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Abstract . 3

In this paper, three compact finite difference schemes on uniform mesh to solve the fractional Black-Scholes partial
differential equation for European type option are presented. The time-fractional derivative is approximated by
L1 formula, L1 — 2 formula and L2 — 1, formula respectively, and three compact difference schemes with orders
O((At)2=2 + (Az)4), O((At)3~% + (Az)*) and O((At)2 + (Ax)?) are constructed. The stability and convergence
analysis of the proposed method is also analyzed. Finally, a numerical example is carried out to verify the accuracy
and effectiveness of the proposed methods, and the comparisons of these schemes are given. The paper also provides
numerical studies including the effect of fractional orders and the effect of different parameters on option price in
the time-fractional framework.
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1. INTRODUCTION

Option pricing is an emerging research topic in the field of computational finance owing to its growing applications
in stock and commodity these days. The pioneer of option pricing theory goes back to Fischer Black and Myron Scholes
when they proposed an explicit formula to evaluate the value of an option in 1973. The study of the Black-Scholes
(BS) equation for European option pricing earned the Nobel Prize in Economic Sciences in 1997. The BS model is an
attempt to simplify the markets for both financial assets and derivatives into a set of mathematical rules. The model
serves as the basis for a wide range of analyses of markets. In [4, 11, 20, 21] by replacing the standard Brownian
motion with fractional Brownian motion in the BS equation, fractional BS models were derived. The emergence of
fractal-based asset pricing models after the financial market’s fractal nature was discovered has accelerated the search
for precise and reliable numerical methods to solve these complex but helpful asset pricing models.

Although there are many numerical approaches for traditional asset pricing models, there are very few for fractional
calculus-based models. Since fractional models are, in some ways, a generalization of classical models, a number of
numerical algorithms for solving classical models already exist. The fractional Black-Scholes model and the classical
Black-Scholes model differ significantly from one another in terms of the Black-Scholes model in that the derivatives
involved in the former are globally defined and the latter can only capture localized information about a function
in a point-wise manner. As a result, among other things, the non-locality of fractional derivatives-based models
considerably adds to the complexity of the design, analysis, and implementation of the solution methods for fractional
models.

In literature, Dura and Mosneagu [5] used the implicit, semi-implicit and explicit methods to solve time fractional
Black-Scholes (TFBS) equation. Kumar et al. [9], presented a numerical algorithm to investigate the TFBS equation
with boundary conditions for a European option problem by employing the homotopy perturbation method and
homotopy analysis method. Cen et al. [23], converted the TFBS equation into an integral-differential equation with

Received: 15 October 2024 ; Accepted:02 September 2025.
* Corresponding author. Email: jugal@nitrkl.ac.in.



2 S. TAREI, A. KANAUJIYA, AND J. MOHAPATRA

a weakly singular kernel, and for time discretization they used an integral discretization scheme on an adapted mesh.
Roul [16], proposed a numerical approach based on quintic B-spline and backward Euler methods to study the TFBS
equation. An et al. [3], proposed a spectral method based on Jacobi polynomials and Fourier-like basis functions
to solve the TFBS equation. Singh and Kumar [18], developed a numerical scheme of TFBS using the exponential
B-spline collocation to discretize in space and a finite difference method to discretize in time. Kumar et al. [10],
produce an analytical solution for fractional BS equation using the Laplace homotopy perturbation method.

Song and Wang [19] derived an implicit difference scheme to solve the TFBS equation of European put option having
convergence rate O(At + (Az)?) (At denotes temporal step size, Ax denotes spatial step size). In [22], Zhang et al.
proposed an implicit difference scheme for the TFBS equation, demonstrating that the method attains a convergence
rate of O((At)?~®) + (Azx)?). Roul and Goura [17], derived a numerical scheme using the compact finite difference
method for space derivatives and the L1 formula for time fractional derivative. From above, we can see that many
numerical schemes having lower order of convergence is there to solve the TFBS equation. In this paper, we will
propose three compact difference schemes for the TFBS model to improve the numerical accuracy.

The outline of the paper is as follows: In section 2.1, we presents the basic concept and convert the original TFBS
model to a suitable form. In Section 3, three different schemes for temporal discretization have been given. In section
4, a scheme for spatial discretization is presented. In section 5, three different numerical schemes are shown for
solving the TFBS model. The stability and convergence of our suggested numerical technique are shown in section
6. Numerical examples are performed in section 7 to confirm the great accuracy and effectiveness of our suggested
approach. Finally, a brief conclusion is provided in section 8.

2. MODEL

This section outlines the basic understanding of fractional differentiation while describing the relevant fractional
BS model and its brief derivation history.

2.1. Time fractional Black-Scholes model. Let us first suppose that the stock price S dynamics follow the fol-
lowing fractional stochastic process [13, 14]

dS = (R — D)Sdr 4 6Sw(t)(dr)*/?, 0<a<l, (2.1)

where w(7) is the typical Wiener process, R is the risk-free interest rate, and D and J, respectively, are the continuous
dividend and volatility. We should additionally take into account the following significant identities, which Jumarie
[7] claims are in excellent agreement with the Jumarie fractional (generalized) Taylor series in [14]:

i = ﬁ#—a(dﬂa, 0<as<, (2.2)
d*S =T(1+ a)dS, O<a<l, (2.3)
and
d~s 1

@5)° :F(Q_a)sl‘“, 0<a<l. (2.4)

Combining (2.4) and (2.5), we get a formula, which convert integer derivative to fractional derivative and vice-versa:

ds ST 4sye. o 1 25
= <a<l. .
F(l—i—a)F(?—a)( % - (25)
Let ®(S,7) is the value of a European put option, and suppose that ®(S,7) is smooth with respect to S and its «
derivative with respect to time exists for some (0 < a < 1). Consider the risk-free investment interest rate dynamic

equation

d® = R®dr. (2.6)
Now multiplying I'(1 — «) in both side of Eq. (2.6), we get:
'l — a)d® =T'(1 — o) R®dr. (2.7)

(=)=
E)NE
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Now from Eq. (2.7) and Eq. 2.3, we get variational fractional increment process:

d*® =T(1 + a)Rddr. (2.8)
Using Eq. (2.8) and Eq. (2.5), we get fractional interest rate dynamic equation:
R®
d*® = ————717%(dr)". 2.9

Since ®(5,7) is sufficiently smooth with respect to S and its « order derivative(0 < o < 1) with respect to 7 exists,
applying the fractional Taylor series [14] of order a on ®(S,7) we get

1 9*e, . 0P 10%0, .,
m Ora (dT) + %ds + 5@@5) . (210)

Using the Eqs. (2.1)—(2.9) and It6’s lemma [14] we get,
0*® o\ rl@ P(l+a) %P
=(R®—-(R—D)S— — 5252
ore <R (B ) S85> r'2-a) 2 o 052’
The following TFBS model can therefore be obtained by setting 7 =T — ¢ and S = e¢” in Eq. (2.11) and then noting
U(z,t) = P(e”, T —t):

°W(x,t) T(l+4a) 52 0%V (x,t) <(R -D)(T -t T+ a)52> 0V(x,t) R(T —t)l~@

do =

0<a<l. (2.11)

- U(z,t), (2.12)

ot 2 Oz I'2—ow) 2 oz I'2—a)
with initial and boundary conditions
U(z,0) =v(z), ¥(—o00,t) =u(t), ¥(oo,t) =w(t), (2.13)
where the fractional derivative % is defined as
o t
& \gt(‘f - r(11— a)(jt /0 W(I’(Z)— n\)IIa(x’O) (2.14)

Since the problem (2.12)—(2.14) defined on an unbounded domain R x (0,7"), so we have to truncate it into a finite
domain to solve it numerically. We consider the problem on a finite domain (D;, D) x (0,T). Thus, we have

00 (x,t) 0%V (z,1) 0V (z,t)

) pT 2D gD ) + f), (1) € (DL D) X (0.7), (215)
U(z,0) =v(z), V(Dyt)=u(t), YD, t)=w(l), (2.16)
where, p = wéa gty=r—pandr = % and D = 0. Note that here we have added an extra term f(x,t).

By putting f(x,t) = 0 in Eq. (2.15) we can get back to our original model.

3. TEMPORAL DISCRETAIZATION

In this section, we are giving three different approximations namely, L1, L1 —2, L2 — 1, to approximate the time
fractional derivative.

3.1. L1 Approximation [12]. Let us first discretize the Eqs. (2.15)—(2.16) over the temporal interval [0, T]. Let the

partition on the time domain [0,7] be 0 =t; <ty < ... <ty <tyy1 =T, wheret; = (j—1)At, j =1,2,3,...,N+1
and At = % Using Eq. (2.14), we get

°U(x,t) 1 d ["U(x,n)— ¥(z,0)
ote  T(1- a)a/o Gome
L [d ), d [ (0)
“Ti-a) [dt/o e <t—n>ad”]
1 OV (z,n)

_ T {\I/(ac, 0t~ + /Ot(t - n)*aTndn — U(x, O)to‘]
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B 1 ¢ _o 0¥ (z,m)
_r(1fa)/0(t_”) an

=5 DU (a, 1), (3.1)

where OCD?\I/(x,t) denotes the Caputo fractional derivative. At the time ¢t = t;, from the definition of Caputo
derivative, we have

1 —a0¥(, ()
¢ po )= - _ « )
o Dy (2,t5) T —a) Zl / (t-¢) a4
Ao 4
" T(2-q) > (W, tagr) = Ul te) [(G—9)' 7= (G —s = 1) + (Ra)h,
s=1
At 12 _
= m Za?_s (\I](l'ytsle) - \I/(x,ts)) + (Rl)jAt, (32)
s=1
where a2, = m!'=® — (m — 1)'= for m = 1,2,..., N + 1 and (R, )%, is the truncation error which is given by:
(Ry)h, < co At~ (3.3)

where cy is a constant which only depends on V.

