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Abstract ’ 3

The study analyzes the (1+2)-dimensional modified Breaking Soliton equation using classical symmetries and ex-
plores the (1+1)-dimensional heat equation and modified Boussinesq equation through Lie symmetry analysis and
Lie subalgebras. Classical symmetries are derived from the solutions of nonlinear partial differential equations,
and optimal systems are constructed using commutator relationships and adjoint representations. The research
presents new invariant solutions and their graphical analyses, which are valuable for applied sciences and numer-
ical simulations. The solutions explain phenomena such as circular membrane vibrations, heat conduction, and

electromagnetic waves. Wave, contour, and patch contour solutions are used in sound, light, weather forecasting,
medical imaging, and materials science. This paper provides a comprehensive analysis of the generalized single
and double reduction methods, highlighting the significance of inherited symmetries at each stage of the reduction
process.

Keywords. Classifications, Symmetry reductions, Optimal systems, Invariant solutions.

2010 Mathematics Subject Classification. 34A34, 35C20, 58G35 .

1. INTRODUCTION

Partial differential equations (PDEs) are crucial in applied science, modeling nonlinear phenomena. Most applied
PDE models are nonlinear due to their complexity and broad scientific applications in physics, biology, and engineer-
ing [25]. Exact solutions of nonlinear PDEs are crucial for understanding physical phenomena. Various numerical
and analytical methods exist, including the Hirota bilinear technique [34], invariant transformations [47], the homo-
geneous method [15], and Lie symmetry analysis [13, 24]. Effective techniques for explicit solutions include Backlund
transformation and Hirota bilinear methods. Kakuli et al. [23] investigate the conservation laws and multi-reduction
symmetries of the (2+1)- dimensional Zakharov-Kuznetsov (ZK) equation alongside a nonlinear wave equation. Using
the double reduction theory, Naz et al. [36] derived several exact solutions for a class of nonlinear regularized long
wave equations. Bokhari et al. [5], Sait et al. [43], and Muatjetjeja and Porogo [35] have also contributed to the
applications of the generalized double reduction theory. The study by Azam et al. [2] examined nonlinear phenomena
through different methodological approaches.

The heat equation, formulated by Joseph Fourier in 1822, models systems with multiple variables. Mathematicians
have explored its kernels and implicit solutions, applying them to the Atiyah-Singer index theorem [4]. Joseph
Valentin Boussinesq derived an equation for long wave propagation with small amplitude on water surfaces in the late
19" century. Various generalizations exist, including the reformed, modified, and dispersive water wave equations.
This study focuses on the modified Boussinesq (MB) equation. He [18, 19] applied different iteration methods to
their solutions. The application of symmetry analysis significantly enhances the study of both ordinary differential
equations (ODEs) and partial differential equations (PDEs). A highly general and effective method, this theory aids
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in finding analytical solutions for extensive classes of differential equations. A detailed examination of this method is
available in [6, 21, 38, 41]. Lie analyzed the geometry of differential equations and developed their group properties.
He also classified the solutions of the heat equation [33]. Mathematicians expanded on Lie’s work in various directions,
including group classification (Ibragimov [22], Ndogmo [37], Xu et al. [45], Ovsyannikov [42]), the non-classical method
(Bluman and Cole [7]), nonlocal symmetries [32], approximate symmetries [3], and differential constraints [39]. Olver
[38] and Bluman and Cole[8] studied similarity approaches and Lie group applications for nonlinear equations. Hu
et al. [20] explored Lie point symmetries, the optimal system, and exact solutions of the Sakovich equation. This
article analyzes the modified Breaking Soliton (MBS), modified Boussinesq (MB), and heat Equations (3.1), (3.44),
and (3.71), developing optimal systems using subalgebra principles and constructing various invariant solutions.

A Lie point symmetry of a system is a local transformation group that maps each solution to another solution of the
same system. The Lie symmetry method is used to analyze cancer networks modeled mathematically, addressing cancer
cell expansion due to R checkpoint gene dysfunction. Symmetry generators create new similarity transformations for
model reduction. Nadeem et al. [1] studied the thermodynamic behavior of radiative, chemically reactive flow in an
induced MHD Sutterby nanofluid over a nonlinear stretching cylinder. We apply Lie point analysis to find analytic
solutions for MHD flow and heat transfer, presenting results through tables and figures for clarity. Through the
application of LPS, it is possible to derive solutions that maintain invariance under the group’s transformations.
Such solutions, known as invariant solutions, frequently uncover essential characteristics of the differential equation.
Noether’s theorem states that every continuous symmetry of a physical phenomenon corresponds to a conservation law.
These phenomena can be mathematically modeled using PDEs [16, 17]. Various models and situations have benefited
from the broad application of Lie symmetries. This theory enables the derivation of DE solutions through algorithms
that are relatively standard and do not rely on estimates or guesses. Oliveri [40] and Sedov [44] applied dimensional
similarity analysis to develop solutions for certain problems in applied physics. The application of LPS extends to
ODEs, PDEs, nonlinear PDEs, and systems of ODEs and PDEs for obtaining exact solutions. The extensive use of
(LS) does not diminish its potential for further applications in contemporary and evolving physical problems.

