.96
256 2.05e-03 2.00 6.59e-06 3.95 3.60e-05 3.99
512 5.13e-04 2.00 4.28e-07 3.98 2.27e-06 4.00
1024 1.28e-04 - 2.71e-08 - 1.42e-07 -

α = 0.5 64 3.16e-02 2.01 6.69e-04 2.26 7.19e-03 3.51
128 7.81e-03 2.00 1.40e-04 3.93 6.31e-04 3.97
256 1.94e-03 2.00 9.15e-06 3.88 4.02e-05 3.99
512 4.86e-04 2.00 6.19e-07 4.00 2.52e-06 3.99
1024 1.21e-04 - 3.88e-08 - 1.59e-07 -

α = 0.7 64 3.07e-02 2.03 6.69e-04 2.31 8.88e-03 3.85
128 7.52e-03 2.01 1.35e-04 3.95 6.17e-04 3.87
256 1.87e-03 2.00 8.73e-06 3.99 4.21e-05 4.00
512 4.67e-04 2.00 5.49e-07 3.98 2.63e-06 4.00
1024 1.17e-04 - 3.48e-08 - 1.65e-07 -

α = 0.9 64 3.09e-02 2.04 3.15e-04 2.22 1.13e-02 3.77
128 7.54e-03 2.01 6.76e-05 4.00 8.31e-04 4.02
256 1.88e-03 2.00 4.21e-06 4.01 5.12e-05 4.00
512 4.68e-04 2.00 2.62e-07 3.98 3.19e-06 3.99
1024 1.17e-04 - 1.66e-08 - 2.01e-07 -
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