3.2. L1-2 Approximation [6]. Let us consider same uniform mesh given in previous subsection oa; = {t; = (j —
DAt j=1,2,...,N+1, At = %} Then for j > 1, t;,1 = L?i Suppose, ¥(t) € C*[0,,] (j > 1) and ¥; denotes
the value of ¥(t) at grid point ¢;. Let us introduce difference quotient operators,

jp1 =V o 1
il U, = —
At ’ 5t J At(

Then the Caputo fractional derivative of order a, where 0 < a < 1, for the function ¥(t) evaluated at the discrete
time point ¢; (j =1,2,..., N + 1) is given by,

o / 1 Uy
DY = ey Sy @ oy
j-1

B e )
m—a)Z/t @ = (3:5)

s=1v"s

A 605,y — G0 Ls). (3.4)

As outlined in [6], a quadratic interpolation Ps ¥ (¢) is defined for W(¢) over each interval [ts, ts41], where 1 < s < j—1,
using three adjacent points (ts-1, U(ts—1)), (ts, ¥(ts)) and (ts41, U(ts41)), is given by,

1
Py U(t) = Py U(t) + 553\115(15 —t5)(t — tst1), (3.6)
(P U (1)) = (PLoW(t) + 02, (t — top1) =001 + 07U (t — 1), € [ts,tera], (3.7)
and
U(t) — Py U(t) = é”S)(t —to_1)(t —ts)(t —tar1), Vs € (ts1,tssn), t € [tartaqa], 2<s<j—1.  (3.8)
where P ;¥(t) is the linear interpolation of ¥(¢) using two points (¢s, ¥(¢s)) and (ts41, ¥(tsy1)), Le.
t—ts t—ts
Pl,s\j[j(t) = ﬁ\lja;erl) + %\I’(ts), (39)
s+1 7 ls s = ls+41

and from the linear interpolation theory,

qjj// ~S
U(t) — P V() = #(t —ts)(t —tst1), Es € (tsylsy1), t € [ts,tsr1], 1 <s<j—1 (3.10)
an
og
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In Eq. (3.5), We use P; 32U (t) to approximate ¥(¢) on the small interval [t1,%2] and P s¥(t) to approximate ¥(t) on
the interval [ts,ts11] (s > 2). Noticing

ts41 At 2—« o ]
/t (n—tsy )ty —m)%dn = %b;_)sv 2<s<j-—-1 (3.11)

with

ble) =

m

S (m - 1)) %[mlﬂ Fm—10, m > 1

Using Eq. (3.7) and Eq. (3.9), we can find a new approximation of the Caputo fractional derivative of order
a, where 0 < a < 1, for the function ¥(t) is given by,

1

o L e U

SO =t 2, o
o1 2 (PLo¥(n)) 1 [ (B W)
Nr(1—a)/t1 (t; —n)e d”+r(1—a)sz_;/ts (t;—m)e @

1

:M[wg / 4 — ) dn+z / By G0 byl

1

j—1 s+1 tst1
T [ZMJH [ it St [0 -l

=2 ts

2a31

= DPW ()|, + Z b\ 62,

where Df‘\Il(t) will be found by the classical L1 operator which is derived from a piece-wise linear interpolation
approximation of W(t) on each small interval [ts,ts11] (1 < s < j— 1), which is defined by

i1
B (At)l—a J “
DI (W)limt, =1 gy 2 40t Yary

re-—
7 (3.12)
(At)~ i,
e B A \Iji - o \:[157 v_\:[/ ,
(2 —a) [al J ;(Q(J s) = O(j—s+1)) aj—1¥1
with
agfl‘) =m'T—(m-11" 1<m<j
We define
- (At)2 a i1 ()
D?\Ij(t”t:tj = D?\Ij(t)lt:t]. + m Zb] 52 (313)
s=2



6 S. TAREI, A. KANAUJIYA, AND J. MOHAPATRA

where DY is the L1 — 2 operator. Now Eq. (3.13) can be rewritten as

Att=e [ =
D?\Ij(t”t:tj : |:Z a(a 5t\11€+% + b(a) (5t\118+% — 5t\IJ 1):|

s s 1
2 - a poret J 2
Atl S Sy @
o [Za OV +> b6 — ijsatmsl}
5 s=2 s=2 (314)
At = ()
- é _S5t\11§+1
I'2-a) "/
At i
:m21J“W“”‘SQ“b e W(e) ~ &1 ¥(0)|
where for j =2, ¢ A(a) = aga) =1 and for j > 3,
2 4 p) oot
& = { @) 4 p() _bg@l, 2<s<j—2,
al® —pl®) | s=j—1.
where, a{2) = ml= — (m —1)1= and ') = A=m? ™ — (m =1l =im'7* + (m - 1)'7%], m > 1.

3.3. L2 — 1, Approximation [2]. Let us again consider the same uniform mesh given in the previous subsection.
Let 0 =1 — §, then the Caputo fractional derivative of order v, where 0 < o < 1 for the function ¥(t) € C*[0,7] at
the discrete time point t;4, (7 =1,2,..., N + 1) is given by,

1 bite 1 0w (n)
§Dy . Wt :7/ d
S T =yl S v

B 1 j—1 tsi1 \I//(n) 1 tito ‘I// (77)
=i > /t 0 dn + ) /t 0 dn. (3.15)

F(l — Q) e j+o — 77)“ F(l -« j+o — 77)&

As outlined in [6], a quadratic interpolation P5 ;¥ (t) is defined for ¥(t) over each interval [ts, ts4+1], where 1 < s < j—1,
using three adjacent points (ts—1, ¥(ts—1)), (ts, U(ts)) and (ts41, U(tst1)), is given by,

1

Po s W(t) = Py W(t) + 5070, (8 — 1)t — tosa), (3.16)

where, P; sU(t) is the linear interpolation of W(¢) using two points (ts, ¥(ts)) and (ts4+1, ¥(ts+1)). Hence
t—ts t—ts
P U(t) = —W(tyq) + ——LW(ty). (3.17)
ts+1 — ts ts - ts-i—l

Now

(PQ,S\I](t))/ = (Pl,s\:[/(t))/ + 5?\:[/5(t - ts—‘—%) = \Ilt,s + qjtt,s(t - ts+%), (318)

11

and W(t) — (Po (1)) = LB (t — t, 1) (t — 1)t —tos1), & E (tsmt,tosn), tE [tostora],
where top1r =ts+ %At, Vo= 7@@5*2;&(“).
In Eq. (3.15), we use P s¥(t) to approximate ¥ (¢) on the interval [ts,¢s41] (1 < s < j —1). Noticing

Pt (1 =ty At
/ *2) gy = B 1<s<j—1 (3.19)
to (Lito —m)* l-a

(=)=
E)NE
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with b, = 2-[(n+0)>* - (n+o—-1)> " - L[(n+ o)+ (n+0-1)'"°], n>1,
from Eq. (3 15) and Eq. (3.18) we can obtain the numerical approximation of the Caputo fractional derivative of
order o, where 0 < o < 1, for the function ¥(t) is given by

1 ik S \I/(n) 1 tite v’ ()
C Nna
DY W(t)=—— / dn + / dn
G0 L(t) I'l—a) Zl to (tjgo —m)® Il —a) J; (tiro —m)*

(P W(n)) 1 ey
S [
I(l-a) (tjto — (I—a) Ji, (tj+e —m)

s+1 Wy o+ Wy o(E— 1,1 1 tite
e Z/ tys T Wit s (t as+2)d77+rl / (n) _dn
) (tj+o — 1) (1-a) tj (tj+o — 1)

e (3.20)
e () () (,0)
= o[ (@7 + BT Wy A) + ap™ Ty ]
F2-a)
At~ J ()
_ AT ey,
I'2-a) ="
At I
“T2-a) > §J_’s)(\11(ts+1) = U(ts)),

1

S

where, for j =1, ééj’a) = aéa’a) and for j > 2,

aéa,d) + bga’g), s=0,
égj,a) _ (a,a) + b(a,a) _ bgaﬂ)’ 1<s<j—-2,
aaa) b(aa 5:]—1

where, a(()o"g) =col™ q (@0) _ =m+o) %= (m+o-11 m>1, pleo) — ﬁ[(m +0)27 —(m+o—1)279 -
Hm+o) =+ (m+o—-1)17%, m>1.