Numerous studies [24, 26-31] and books [8, 38] address these topics. LPS analysis is widely used for PDE reduction,
generating new solutions, and classifying DEs. The MB equation is analyzed via Lie symmetry, constructing LPS and
reducing the model to ODEs using invariant transformations. This approach reduces the number of independent vari-
ables from the original PDEs. The equations are transformed into a nonlinear PDE with a single reduced variable. By
further reducing one variable, the PDE becomes a nonlinear ODE that can be solved analytically to produce different
solutions for the model. Druzhkov and Cheviakov [14] derive invariant reductions for partial differential equations.
Chaudhry and Naz [11] explore closed-form solutions for a technology diffusion model through the application of Lie
symmetries.

2. PRELIMINARIES AND LIE SYMMETRY METHOD

We provide an overview of the notation and relevant findings in this section that were used in this article [9, 38].

Consider the PDEs of [*-order system of m independent variables z = (z!,22,...,2™) and n dependent variables
v=(viv?, ..., 0"):
Fo(z,v,01,...,v;) =0, a=1,2,...,n, (2.1)

where vy, ..., v; indicate the all collections of 15, 27¢ .. [*"_order partial derivatives; that is, v¥=D;(v%), vis= D;Dj,...,
respectively, using the operator of the total derivative with respect to 27 given by

0 o O o O .
D, = @—ija?—kvjiavy +, ... i=12..m, (2.2)
and operator of Lie-Backlund is
) P .
Z — 7/74 (e 3 « 6 Q[ 2'3
E azj + 77 8’[}‘)‘ ) 5 377 ) ( )
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where 2 is the functions of space differential. The operator (2.3) is a shortened version of the infinite formal sum:
;0 0 0
Z = 51@ +n® o + Z T o Jor (2.4)
r>1 J1.d2,e0r
where, by the prolongation formulae, the additional coefficients are determined uniquely:
¢ = Dj(Q%) + &5,
lea"'vjr :Djh-",Djr(Qa)+ “og} r>1, (25)

BJ1seenstp?

in which (Q%) is a function of Lie characteristic:
QY =n* =&y (2.6)

Now, we take the consecutive transformations of the Lie group with independent variables ¢,z,y and dependent
variable u:

ut = (2%, 1,y,1), t* = (2%, 2,9,1),

2.7
ot = (2% z,yt), Yy ="yt St
A one-parameter Lie transformation of the group admits the following form (a):
T~ Tt 4 al (z*, z,y,t1),
T~x+al(z", z,y,t),
~ ( . ) (2.8)
yry+al(z", z,y,t),
trt+al(z*, x,y,t).
For the Lie group transformations, the infinitesimal generators can be expressed in the consecutive form:
9] 0 0
Z =€6— — — —. 2.9
S0z T TTat T (2:9)
By solving the Lie equations [48], we are obtained the group transformations of z*, T, 7, t.
dr*
dxa = T(.’L'*,{E7y,t),
e
j = Xx*7m7y’t)7
zllg (2.10)
Y *
==Y t
da (x K x’ y’ )7
dz
— =Z(z" t).
da/ (l‘ 7x7 y’ )
Using the g conditions:
x*|a=0 =1, §|a=0 =z, mazo =Y, g‘a:O = z.
The above Lie operators can be defined as follows in the first extension:
0 0 0
HYW =g+ xW_— 4y = 4 4 70— (2.11)
Ox* Jy 0z

where,

YT = DY) — ZD(T), (2.12)
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with D; denoting the total differential operator, which can be expressed in the following form:

9 _0 9 9 ~d ~0 ~0
D=2 458 452 152 152 458458 4 2.1
o T ey e T T TR T (2.13)

The obtained infinitesimal transformation will be used to solve the equations:
Tsi+Xsp +Ysy+ Zs, =0,
Tri+ Xrgy +Yr,+ Zr, =0,
Tup + Xug + Yuy + Zu, =0,
Tvs + Xvy +Yv, + Zv, = 0.

(2.14)

Above Equation (2.14) will yield a set of new dependent variables u,v and independent variable 7, s which can be
used to transform the non-linear system (3.1) into a linear system. In order to determine the Lie point symmetries of
Equations (3.1), (3.44), and (3.71), the second- and fourth-order prolongation methods are utilized.

Pr[4]X(um — gy uy — 2UgalUy — Ugzay + f(u) = 0)]a=o =0, (2.15)
PTMX(utt — OUttzr — fullzz — fuutt> = 0)|a=o = 0, (2.16)
Pri2IX (u; — attyy = 0)|a—o = 0. (2.17)

3. CLASSIFICATIONS, LIE POINT SYMMETRIES AND INVARIANT SOLUTIONS OF (1+2) DIMENSIONAL MODIFIED
BREAKING SOLITON EQUATION.

In this section, classical symmetries and invariant solutions of the (142)- dimensional (MBS) equation are computed.
The considered partial differential equation is

Upt — gy Uy — 2Ugg Uy — Uggay + f(u) = 0. (3.1)

Various packages in computer algebra systems exist that implement Lie symmetry calculations and related techniques.
In this paper, we provide a package for differential equation symmetry analysis (SADE) in MAPLE;t here are also
some helpful packages for MAPLE.: PDE tools by Cheb-Terrab and Von Bulow [12], DESOLV by Vu et al. [46].
Applying the fourth prolongation Pr*X to (3.1), following equations are determined of Equation (3.1):

€.=0, §=0,&=0 &=0 =0, &=0, §=0 §&,=0,

§alcu :Oa éﬁu :Oa éiu :05 77yu 207 Nz :Oa nuigltiﬁz :Ov

Ntw + 3Nzazyu = 0, 3Neyu — 2t = 0, Mpgu +&3¢ =0, 1y + ftl =0, (3'2)

— 4y + 46;% + 262 + 3Nzuu = 0, —4nz — £t2 - gia:m + 3Ngzu = 0.

After solving the above determining equations, the remaining equation is

2f2 = fufuu =0. (3.3)
Solving the Equation (3.3), lead to the following form of f(u)

f(u) =au+0b, (3.4)

Flu) = ¢y + caez. (3.5)

Using value of (3.4), then the Equation (3.1) becomes

Upt — dUgyUy — 2Ugaly + Ugaay + au(t,z,y) +b = 0. (3.6)
[c[v]
(0] €]



1736 M. IRSHAD, M. HUSSAN, Z. ALI, I. JAHANGIR, A. SUFYAN, AND M. T. JAVED

Solving the Equation (3.6), we find that the symmetry of (3.6) is extended by the four vector fields:
0 0 0

leaa 22:%7 232@7 (37)
0 0 0 0
Zy = (au+ b)% + ata —azo- + Baya—y. (3.8)

The varities of new different exact solutions of (3.1) for f(u) = au + b are constructed by using the classical Lie
point symmetries Z1, Zy and Zz with the following similarity invariant transformations

s:x—at7 ’U’(tax7y) :U(Tys)ﬂ"zy—ﬂt’ (39)
that yields the following simplification of Equation (3.6)
—QUgs — 40,505 — 20550, + Vg5 + av(r, s) + b= 0. (3.10)

Similarly, for other reductions using the Lie point symmetries of Equation (3.10), the following similarity invariant
transformations are

v(r,s) =p(m),m=y—r+sn=r, (3.11)
that yields the following simplification of Equation (3.11)
—aPmm + 6YPmmPMm — YPmmmm + ap(m) + b. (3.12)
In the next step, the different invariant solutions are found for Equation (3.12).
Solution of (3.12) using v=0,a=0,c=0
—QPmm + b =0, (3.13)
This implies

b 2
p(m) = % +eim + co. (3.14)
Now, transformation in original variables
b(x+y—at
u(t,z,y) = w—i—cl(x—&—y—at)—i—cz. (3.15)

2a
Equation (3.15) represents the exact solution of Equation (3.6).
Solution of (3.12) using v =0,c=0

—QPmm +a+b=0. (3.16)
This implies
b 2
p(m) = % + c1m 4+ ca. (3.17)

Now, transformation in original variables

ult 7, y) = (a—l—b)(a;;—y—at)

Equation (3.18) represents the exact solution of Equation (3.6).