4. SPATIAL DISCRETIZATION

Let us discretize the space domain [Dy; D,.] into uniform partition D; = 21 < 29 < 23 < ... < Zpr41 = Dy, 80 Tf =
D+ (k—1D)Az, k=1,2,...;M+ 1 and Az = %. The first derivative ¥/(z)) can be expressed by the finite
difference approximation as

V(wpt1) = U(Tp—1)

5. U(xy) = 2(Ax) +, k=2,3,..., M, (4.1)
where
i = (Agx) U () + 7(A5J;)4\Il(5)(xk) +0((Az)®).

Similarly, for the second derivative U”(zy), the finite difference approximation can be expressed as

2 C W(wgp—y) =2V (zk) + V(1) | .,
520 () = ey iy, k=2,3,..., M, (4.2)
where
2 4
P 2<A4;’”) T (2) + Q(A;) O (24) + O((Ax)®).
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Theorem 4.1. Consider the differential equation as
d*¥(z) d¥(x)
dx? R
and the compact finite difference method of fourth order for Eq. (4.3) is given as

Az? Y2\ 2 Az? 3
|:71 T 12 (’73 - 71)] 63V () + [’Yz 12 o }&c‘l’(zk) —73%(2k)

m — 73 () = h(x), (4.3)

Ax Az?
= h( )+%—6 ha) + So-82h(ee) + 7 K =2,3,..., M,
where 7 is truncation error of O((Ax)%),

Azt V2 ) 29973 21 62
e D8 g () 4 22 G0 () 4 226 () A (24) — 20O () — D296 (5 } 45
e [(39= 2 )00 a1+ 0 )+ 2200 ) 4400 02— 2200 ) - D200 )] 49

Proof. Utilizing approximations Eq. (4.1) and Eq. (4.2), we can write the finite difference discretization for Eq. (4.3)
at * =z, as

N0V (k) + 720, 9 (21) — 30 (wy) — 71 = h(zk), (4.6)
where
= (2500 )+ 280000 ) 4 (G w0+ S 00w ) @)

We need to approximate W) (z;,) and ‘11(4)(ack) in Eq. (4.7) in order to find a fourth-order finite difference approach.
Thus, differentiating Eq. (4.3) with respect to x. we get

d*V () d*¥(x) __d¥(z) _ dh(z)

= 4.

RS T dx? B dx (48)

From Eq. (4.8), we have
7" / 1 /
UO) (1) = — 29" (2) + BV (2) + —1 (). (4.9)
M ! 24!
Putting z = 2 in Eq. (4.9) we have
" ’ 1 ’
TO) (2) = — 20" (2) + 20 (wg)+ —1 (a1). (4.10)
ga! ga! gt
Differentiating Eq. (4.3) with respect to x twice, it gives
d*¥(z) A3 (x) A2V (z)  d%h(z)
— = . 4.11

N g T da3 Tz dx? (411)
At x = x, Eq. (4.11) becomes

W (@r) = =320 (@) + 718 (@) + 1 (2). (4.12)
Substituting ¥ (z) in Eq. (4.12), we get

2
w0 = (3 + 2 )0 (00 = 220 (00) = 20 () 41 0n) (1.13
a! M T

Using Egs. (4.10) and (4.12) in Eq. (4.7), we get

- A 2 2 ” ’ ’ " 2 A 4 A

=BT [(73— V)qf (o) + 2220 () + 20 () + mﬂ + 2B 50 (1) + 224 0) (). (1.14)

12 M M M 6! 5!
Using Egs. (4.1) and (4.3) in Eq. (4.14) we get
A 2
= o [(73 - )52 () + 26,0 (2y) + 28, h(ay) + 5§h(xk)] + 7, (4.15)
12 M gt gl

(=)=
E)NE
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where

Azt 2 2 2 2 6
F= =2 (4= 22 )o@ (2) + 2B (2,) 4+ 2250 (2) + D (2) — 20O (2) — 206 ()| (4.16)
144 1 T T 5 5

Using Eq. (4.15) in Eq. (4.6), we get

Ax? Ax?
[m A (73 - ”)] P (ay) + [72 - mﬂazwk) ()
ol 12 %

(4.17)

Az?
:h(xk)—&—% (Sh(:ck)+—§2(k)+ﬁ k=2,3,..., M.
1

5. FuLLY DISCRETE SCHEMES

In this section, we will combine the temporal and space discretization discussed in Section 3 and Section 4 to
develop three different compact schemes namely, L1, L1 — 2, and L2 — 1,,.

5.1. Compact L1 Scheme [17]. In this section, a difference scheme of order ((A#)>=® + (Ax)*) is constructed for
problem (2.15)—(2.16). Now consider, m(z,t) =§ D&W(x,t). Then at point (x, t;), we have m(zy, t;) =§ DEV(zy, t;).
Using Eq. (3.2), we get

Ao 124
m(z,t;) = T2—a) ;aa‘—s(‘l’(mkale) — U(zk, ts)) + (R1)hy
j-1 '
= daj_(V(zk, tegr) — Wk, ts)) + (R1)hy, (5.1)
s=1
with d = m We can rewrite Eq. (2.15) as
02U (x,t oV (x,t
-Pp 3:&2 ) q 8(3: ) +r¥(x,t) = f(x,t) — m(x,t). (5.2)
With 71 = —p, 72 = —¢, 73 = —r and Theorem 4.1, Eq. (5.2) at the point (z,?;) can now be expressed as
A 2 A
{p ( 1? <r+ ‘;ﬂ 52 (wh, ) + {q+ ( 1“;) p}s U(ar, t;) + rU(an, t;) = f(ont;)
(5.3)
Azx)? Ax)? ~
—mlansty) + LB e t) — mass 1) + SRt — ity +7

Now assuming \IJfC = W(xp,t;) and fg = flag,t;) (k=1,2,....M+1; j=1,2,...,N + 1) and using Eq. (5.3) and
Eq. (5.1) and then using Eq. (4.1) and Eq. (4. 2) we get

— T 2 Az gr ; 2 5r 2 ;
< p+q+qq)\1/§€_1+< b ++‘1>\I,§C

Ax? 12p  2Axz 24 p Ax? 6p

(it ket 2y )W = (5 i g (5 )

+daj [(112 - éi;)‘l’}sﬂ + %‘I’llc + (12 + qzizq/}vﬂ)} (5.4)
i1

+:Z;d(ajs ajs+1)|:(112 qu;) -1 +2\I’Ji+<112 qum> iﬂ}

d“1{<112 qﬁ;) i_1+2\1/;+(112+q$x> iﬂ]u%;, k=2,3,...,M, j=2,3,...,N+1,
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where Ri = O((At)?=®) 4 (Az)*), and the boundary and initial conditions can be discretized as
U =ut;) = o, W, = wt;) = w, j=2,3,...N+1, (5.5)
U =v(xy) = v, k=1,2,...,M + 1.

Rearranging above Eq. (5.4) we get

2 2
—p r q q Az qr day daiqAx ; 2p 5r g 5day ;
P r_4 4 _~arg 4 N L Wi
<A:c2 TR i tar 2wy T2 o )T A2 T e e )T
2
—p r q q Ax gr day dayqAzx
b _ 4 4 2Ty 4 ol )
+ <Am2 12 12p 2Az 24 p 12 24p k1 (5.7)

1 qdz\ ,; 5 1 qAx 1 qAz\ _, 5 1
- 2 B e B 2y
12 24p) it 1t gy )i T e oap ) k1 TGk

1 qAx 1 qAz\ 5 1 gAz\ i
+<12+ 24p>\pk+1:|+2d CL] s Cl] 5+1)|:(12 24p)q/k_1+6\1/k+<ﬁ +% \Ilk-‘,-l +Rk’
k=23,....M, j=2,3,...,N + 1.

Let’s denote @fﬂ be the approximate solution of \Ilff and neglect the error term Ri in Eq. (5.7), we get

2 2
—p r q q Az gr day daiqAz\ =~ ; 2p 5r  q 5day
L e 9 29 4 N7 P oo 4 N
(Az? 12 12p 2Ax 24 p = 12 24p -1 a2 T Tep T e k
2
—p r q q Az gr da; daiqAzx\ = 1 qdx\ .; 5
- - __Z -1 = \I/J - = 1 J — £
* (Ax’z T 12p 2Az 24 p 12 24p ) i 12 24p Jir F 6fk
1 qAx 1 qAx\ ~,4 5y 1 qAx\ +,4 5.8
d ¥ — =) (5.8)
+(12+ 24p )fk+1+ = 1[(12 24p) et g 1p T gy, )Y
1 Az 5= 1 qAz)\ -,
+sz2daj s 7 Gj— s+1){<12 24p) -1t ‘I’k"‘( + 21p >\Ilk+1:|v
k=23,....M, j=2,3,...,N + 1.
with boundaries conditions and initial condition discretized as
U=, ¥, = w, j=23,...,N+1, (5.9)
Ul =up, k=1,2,...,M+1. (5.10)

Now combining all the Eqs. (5.8) for k = 2,3,..., M with initial and boundary conditions given in Eq. (5.9)) and
Eq. (5.10) we will get a system of M — 1 Eqns. with M — 1 unknowns W%, ¥},..., W}, which can be represented in
matrix form as

j—1
AW = D(d[ajlWl +) (aj_s— ajs+1)WS]> +BFI+ B, 2<j<N+1 (5.11)
s=2
where W7 = (@%,@§7@§\4)T and FJ = (ff,fgw..,fj@ﬂ)T and

B A0 0 0 0 0 SIThd(ay s — aj o)AV +da; 1 AT} — A

AN B A O 00 0 0

00 0 0 A B A A 0 |

0 0 0 0 0 A B Zi;é d(aj—s — aj—s41) AW,y +da; 1 AV — AV,
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A @ ]} 0 0 0 0 @ /} 0 0 0 0 0
0N 3 A O 0 0 0 AN B A O 0 0 0
B=1: : o, D= : : e
0 0 0 0 A @ [} 0 0 0 0 0 A @ [}
0 0 0 0 0 A B A 0 0 0 0 X\ B
— r 2 Az gr day daiqAzx _ 2 r 2 day _ — T 2
whoro = (G + -t + ol - T+ -] = (v S+ G ) A= (B + -5

q Az qr day daiqAx Yy _ 1 qgAhx 5 _ 5 x _ 1 qAx
Az T 24 p T 12 T " 2ap v A= 15 24p75*6’A*12+24p'

5.2. Compact L1 —2 Scheme. In this section, a difference scheme of order ((At)3~%) 4 (Ax)?*) is constructed for
problem (2.15)—(2.16). Using Eq. 3.14, we have

At 2 G
m(l'k,tj) = m C§_79)5t\115+l
s=1
Atfa j—1
= =~ él\I/(SCk,tj) - (éj—s - éj_s+1)\IJ($k,tS) - éj_lll/(.fk,tl) . (512)
I'2-—a) pors

Using Eq. (5.3) and Eq. (5.12) and then using Eq. (4.1) and Eq. (4.2) we get
r

2 2 2
—p q q Az qr ; 2p 5r ¢ ; —p r q q Az qr ;
(mz ‘mp*m‘mp)‘l’il*(M**ﬁ)‘P“(T*"+ it

1 qgAx 1 qgAx 1 gAx\ _, 5 1 1 qAz\ 4
=(=-== de ——— T ./ — =\
(12 )fk 1t fk (12 24p )f’f+1+ €= 1[(12 24p A ST 24p ) kFL
1 q¢Az 5 1 qAz\ |
+chy s = Cj- 9+1)[(12 21p ) ro1 T \Ilk+<12+24p>\pk+1}
1 Ax 5 1 Ax ;
_dcle qﬂp)w; ot (12+(124 >\p7€+1} YR E=23,...,M, j=23,.. . N+1, (5.13)

where R] = O((At)3=) 4 (Ax)*), and the discretization of boundary and initial conditions is given in Eq. (5.5) and
Eq. (5.6). Let’s denote \If] be the approximate solution of \IIJ and neglect the error term RJ in Eq. (5.13), we get

( —p r ¢ q Ax gr déy dclqAx)\Ijk o+ ( 2p 50 ¢? 5dél>\ili

Az?2 12 12p 2Ax 24 p 12 24p
2 A~
—p r q q Azx qr dé;  déiqAx 1 qdx
+ ( + 1=

A2 12 12p 2Am 2 p T 12 24p

; 5 i 1 qAz\ s
iy +fz+( + )fzﬂ

12 24 6 12 24p
1 qAz\ =, 5= 1 qAx
d v - 0 .14
* C“Ku 24p) e Yt (g g, )Y (5:.14)
j—1
. . 1 qAx 5~ 1 qAz\ = .
+;d(cj_scj_s+1){<l2 24}9)\11 L+ 6\1:k+ < + S > k+1} k=23,...,M, j=2,3,...,N+1.
Combining all the Eqs. (5.14) for k = 2,3,..., M with initial and boundary conditions given in Eq. (5.9) and Eq.
(5.10) we will get a system of M — 1 Eqs. Wlth M — 1 unknowns W), ¥}, ..., ¥4 which can be represented in matrix
form as
j—1
AW = D(d {éjlwl +) (G- — éjs+1)WSD +BF/ +E/, 1<j<N. (5.15)
s=2

(&)
ENE
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where W7 = (\if%,~§...,\II§M)T,andFj:(f{,fg,...,f{/IH)Tand
I e o .. 0 0 0 Z — ¢ Hl)é\if{—i—déj,lé\i/}—mf!{
¢ I © 0 - 0 0 0 0
A= SR B = : ;
0 0 0 0 6 II © ‘ 0 |
0 0 0 0 0 6 I S d(Ejs — Cjos1)OWS, L, +dE 1O, —OW),
0 f} © 0 0 0 0 0 f} cf) 00 =~ 00 0
0 6 I 6 0 0 0 0 6 I 6 0 0 0 0
B={f: + + + ¢+t 1 1], D= : : e
00 0 -~ 0 6 ome o 0 0 0 0 6 r:[ (f)
0 0 0 0 0 6 I 6 0 0 0 0 0 6 I
— r 2 Az qr | dé dé1qAz 2 r 2 dé — r
Where@:(Mqu—fIszrzgx—zz;iJrﬁ— >ip )7H=(A§2+5’6+<‘§Z,+5601),®:(Afz+12—1"2p—

q Az gr déy déiqAx n_ 1 _gAz 1 _5 o _ 1 qAx
2Ax 24p+ + 24p ’9_ H_6’9_12+2 .

5.3. Compact L2 — 1, Scheme. In this section, a difference scheme of order ((At)? + (Ax)*) is constructed for
problem (2.15)—(2.16). Now consider, m(z,t) =§ D&W(x,t). At the point (vx,t;1,), we have

m(zk, tiye) =0 Df, W(wk,tjio)- (5.16)
Using Eq. (3.20) and Eq. (5.16), we get
Atl—e ' ~(j,)

m(@k, tjto) = T2—a) Sz:; 525 Wi (5.17)

=d Y& (g, tagr) — Wlan, L)), (5.18)

with d = I‘(2 ) Now using Theorem 4.1 with v1 = —p, v2 = —¢, 73 = —7, Eq. (5.2) at the point (z%,t;4+,) can be

written as

Ax? 2 A
|:p - =2 (7” + i)>:| 6a2cql(xk7tj+0) + [ q-+ éqp:| 6I\Il(xkatj+fr) + T\Il(xkvtj+fr) =

q Ax? Az? (5.19)
@k, tjto) — m(ze, tito) + ;féz(f(xkvtj+a) —m(zg, tjto)) + ﬁﬁ(f(xk,tjw)
—m(zk, tjto)) + 71
Now let W77 = W(zy, tj1o) and fi17 = flzp, tjro), (K=1,2,...,M +1;5=1,2,...,N +1). Using Eq. (5.19) and
(5.18) and then using Eq. (4.1) and Eq. (4.2) we get

2 2 2
- r Az qr ; 2 5r ; - r Az qr ;
( 1 +qq)\pﬂ+“+<p++qp)x113j”+<p+q -1 =2 q)\l/ﬁ‘{

Az? 12p  2Az 24 p ) k1 Az2 6 6 Az2 12 12p 2Ax 24 p
1 qAx jro D v | 1 qAa: ito 1 qAx
P — E— —d| = - == § s( — U5 5.20
<12 24p>f f 12 + fk+1 24p C] k 1) ( )

5 & N s R 1 qAx s it+o .
_dZCjS(\I}kJrl_\Ilk)_( 24p>dz Cji—s( k+1 k+1)+Ri+ v k=23,... .M, j=12,....,N+ 1.
s=1 s=1
B8O
BE
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€.
2 2 2
-p T q q Az qr o -p , T q q Az qr\ o
= -2 4L 1 =1 —_ g = 2 2 L1 |y
<A$2+12 12p+2Ax 24 p> + -+ p) k +<Am2+12 12p 9Az T 24 p> k1

1 qgAx jro 5 gito q T J+U . 1 qAa: 5 4 1 qgAz\ _,
=== — 4= dé; ! v — + =2
(12 24p>f f 24p Tirn Hde | 15 24p ) A AT 24p ) KFL
J
_ _ 1 Az 5 1 Az _ 1 Az
+ > d(@- —cjsm[(lz o )\1; LU+ ( +2 ) kﬂ} - dcoK - qp)@]“ 1 Dy

127 24p
1 qAI j4+1 j+o .
gt ag, )| RIS k=23 M =12 N (5.21)

6

where Rfja = O((At)>~* + (Ax)*), and the discretization of boundary and initial conditions is given in Eq. (5.5) and
Eq. (5.6). Applying linear interpolation between t;1 and t; for term ¥(zx,t;4,), we have

Wkt o) = oW ti1) — (0 — 1)W(ag, 1) + O((AD?). (5.22)
Using Eq. (5.22), Eq. (5.21) becomes
—op + or % n oq oAxg dég _ déoqAx \IIJ'H n o2p  obr a.q2 > dbcy ‘I’gjl
Az? 12p  2Ax 24 p 12 24p Az? 6 6p 6

N <Jp or oq oq oAz qr N déo N dEOqAx) JH1 < 1 qdm>fj+g fJJH,

Az2 12 12p 2Az 0 24 p | 12 24p 12 24p

e A e
N <(0;;2)2p Lo —61)57“ Lo —6p1)q2>\1,i N (—(2;21)29 G Izl)r (o ;211))612 B (OQ—Aglc)q
G 21)qu;)\pg€+1 bdéy [(112 ﬁ;’)m L (112 N qﬁx) W] + Zd ERN
{(112 - ‘ﬁ}f)xp it 2\1/2+ (112 +qu;) 2+1] + R k=23,...,M, j=1,2,...,N+1. (5.23)

and the discretization of boundary and initial conditions is given in Eq. (5.5) and Eq. (5.6). Let’s denote \ili be the
approximate solution of ¥ and neglect the error term R?g in Eq. (5.23), we get