+c(x+y—at)+ca. (3.18)

Solution of (3.12) using 7=0,a=10

—QPmm + a0+ b= 07 (319)

this implies

p(m)=1In (—1/201 <—1 + (tanh (1/2@) )2> b—1> ct. (3.20)

(=)=
E)NE
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Now, transformation in original variables

w(t,z,y) = In (1/201 <]_+(tanh.<1/2\/Cacl(y'_(lt*_x'+(a)) >2> b1> L. (3.21)

(%

Equation (3.21) represents the exact solution of Equation (3.6). The varities of new different exact solutions of (3.1)
for f(u) = au-+b are constructed by using the classical LPS Z; with the following similarity invariant transformations
are

t b
WEEIN Y _ sy r= Y s =t (322)
that yields the following simplification of Equation (3.12)
SUss — dVgps — 20550y + Vgssr + av(r, s) = 0. (3.23)

Similarly, for other reductions using the Lie point symmetries of Equation (3.23), the following similarity invariant
transformations are

v(r,s) = p(m),m =s,n =r, (3.24)
This yields the following simplification of Equation (3.24)
MPrmm + ap(m) = 0. (3.25)

In this next step the different invariant solutions are found for Equation (3.25).
Solution of (3.25)

MPrmm + ap(m) = 0. (3.26)
This implies

p(m) = c1v/mBesselJ(1,2v/am) + con/mBesselY (1,2y/am). (3.27)
Now, transformation in original variables

u(t,x,y) = c1VtxBessel J(1,2Vatx) + cov/'txBesselY (1, 2V atx). (3.28)

Equation (3.28) represents the exact solution of Equation (3.6).
On the same procedure using value of (3.5), then the Equation (3.1) becomes

Upt — dUgy Uy — 2Uga Uy + Ugpay + €1 + cze%“ =0. (3.29)
Solving the Equation (3.29), we find that the symmetry of (3.29) is extended by the three vector fields:
0 0 0
g9 ,_90 , _ 0 3.30
T 27 or 3 Oy (3.30)

The varities of new different exact solutions of (3.29) for f(u) = c¢1 + cpe2™ are constructed by using the classical Lie
point symmetry Z3, Zs and Zs with the following similarity invariant transformations

w=t,r=y—Bt,ult,z,y) =v(r,s),s =z — at, (3.31)
that yields the following simplification of Equation (3.29)

c1 + cze%”("s) — QUss — 20550, — BUp s — 4UsVpp + Vpgss = 0. (3.32)

Similarly, for other reductions using the Lie point symmetries of Equation (3.32), the following similarity invariant
transformations are

v(r,s) = p(m),m = s,n =r, (3.33)
that yields the following simplification of Equation (3.33)
c1 + c2e?™ — apyy, = 0. (3.34)

In the next step, the different invariant solutions are found for Equation (3.34).

(&)
ENE
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Solution of (3.34) using a =1,¢; =0

o™ — i = 0. (3.35)
This implies

p(m) =1In (1/2 ( <tan (1/2"12102> >2 + 1) c,@1012> . (3.36)

Now, transformation in original variables

w(t,z,y) = In (1/2( (tan (1/2(_”51”02) )2 +1> 02_101_2> . (3.37)

Equation (3.37) represents the exact solution of Equation (3.29).
Solution of (3.34) using ¢; =0

coeP(m) — APmm = 0. (3.38)
This implies

p(m)=In (1/201 ( (tan (1/2@) )2 + 1) CQ—1> . (3.39)

Now, transformation in original variables

u(t,z,y) =In (1/201 ( (tan (1/zm«_at+x) * 02)> >2 + 1) 021> . (3.40)

(67

Equation (3.40) represents the exact solution of Equation (3.29).
Solution of (3.34) using ¢; =0

coeP(M) — APmm = 0. (3.41)
This implies
p(m) = Cs +1/2¢c;m? + Cym. (3.42)
Now, transformation in original variables
w(t,z,y) =1/2¢;(—at + ) + C; (—at + ) + Cs. (3.43)
Equation (3.43) represents the exact solution of Equation (3.29).
3.1. Lie point symmetries, optimal system and invariant solutions of heat equation. In this section, invari-

ant solutions of the heat equation are evaluated by applying the classical symmetries through optimal Lie subalgebras.
The considered partial differential equation is

Ut — QUgy = 0. (3.44)

The Lie point symmetry operator is defined as

0 0 0

Z=CNt omyou)— + C(t x, u)— +n(t, T, u)—.

Gty )y Clt @ Wyl o u)

The second invariant formulation is used for generating the system of determining equations by using the invariant
surface conditions

ZPNuy — o wa] |(3.42)= 0, (3.46)

(3.45)

(=)=
E)NE
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where Z[? is the second prolongation of Z and |(3 44y means evaluated on (3.46). In equation (3.46) Z5 in determinant
form

0

0
ZW = Z 4 ni(t, z,u, e (BT u g ey - 3.47
+ni(t, z,u u(l))aui o A iy (2w, w ) U(k))auil.“ik (3.47)
in which 7’s are given by
ny = Di(¢%) — u§ Di(¢7),
ngy = Dj(nf) —ug Dy ("), (3.48)

l
Miy...i, = D (Uﬁ...ik_l) =g, Dif (€ )
where D;, is represented the total derivative. The system of determining equations is solved to construct the following
Lie point symmetries.

0 0 0 0
Iy =—, ZJo=—, J3=22t— —. 3.49
e T T (3.49)
The following nonzero commutation relations are used to construct the optimal system
(21, 23] =221,  [Z2,Z3) = Za, [Z3,Z1] = =221, [Z3,Z3] = —Zs. (3.50)

Thus, for a general element Z € L3 implementing the adjoint operator. We find an optimal system of one-
dimensional subalgebras by using the adjoint table for Lie point symmetries, which is as follows.

Z =a141+ asZs + azZs. (351)
The following tree diagram and its non-similar symmetry generators
as
as 7é 0 az— 0

ag#o a2:0 alyéO Cll:O

Case-1 Case-11 Case-II1 Case-1V
ZY = Z3+ Z,,
Z2 = Z37
Z3 = ai Zl + ZQ,
7t = +7,.

There are the following four possible cases

Case-I: a3 # 0,a2 # 0: In this case the adjoint operation for ¢ = a¢ on Z is
Z = Ad(e"?)Z = ayZy + Zs, (3.52)
Z' = Ad(e"%3)Z = Zs + Zs, (3.53)

where a=In |%| when az > 0 or ap < 0.

Case-II: a3 # 0,a2 = 0: The adjoint operation for € = a on Z, for the second case
Z = Ad(e"?*)Z = ayZ + Zs,
7% = Zs.
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Case-III: a3 = 0,a; # 0: The adjoint operation for € = a on Z is presented as

73 = Ad(e*?)Z = a1 7y + Z>. (3.56)
Case-IV: a3 = 0,a; = 0: The process for the solutions after applying the adjoint operation for € = a on Z yields
Z* = Ad(e"?*)Z = +25. (3.57)
The following optimal system is developed by using Equations (3.52)-(3.57),
I3+t Zz,, Zs, a1Z1+Zy, a1 #0, +£Zs. (3.58)
In this next step, the different invariant solutions are found by using the constructed optimal systems of Equation

(3.44).
Solution of (3.44) using Z3 + 7,
Similarity transformations and reduced form are
rx1 1

r=—— s==Int, o(r)=u(t ), 3.59
N St o(r) = u(t,2) (3:59)

v, + 200, = 0. (3.60)
The special invariant solution of the above reduction is constructed as

r
NG
The invariant solution of Equation (3.44)
zE1
2Vat
Solution of (3.44) using Z = a1Z1 + Z»

The similarity transformations and reduced form are

v(r) = C1 +erf(5—=)Co. (3.61)

u(t,x) = Cr +erf(

)Cs. (3.62)

—t t

r= ﬂ, s=—, o(r)=ultz), (3.63)
aq ay

vy + aa1vq = 0. (3.64)

This implies
o(r) = Cy + Coemor . (3.65)

The invariant solution of Equation (3.44)

t—ajx

u(t,z) = C1 4+ Cae 1 . (3.66)
Solution of (3.44) using Z = Z;

The similarity transformations and reduced form are

r= %, 5= %lnt, v(r) = u(t, x), (3.67)
rv, + 200, = 0. (3.68)
The invariant solution of Equation (3.44) is
T
v(r) =C1+ erf(m)()a- (3.69)
u(t, ) = C1 + erf(—e)Co. (3.70)

2vat
Equation (3.70) represents the exact solution of Equation (3.44).
Solution of (3.44) using Z = +75
The solutions for Z = +75 is constant.
(=)=
E)NE
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3.2. Lie point symmetries, optimal system and invariant solutions of modified Boussinesq equation. In
this section, classical symmetries, the optimal system, and invariant solutions of the modified Boussinesq equation are
computed. The considered partial differential equation is