< op oq? oq ocAx qr - déy déoqA:c)\I/]_H n <02p abr oq? d550>®j+1
k

Az? + 12p + 2Ax 24 p 12 24p Az? 6 6p 6

—op or oq oq oAz gr déy  déogAz\ z g 1 qdz +U o, 1 qA:E ‘o
or o4 99 02xgr aco it — [ = j j 92T L
+ <Aw2 12 12p  2Ax T P HETI 24p k+1 12 24p Jiz f 2t Jitn

+<(Jl)p+ (071)7,7 (071)q2+ (0‘—1)q7 (01)A$Z>@i_l+((gl)2p+ (071)57“+ (071) )\Hc

Ax? 12 12p 2Ax 24 Ax? 6 6p
—~(c—1p (6—1r (c—-1¢* (60—-1)q (0c—1)Ax qr 1 qAz 5=
— W/ dé ol \Il
+ < A2 T 12 12p N TR D A A AT YFY A S
1 gAz)\ -+, J _ _ 1 qAx 5~ 1 qAz)\ -,
+ <12+24p>‘1’k+1} +Sz::2d(0j—s—6j—s+1) o 2p Wi+ G‘I’H' 7 2 Vil
k=2,3,...,M, j=1,2,...,N+1. (5.24)
Now combining all the Eqgs. (5.24) for k& = 2,3,..., M with initial and boundary conditions given in Eq. (5.9) and
Eq. (5.10) we will get a system of M — 1 equatlons Wlth M — 1 unknowns \Ilé, \Ilg, .. \IIM which can be represented
an
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in matrix form as

J
PYit! = Q(d [5]-13/1 +) (Eos - éjsﬂ)YSD +UY? + SFIt? LRI, 1<j<N. (5.25)
s=2
where Y7 = (W3, W) ..., Wy )T, V7 = (U], 0] ..., 0, )T and Fi+e = (f{77, (7 . f17)7 and
w K 0 0 -~ 0 0 0 I d(Ejs = Cjmspr) A5 + dj_ p0F — @It
p w k 0 -~ 0 0 O 0
P=|: o0 N : :
0 0 O 0 uw w kK ‘ 0 ‘
000 0 0 p w Lo d(Ems = &) RSy + 8 RTY kTG
i@ & 0 0 0 0 0
0 4o w R 0 0 0 0
v=|: o R P
00 0 0 4 & & 0
0 0 0 0 4o w &
w Kk 0 0 0 0 O i © & 0.0 0 0 0
ip @ k0 0 0 0 0 @ w- K 0 0 00
Q=|: : : o os= : SRS ¢
0 0 0 0 4 @ & 0 0-0 0 n ©® K O
0 0 0 0 0 o 0 0 0 0 0 o & &
where
—op or og? oq oAz qr déy dégqAx o2p  obr  oq®  5dé
P=\ s T35 " 79 T ors— —t = - ) w=|7rst—+—— )
Ar?z 12 12p 2Ax 24 p 12 24p Ax? 6 6 6
o —ap_'_air_aiq?_ oq aA:vg dég  déggAx ~_i_qAx —ék—i qAx
S \A22 12 12p 2Ax 0 24 p 12 24p )’ F= 12 2p’ " 67 12 24p’
i= —(0—1)p+(a—1)r_(a—l)q2+(a—1)q_(U—l)Axg o= (0—1)2p+(0—1)57"+(a—1)q2 |
Ax? 12 12p 2Ax 24 P Ax? 6 6p
i (o= e-Dr (-1 (0-Dq  (0-DArgr
N Azx? 12 12p 2Azx 24 p )

6. STABILITY AND CONVERGENCE ANALYSIS

6.1. Stability Analysis. In this subsection, we will use the Fourier analysis method to analyze the stability of the
proposed scheme Eq. (5.24) for the problem (2.15)—(2.16). Let W4 be approximate by ¥;. Now for j =1,2,...,N+1.
Define the error EJ as

E] =W — . (6.1)
Using Eq. (6.1), we get the error equation as

<0p or 0q¢® L o4 ocAxqr  déy dEOqAx)Ej+1 <02p abr oq? n d550)Ej+1

Az2 12 12p  2Ax 24 p 12 24p 1T\ Az2 T 6 6p 6 k

N <Jp or og? oq oAzgr dé déoqAx>Ej+1 B <(U -Up (oc-DLr (o-— 1)q? N (c —1)g

Az2 12 12p 2Az ' 24 p | 12 24p k1 ™ A2 12 12p 2Nz

(o 1)qur>Ei + ((O’— 1)2p n (o0 —1)5r n (0 — 1)q2>E~iJr (—(O’— Dp n (c—1r (0—1)¢?

Az? 6 6p Az? 12 12p
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(c—1)q , (6 —1Azgr 1 qAz) - 5~ 1 qgAzx
~ A T » Bl +dej T o E;,1+6E,1+ 12+24 Bty (6.2)

J
. . 1 qAx 5 1 qAx .
+s;d(cj_scj_s+l)[(12 24p)E 1+6Ek+< 2 >Ek+1}, k=2,3,...,M, j=1,2,...,N +1.

and E{ = E%/I—H =0. For j=1,2,...,N + 1, let us define a function

Ej(a:):{ El, if a_ 1 <x<xk+A7k—23 LM, 6.3)
0, if Dl<a:<Dl—|— xorD——<x<D
and let B = [E%, E‘g, ce E{VI] and let us consider norm
M 3 oo 3
1B |2 = <Z AfElEZF) = ( > IXj(l)|2> : (6.4)
k=2 I=—o0

where y; (1) denotes the Fourier coefficient of the series E7(z). Then, the error Ei can be expressed in terms of these
coefficients as follows:

Ei = yjer Prtkdn) oy — /T (6.5)
Now substituting Eq. (6.5) into Eq. (6.2) we get

w(Di+kAx) | [ —op | OT o> oq ocAx qr déy  déoqAwx R ZUp aq 5déo
Xi+1€ st S5 " Tor Tt S5 T 5 — 3 -
Ax 12 12p  2Ax 24 p 12 24p Ax 6 6p 6
+ —op  or LqZ _oq aAa:g dco déoqAx (A otp(Dy+kA) —(o — (o —=1)r
Az?2 12 12p 2Ax 24 p 12 24p Aa;z 12
A R G N (- T T 1>q2 ~(o-1p_ (o 1r
12p 2Ax 24 D Ax? Ax? 12
(c—1)¢ (c—1)q  (c—1DAzqr\ ,,a - (D, +kAx) | 1 inl’ —pA 5 1 qAx A
_ _ qr LpAx dé: wp(D; x L LpAx 9 LpAx
12p oAz 24 p )¢ tagaxie 12 24p )¢ te T\t )°
1 qAT\ _,,A 5 1 qAx A
d . — s tp(Dj+kAx) LpAx LpAx 6.6
+ SZQ Cj— Cj—st+1)Xs€ 12 7241) € + + 24p e , (6.6)

k=2,3,...M, j=1,2,...,N + 1.
Which implies

—20p oq® dég 20p  Bor oq®  5déy —oq oAxqr qAxdé
, il A S A 2007 L Y4
Xjtt H Az +% 6 op e AN T At S Y T e T B T 12 T 13

6p
i A Gi_ Azde; !
LSin(pAl‘)] = {dCJ ! czs(p 2) + 5d66] ! + a alj;l;J 1Lbln (pAz) } [Z(éj—s - 5j—s+1)(66l cos(pAr) + —
s=2
2

. quxLSin(pr))]Xs .\ H “2Ac-Up, (0-Ur (0-1) }cos(pm) . {2@ “1)p

12p Ax? 6 6p Az?
5 —1r (o—1)¢? —(c—1)q (0o—1)grAz) .
A i 6.7
R N T Gk B e vsin(pAz) | x; (6.7)
Define &; = 2 + % s(pAzx), Sy = A sin(pAx), I3 = (;ig +§ - q*) cos(pAzx) + ((ﬁf)z + % + %)v
Sy = (L — Alggr) in(pAx). Thus we can write Eq. (6.7) as
1 J
Xat1 = 5085 = 1Sa) + déo(S1 + 132) {d%‘l(%l +iS2)x1 Y (Es = Earn) (S +182)Xs + (7= 1)(Ss — 18)x;

s=2
an
BE
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a1 + L%g)

J
= Cj— Cj_s — Cj_
o(S3 — 1¥u) + déo (1 + ¢32) [ g-at ;( e SH)XS} - a(

(U — 1)(%3 — L%4)

3 — L%4) + déo(%l + 1S9

X (6.8)

Taking modulus both sides in Eq. (6.8) we have

A3 + 13) i I i (0 —1)(S3 — 1S4)
< - R S ; 1. (6.9
Xl <1 TG TS + deo (0 108y | F 3222(‘33 o = Gt )Xs || T 55y = 00y) + dio (01 + 05y | (69
| d(©1182) (0= 1) (S5 —1S4) _ A(S1+:S2) _ (—1)(S3—1S4)
Now, define ¢1 = | 5 =5 0 Fa0 (5,705 | 92 = |55 =00 1de (01559 |0 A 03 = | Smamis,)1dig (5, 1055y | - Lhen
we have the following stability result.
Theorem 6.1. The numerical scheme (5.24) is stable when ¢1 <1, ¢g <1, ¢3 < 1.
Proof. We have to prove,
i+l < Chal, 5> 1, (6.10)
where, C' is any arbitrary constant.
If ¢ <1, for j =1 Eq. (6.9) reduces to
X2l < Clxal- (6.11)
Thus, Eq. (6.10) holds for j = 1. Now assume that Eq. (6.10) holds forj <i— 1. i.e.
X+l < Chal, 5=2,3,...,i— 1. (6.12)
for j =1, Eq. (6.9) becomes
i—1
IXi41] < {(2—1)(1 + ) (Eims = Esr1)Xs + (@0 — 51)Xi] + (o = Dllxal, (6.13)
s=2
ie.
- i-1
i1l < |éalxal + ) (G — Eimspr)lxsl + (@ — 51)Xi|} + (o = Dllxil- (6.14)
- s=2
Using Eq. (6.11) in Eq. (6.12), we get
- i—1
ita] < |@ilxal + Y (G = Gosrn)xal + (G0 — 51)|X1] +[(o = Dllxal
- Vi (6.15)
< dolxal + o — 1|xal

<C Ix1]-

Hence for j = i the result holds. Therefore, by the principle of mathematical induction Eq. (6.10) is valid for every i.
ie.

IXj+1l < Clxal, 5> 1. (6.16)
For j =1, Using Eq. (6.4) and Eq. (6.16), we have

W“m(Z |><j<z>|2> s(Z |éxl<l>|2> <|C] 1B I, (6.17)

l=—00 l=—00

[NE

Therefore, it follows that
IE7 |2 < |CTIEY|:- (6.18)
Hence, proof of Theorem 6.1 is completed. (]

(=)=
E)NE
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6.2. Convergence Analysis. In this subsection, we will analyze the convergence rate of the numerical scheme defined
by Eq. (5.24). Here we assume that 7, is the solution of Eq. (5.24) and U, is the approximate solution of Eq. (5.23).
Now subtracting Eq. (5.24) from Eq. (5.23), we have the error equation as

( op or og? oq oAz qr  dig déoqA:c) ]+1+<a2p obr  o¢? d550) 41
or _ 99 v

A2 12 12p T2Ar T 24 p T2 24p A2 6 Tep e )
L (zop or Lq2 oq | cAzgr L dug chqAx it (c—1)p n (c—1) (0 —1)¢?
Az2 " 12 12p 2Az 0 24 p 2ap ) kLT Az? 12 12p
(c—-1)q¢ (0—1)Azqr\ ; (0 — 1)2p (0 — 1) (0 — 1) j —(c—-1p  (o—1D)r
+ 2Ax 24 P Vi1t Az? Vit Ax? + 12
(c—1)¢*> (0—-1)q (c—1)Ax ar 1  qAz 5
_ _ d s — s _ = S_ — 4,8
12p oA T p )T z; Cims = Cimstt) |\ 15 ~ gy Vi1 TGV
+ 13+ gg, Y| FRE k=230 M =12 N L (6.19)

where I/i = \IlfC —\i!f;, with
v =0, vl =0, vp=0k=12..,M+1 j=12... N+1 (6.20)

Now, we define the grid functions as:

, 7, if < k=2, M
Ri(z) = Ry, if zy_1 <z :z:kJrA , 3,. ) (6.21)
0, if Dl<x<Dl—|— z01rD— <;13<DT,
‘ Joif < k=2, M
Vi(z) = Vo i a1 < $k+A ) 3,. ) (6.22)
0, if Dl<a:<Dl—|— ””orD— <90<DT7
and assuming 1/ = [yg,yg,...7yi4]T, and R/ = [R;R%,...,R%]? Let’s define the following norms for j =
1,2,... N+1

1

||R7|]y = <ZA$|R ) :(Z |gj(k)|2> L ji=1,2,...,N+1, (6.23)

k=—o0

N

and

=

M fe’e] %
[]]o = (Zmp;ﬁ) = ( > |§j(k‘)|2> ,j=1,2,...,N+1, (6.24)
k=2

k=—o0

where the functions R’(z) and v/ (z) have Fourier coefficients denoted by ¢;(k) and ;(k) respectively.
Now, choose Rj, and vj as

Ri _ Cjebp(DH-kAw)’ V]z _ §j€bp(Dl+kAm). (625)

(&)
ENE



18 S. TAREI, A. KANAUJIYA, AND J. MOHAPATRA

Substituting Eq. (6.25) into Eq. (6.19) we have

Az2 12 @+ 2Ax 24 p 12 24p Ax?
S5or  oq? 5déo> N (—ap or oq? oq ocAxgr dég dEOqAx)eLpAI)]

2 ~ ~
ngeLp(DchAm) [(—ap or  oq oq olAxgr dé dCO‘IAx)eLpr N <20p

TS T e A2 "1 T2p %Az 24 p T 12 T T omp

_ <jeLp(Dl+kAw) |:(—(0' — 1)p + (U — 1)T _ (U — 1)(]2 + (U — 1)q _ (0 — 1)A$ W)e—LpAw

Ax? 12 12p 2Ax 24 P
n (0—1)2p+ (0—1)5r+ (0 —1)¢? n —(0—1)p+ (c—=Dr (0 —1)¢? (e —1)q
Ax? 6 6p Ax? 12 12p 2Ax

(0 —1DAzgr\ ,,a I _ D 1 qAz\ _ 5

147\ wpAx d(Gi s — Ci_q ; vp(Dy+kAz) I LpAx hd

+ o » e + S; (€ Cj_s41)Ss€ 5 21p e + 5
1 qAac LpAx vp(Di+kAx)
i (12 o )e T Gie '

Using same S1, S, Sz, 3y as define in Subsection 6.1 the above equation can be written as

1
d
o (S3 — 1Syq) + déo (S +132) {

Sj+1 =

j

Z — Cjmst1)(S1 +182)6s

s=2

+ (0 = 1)(S3 —1Su)s; + Cj+1}

(6.26)

d(31 + ¢ J _
- P (4)1+ F oy {222 Cj~s+1)§s:|
(0 —1)(33 — 134) Gt
(S5 — 134) + deg(S1 +1S2) 7 (I — 134) + déo(S1 + 132)°
Fork=1,2,...,. M+1, j=1,2,..., N + 1, 3 a'positive constant lets say By such that
Rl < Bi((A1)* + (Ax)"). (6.27)
Now using Eq. (6.23) we have

[1B]2 = (Z Awm;vz)

k=2

M 2
< (Z AxBy((A1)” + <M)4)2>

k=2

< B ((At)? + (Az)*), By = /MAzBy, j=2,3,...,N +1. (6.28)

. 1
Since from the above ||R[|, is convergent, so using Eq. (6.23) we can easily say that (3,7 [¢;(1)[*)? converges.
Therefore, 3 a positive constant say By such that

G = 1G] < B2AL G| = Ba|G2(D)], j=2,3,...,N+1. (6.29)
d(S$14132) (0—1)(S3—1S4)
Theorem 6.2. If | 5, =5 )5 (51 5:53) s | TS =S T (51 1153) » | ms eS| = 1 then for
j=1,2,...,N the following holds true for Eq. (5.24)
7 o < Az(1 + AL Gl (6.30)

(=)=
E)NE
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Proof. To prove the above theorem we will use mathematical induction. Now substituting j = 1 in Eq. (6.26)

(0 —1)(S3 —S4) G
(S5 — 150) + deo(S1 +152) L T 5(S3 — 154) + do (51 + 159)
<lo = 1] [a] +1¢|
< As(1+ At)?IGe|  (Assuming |0 — 1] [a1] + |G| < Aa(1+ At)%|Co]).-
Thus, for j = 1 Eq. (6.30) is true. Now assume that for j < k — 1 the Eq. (6.30) holds.

52| =

i1l < Ae(1+ ALY TG, 7=1,2,...,k— 1. (6.31)
Forj=k—1:
k—1
5kl < ) (Ch—s—1 — Ch—s)lss| + |0 — Lf|sk—1] + [Cxl
s
<Y (Eros1 — hs)Ax(1 4 AL)*|G| + Ax(1 4 At)¥|¢o|  (assuming|o —1)|sp_1] + || < Ao (1 4 At)¥|Ca|)

< (8o — Ep_2)(1 + AT Ay|Co| + Ax(1 + AL)F| (|

< Ay

Go|(1+ A {m n 1] (0 — Eno < 1)

< AzlGo|(1+ Ab)F. (A3 = 245)

(6.32)

Hence for all j > 1, it is true i.e.

i < Aa(1+ At)7|Co.
So

|1l < Ag(1 4 At) Tl
Hence the theorem proved. O
Theorem 6.3. Let U(x,t) be the exact solution of the Fq. (2.15) and if o(sg—éjizg(zi)h-ﬂ%?) <1, a(%g(—i?sgfﬁég(bgfib%) <
1, 6(33*L34)+1d€o(31+b§2) < 1, the proposed numerical scheme defined in Eq. (5.24) is Lo-convergent and the resulting

solution satisfies
17]]2 < A((A1)? +(Ax)?). (6.33)
Proof. Consider the Eq. (6.24),

1

1v7]]2 = ( > |<j(l)2>

l=—00

M

< ( > (A(1+ At)j|<2(z))2) (using above theorem)

l=—00

= Ax(1+ At)? ( > |<2<l)|2>

l=—o00
= Ay(1 + At)?||R?||2(using Eq. (6.23))
< A1 Ao (14 At ((A)? + (Ax)?)



20 S. TAREI, A. KANAUJIYA, AND J. MOHAPATRA

Option price
Option price

10 ‘ ‘ ‘ ‘ ‘ 10
0 20 40 60 80 100 120 0 20 40 60 80 100 120
s 5
(A) L1—2. (B) L2 — 1,.

FiGure 1. Call option prices of Example 7.2 at different o for M = N = 100, § = 0.25, r = 0.05,
K =50,T=1,and D =0.

< A Are? (A2 + (Axz)?)

< A((At)? + (Ax)h). (6.34)
where A = A; AyelUAY),
Hence, proof of Theorem 6.3 is completed. O

7. NUMERICAL EXPERIMENTS

In this section, some numerical experiments are carried out to establish the accuracy and effectiveness of the
proposed schemes. Also, the results obtained by the proposed L1 — 2 and L2 — 1, scheme are compared with those
available in the existing literature.

Example 7.1. Consider the double barrier knock-out, European-type call option given by

0°®(S, 1) 502 0%®(S, 1) oD(S, 1)
_— —_—— —D)—————= —Srd = 1,1 1). 1
5o +S 5 9g2 + S(r ) 35 Sr®(S,7) =0, (S,7) € (0.1,100) x (0,1) (7.1)
This problem is subject to the terminal and boundary conditions:
O(S,T) = max{—K + 5,0}, ®(0.1,7) =0, ®(100,7) = 0. (7.2)

The parameters used in this model are volatility § = 0.45, risk-free interest rate r = 0.03, strike price K = 10, maturity
time T = 1(year) and the dividend yield D = 0.01.

Here we explore the influence of « on the pricing of the double barrier option. The underlying problem is numerically
solved by using both L1 —2 and L2 — 1, scheme. Figure 2 shows the numerical value of the price of the double barrier
option for different values of o (0.3, 0.5, 0.7 and 0.9) with fixed M = N = 100. From Figure 2, It can be seen that,
under the TFBS framework, the option price tends to be lower when the stock value is below K, and becomes higher
once it surpasses K. From Figure 2, we can clearly say that fractional-order derivative has a significant impact on the
behavior of the solution.

Example 7.2. Consider the European-type call option on the domain (S,7) € (0.01,100) x (0,1). The problem is
subject to the following terminal and boundary conditions:
O(S,T) = max{—K + S,0}, ®(0.01,7) =0, (100, 7) = 100 — K exp(—r(1 — 7)). (7.3)

(=)=
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FIGURE 2. Double barrier option prices of Example 7.1 at different o with fixed M = N = 100.

TABLE 1. L error and OOC of Example 7.2 (non-smooth case) for L1 — 2 and L2 — 1, scheme with
§=0251r=005K=50,T=1,and D = 0.

M L—12(N =100) OOC [L2—1,(N=100) OOC
a=089 32 2.71e-01 1.34 2.71e-01 1.35
64 1.07e-01 2.13 1.06e-01 2.12
128 2.44e-02 2.07 2.44e-02 2.07
256 5.83¢-03 - 5.82¢-03 -
a=094 32 2.786-01 1.36 2.78¢-01 1.36
64 1.086-01 2.20 1.08e-01 2.21
128 2.35¢-02 2.08 2.34e-02 2.08
256 5.57¢-03 - 5.55e-03 -
a=099 32 2.85e-01 1.37 2.85e-01 1.37
64 1.10e-01 2.29 1.09e-01 2.28
128 2.25e-02 2.08 2.25¢-02 2.09
256 5.31¢-03 - 5.29¢-03 -

The exact solution of Example 7.2 is not available. In order to estimate the errors, we employ the double mesh
principle. Let <I>kMJ’-N denote the approximate solution at the grid point (S, 7;), where M, N are the spatial and time
discretization parameters, respectively. We find the L, error as

M,N _ M,N _ £2M,N
_lggéaﬁ-&-ll(bk’]v s (SvaN)|)

€

and the order of convergence (OOC) is computed as
cM.N
Table 1 presents the L, error and the OOC of L1 — 2 and L2 — 1, schemes for a non-smooth payoff, using the

parameters 6 = 0.25, r = 0.05, K = 50, T = 1(year) and the dividend yield D = 0. Table 1 shows that L1 — 2
and L2 — 1, schemes achieve only second-order convergence using the double mesh principle. To achieve the fourth
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TABLE 2. L error and OOC of Example 7.2 (smooth case) with for L1 —2 and L2 —1,, scheme with
e=10, 6 =0.25, 7 =0.05, K =50, T =1 and D = 0.

M L—12(N=100) 00C L2-1, (N =100) OOC

a=0.89 32 1.90e-02 0.47 1.91e-02 0.47
64 1.37e-02 3.86 1.38e-02 3.87
128 9.45e-04 4.02 9.45e-04 4.03
256 5.81e-05 - 5.80e-05 -

a=094 32 1.99e-02 0.40 1.99e-02 0.40
64 1.51e-02 3.92 1.51e-02 3.92
128 1.00e-03 3.94 1.00e-03 3.94
256 6.50e-05 - 6.50e-05 -

a=099 32 2.07e-02 0.32 2.07e-02 0.32
64 1.66e-02 3.99 1.65e-02 3.99
128 1.04e-03 3.76 1.04e-03 3.76
256 7.65e-05 - 7.65e-05 s

TABLE 3. Comparison of Ly, error and OOC of Example 7.2 (smooth case) using L1 —2 and L2 — 1,
scheme with A =0.01, B=40, e=10, 6 =0.3r=0.04, K =10, T =1and D = 0.

M Cen[23] 0OC Ahmad[l]] 00OC L—12 00C I2-1, 0OC
(N = 1024) (N = 100) (N = 100)
a=01 64 120003 203 37803 200 107e-04 397 10704 3.97
128 2.94e-04 202 9.48¢-04 2.09  6.78¢-06 3.99  6.78¢-06  3.99
256 7.23¢-05  2.01 22204 214 4.28-07 4.00 4.28¢-07  4.00
512 1.79¢-05 - 50505 -  267e08 -  267e08 -
a=03 64 115603 1.99 3.60e-03 2.00 7.48-05 3.99 7.47e-05 3.99
128 2.79e-04 204 9.03¢-04 200 4.71e-06 3.99  4.70e-06  3.99
256 6.88¢-05  2.02 226004 209 297e-07 4.00  2.96e-07  4.00
512 1.71e-05 - 53205 - 18508 -  1.85e08 -
a=05 64 110003 204 341e-03 2.00 525e-05 3.96 5.23e-05 3.96
128 2.68¢-04 212  855e-04 2.00 3.36e-06 4.00  3.35¢-06  4.00
256 6.16e-05 < 1.91 2.14e-04 205 2.10e-07 4.00  2.09e-07  4.00
512 1.64e-05 - 516e05 -  1.31e08 -  1.31e-08 -
a=07 64 108603 203 32203 200 4.67e-05 3.98 4.66e-05 3.98
128~ 2.65e-04 202 8.05e-04 201 296e-06 4.00 2.95¢-06  4.00
256 6.55¢-05  2.01 2.00e-04 217  1.85e-07 4.00 1.84e-07  4.00
512 1.63e-05 - 445e05 - 1.16e-08 - 1.15e-08 -
a=09 64 1.14c-03 203 3.05e-03 1.98 512005 3.98 5.10e-05 3.97
128 2.79e-04 202 7.72e-04 215 3.25¢-06 4.00 3.25¢-06  4.00
256 6.89¢-05  2.01 1.74e-04 214  2.03e-07 4.00 2.03e-07  4.00
512 1.71e-05 - 394e05 - 1.27e-08 - 127e08 -

order convergence of L1 — 2 and L2 — 1, schemes, we transform the non-smooth payoff condition by a smooth payoff
O(S,T) =¢&(S — K) using the function £(z) [15] as

x, T > —€,
&(x) =< co+ecr(n) +ea(x?) + -+ egr?, —e<x<e, (7.4)
0 T < e

(=)
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F1GURE 3. Put option prices of Example 7.3 at different o for § = 0.25, » = 0.05, K = 50, T' =1,
and D =0.

Wherecoz%, 012%, C2:%7 c3 =0, 04:—%, cs =0, 06:#, cr =0, 08:%, cg = 0 for € > 0.
Due to the smoothness of £(x), the error is significantly reduced, resulting in a higher convergence rate. With € = 10
in Eq. (7.4), fourth-order convergence in space is observed, as shown in Table 2. Table 3 compares the L, error and
the order of convergence (OOC) for the L1-2 and L2-1, schemes, along with the results reported in [1, 23], using the
smooth payoff function (S — K). For comparison purpose in Table 3 we consider the spatial domain (0.01,40) and the
parameters we used for simulations are § = 0.3, r = 0.04, K'= 10, T =1 year, and D = 0. Cen et al. [23] employed a
fine temporal discretization with N = 1024, the proposed method attains higher accuracy using a significantly coarser
temporal grid (N = 100) by varying the number of spatial steps M. This demonstrates the enhanced efficiency and
accuracy of the developed schemes. We apply L1 — 2 and L2 — 1, scheme to solve the Example 7.2 for different
values of o with fixed M = N = 100. Figure 1 illustrates the call option prices computed using the parameters
0=0.25r=0.05, K=50,7=1and D = 0. From Figure 1, we can notice that the call option price is affected by
the fractional derivative order. Figure 4 shows the surface plot of the approximate solution obtained using the L1-2
and L2-1, schemes. The simulations were conducted with parameters § = 0.25, » = 0.05, K = 50, T =1 (year), and
D =0.

Example 7.3. Consider the European type put option on the domain (S,7) € (0.1,100) x (0,1). The problem is
subject to the following terminal and boundary conditions:

O(S,T) = max{K — 5,0}, ®(0.1,7) = Kexp(—r(1 — 7)), ®(100,7) = 0. (7.5)

The exact solution of Example 7.3 is not available. To estimate the numerical errors, we employ the double mesh
principle as described in the preceding example. Table 4 shows that L1 —2 and L2 — 1, schemes achieve only second-
order convergence using the double mesh principle with parameters 6 = 0.25, r = 0.05, K =50, T'=1and D = 0. To
achieve the fourth order convergence of L1 — 2 and L2 — 1, schemes, we transform the non-smooth payoff condition
by a smooth payoff ®(S5,T) = {(K — S) using the function £(x) as defined in Eq. (7.4). Because of its smoothness,
this approach reduces error, resulting in a better convergence rate. By taking e =5 in Eq. (7.4), we get fourth-order
convergence in space given in Table 5. Table 6 compares the Lo, error and the order of convergence (OOC) for the
L1-2 and L2-1, schemes, along with the results reported in [8], using the smooth payoff function £(K —S) with e = 10.
The parameters used in the simulations are § = 0.1, r = 0.01, K = 50, T' =1 (year), and D = 0. Kazmi [8] employed a
fine temporal discretization with N = 2048, the proposed method achieves superior accuracy even with a considerably

(&)
ENE



24 S. TAREI, A. KANAUJIYA, AND J. MOHAPATRA
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FIGURE 4. Approximate solution of Example 7.2 for « = 0.89, M = N =100, § = 0.25, r = 0.05,
K =50,T=1,and D =0.
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FIGURE 5. Approximate solution of Example 7.3 for o = 0.89, M = N = 100, 6 = 0.25, » = 0.05,
K=50,T=1,and D =0.

coarser temporal grid (N = 100), by varying the number of spatial steps M. This highlights the improved efficiency
and accuracy of the developed numerical schemes. We apply L1 — 2 and L2 — 1, scheme to solve the Example 7.5 for
different values of « with fixed M = N = 100. Figure 3 shows the put option prices on the domain S = [0.1,100] with
parameters § = 0.25, r = 0.05, K =50, T =1 and D = 0. From Figure 3, we can notice that the put option price
is affected by the fractional derivative order. The surface plot of the approximate solution obtained by L1 — 2 and
L2 — 1, schemes is shown in Figure 5. The parameters used are § = 0.25, r = 0.05, K = 50, T'=1 (year), and D = 0.
a0

o0
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TABLE 4. Lo error and OOC of Example 7.3 (nonsmooth case) for L1 — 2 and L2 — 1,, scheme with
0=0.25r=0.05 K=50,T=1and D=0.

M L-12(N =100) 00C L2-1,(N =100) OOC

a=089 32 2.71e-01 1.34 2.72e-01 1.88
64 1.07e-01 2.13 7.37e-02 2.21
128 2.44e-02 2.07 1.59e-02 2.25
256 5.83e-03 - 3.34e-03 -

a=094 32 2.78e-01 1.36 2.79e-01 1.94
64 1.08e-01 2.20 7.26e-02 2.26
128 2.35e-02 2.08 1.52e-02 2.26
256 5.57e-03 - 3.18e-03 -

a=099 32 2.85e-01 1.37 2.88e-01 2.01
64 1.10e-01 2.29 7.14e-02 2.30
128 2.25e-02 2.08 1.45e-02 2.26
256 5.31e-03 - 3.02e-03 -

TABLE 5. Ly error and OOC of Example 7.3 (smooth case) with e =5 for L1—2 and L2—1, scheme
with 6 =0.25, r =0.05, K =50, T =1 and D = 0.

M L—-12(N =100) OOC. L2 —1,(N =100) 0OOC

a=089 32 8.41e-02 4.05 8.70e-02 3.60
64 5.06e-03 4.18 7.16e-03 3.90
128 2.79e-04 4.07 4.79e-04 3.95
256 1.66e-05 - 3.09e-05 -

a=094 32 8.62e-02 4.05 9.35e-02 3.53
64 9.21e-03 4.19 8.12e-03 3.94
128 2.85e-04 4.07 5.28e-04 3.97
256 1.70e-05 - 3.38e-05 -

a=0.99 32 8.83e-02 4.03 1.01e-01 3.43
64 95.39%-03 4.21 9.34e-03 3.93
128 2.92e-04 4.07 6.12e-04 4.01
256 1.74e-05 - 3.80e-05 -

8. CONCLUSION

In this paper, the numerical approximation of the time fractional Black-Scholes on a uniform mesh has been
considered. Firstly, we transfer the TFBS to a time-fractional diffusion equation by an exponential transformation.
we approximate the time fractional derivative by L1 formula, L1 — 2 formula, L2 — 1, formula respectively. Then, a
fourth-order compact finite difference technique is used to approximate spatial derivatives. Further, we constructed
three compact finite difference schemes with convergence rates O((At) 2= 4(Az)*), O((At)C~) +(Ax)*), O((At)*+
(Ax)*). Truncation error and stability analysis are carried out. Error estimate of order is derived for the proposed
scheme. Finally, numerical examples showed the accuracy and effectiveness of the proposed methods. To show the
effectiveness of the new approach, two numerical experiments with exact answers are carried out. We also used the
suggested approach to price three distinct instances of European options under the time-fractional framework. It has
been noted that a change in the order of the time-fractional derivative has an impact on the option price. We conclude
that the strategy is effective for solving various related time-fractional models governing European options and is in
good agreement with the exact answer for the TFBS model.
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TABLE 6. Comparison of L, error and OOC of Example 7.3 (smooth case) using L1 —2 and L2 —1,
scheme for § = 0.1, » =0.01, K =50, T =1, and D = 0.

M Kazmi[8]  O0C L—12 ooc r1r2-1, 0OO0OC
(N = 2048) (N = 100) (N = 100)

a=0.1 64 3.42e-02 1.98 1.37e-04 3.54 4.73e-03 3.38
128 8.69e-03 2.00 1.18e-05 3.62 4.55e-04 3.96
256 2.17e-03 2.00 9.63e-07 3.97 2.92e-05 3.99
512 5.42¢-04 2.00 6.17e-08  3.99  1.84e-06  4.00

1024 1.36e-04 - 3.88e-09 - 1.15e-07 -
a=03 64 3.28e-02 1.99 3.76e-04 2.04 5.84e-03 3.38
128 8.23e-03 2.00  9.16e-05 3.80 5.61e-04  3.96
256 2.05e-03 2.00  6.59¢-06 3.95 3.60e-05  3.99
512 5.13e-04 2.00 4.28e-07 3.98 2.27e-06 4.00

1024 1.28e-04 - 2.71e-08 - 1.42e-07 -
a=05 64 3.16e-02 2.01  6.69¢-04 226 7.19¢-03  3.51
128 7.81e-03 2.00 1.40e-04 3.93 6.31e-04 3.97
256 1.94e-03 2.00  9.15e-06  3.88  4.02¢-05  3.99
512 4.86e-04 2.00 6.19e-07 4.00 2.52e-06 3.99

1024 1.21e-04 - 3.88e-08 - 1.59e-07 -
a=07 64 3.07e-02 2.03  6.69¢-04  2.31 < 8.88e-03 3.8
128 7.52e-03 2.01 1.35e-04 3.95 6.17e-04 3.87
256 1.87e-03 2.00 8.73e-06 3.99 4.21e-05 4.00
512 4.67e-04 2.00 5.49e-07 3.98 2.63e-06 4.00

1024 1.17e-04 - 3.48e-08 - 1.65e-07 -
a=09 64 3.09e-02 2.04 3.15e-04 2.22 1.13e-02 3.77
128 7.54e-03 2.01 6.76e-05 4.00 8.31e-04 4.02
256 1.88¢-03 2.00  4.21e-06  4.01 5.12e-05  4.00
512 4.68e-04 2.000 2.62e-07 3.98  3.19¢-06  3.99

1024 1.17e-04 - 1.66e-08 - 2.01e-07 -
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