Ut — 5uttxac - fuuxx - fuuui =0. (371)

Various packages in computer algebra systems exist that implement Lie symmetry calculations and related tech-
niques. In this paper, we provide a package for differential equation symmetry analysis (SADE) in MAPLE; there are
also some helpful packages for MAPLE.: PDE tools by Cheb-Terrab and Von Bulow[12], which is distributed since
Release 11, DESOLV by Carminati and Vu [10] and Vu et al. [46]. From Equation (3.71) determining equations are

5111 = 07 galc = 07 53 = 07 §t2 = 07 gix = 07 gtlt - 2¢tu = Oa
Guu =0, ¢ =0, ¢;=0, 2(00-1)& +(1-8)dy + 26 =0,
2(1 - a)ngu + (5 - 1)¢ufu - ¢fuu - 25£t1fu = 07

After solving the above determining equations, the remaining equation is

Solving the Equation (3.73), lead to the following form of f(u)

(3.72)

f(u) = ae®™ +c. (3.74)
If f(u) = ae’ + ¢, then Equation (3.71) becomes
Upt — OUptpy — abE“Upy — abZeb“ui =0. (3.75)

The Lie point symmetry operator is defined in Equation (3.45). The system of nonlinear partial differential equations
is developed by using the invariant surface condition defined in Equation (3.46). The solution of the above system of
determining equations takes the following three Lie point symmetries.

0 0 0 0

—, Zo=—, Z3=——[t—. 3.76
o 2 o BT P (3.76)
For the nonzero commutators, the principal algebras are

(21, 23] = =BZy, |23, 21| = BZ1. (3.77)

Zy =

The general element Z € Lj is defined for the construction of an optimal system with the help of nonzero commutation
relations and their adjoint representations. Examine a general element Z € Ls. We have

Z =a141+ as s + asZs. (378)

We find an optimal system of one-dimensional subalgebras by using the adjoint table for Lie point symmetries, which
is as follows.

as
/\
az #0 az=0
T T
a1 #0 a1=0 as #0 as=0
Case-1 Case-11 Case-II1 Case-1V
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Non-similar symmetry generators:

Z'=aZy + a2,

7% = ayZs,
73 = asZs + Z3,
74 = Zs.

There are the following four possible cases.

Case-I: a3 # 0,a2 # 0: In this case the adjoint operation for for e =a on Z is
Z = Ad(e"?*)Z = ayZy + Zs, (3.79)
Z' = Ad(e“3)Z = Zs + Zs, (3.80)

where a=In |f—21| when ay > 0 or ap < 0.
Case-II: a3 # 0, a2 # 0:The adjoint operation for € = a on Z, for the second case

Z = Ad(e"?)Z = ayZ + asZs, (3.81)

7% = ayZy + Z3. (3.82)
Case-III: a3 = 0,a; # 0: The adjoint operation for ¢ = @ on Z, yields

73 = Ad(e*?)Z = a1 7y + Zo. (3.83)

Case-IV: a3 = 0,a; = 0: In process of the adjoint operation for e = a on Z, we get
ZY = Ad(e*?)Z = + 7. (3.84)

According to Equations (3.79)-(3.84) one dimensional subalgebra acknowledge the optimal system by Equation (3.75)
are given in the following

a1Z1 + axZy, asZa, agls+ Z3,  Zs. (3.85)

In this next step, the different invariant solutions are found by using the constructed optimal systems of Equation
(3.75).
Solution of (3.75) using Z = a17; + a2 2>

The similarity variables for the operator ayZ; + a2 Zs are

—agt t
r= w, s=—, u(t,z)=0v(r), (3.86)
al aq

which grants the following simplification of Equation (3.75)
—Upp + a%e‘””mv? + a‘;’e””(”v” + a90Vppryr = 0. (3.87)

Equation (3.87) cannot provide the exact solution.
Solution of (3.75) using Z = ay Z

The variables similarity for the operator asZs are

r=x, s=—, o(r)=utx), (3.88)
az

which grants the following simplification of Equation (3.75)

bv? 4 v, = 0. (3.89)
This implies

In(Cirb+ Cab

o(r) = w (3.90)
an
Ba
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Now, in form of u(t, x)
In(C1tb + Cab
u(t,z) = w (3.91)
Equation (3.91) represent the exact solution of Equation (3.75).
Solution of (3.75) using Z = a3Z> + Z3
The operator of similarity variables asZs + Z3 are

_ Galn(t) + 28 S:—ln(t) o(r) =u(t,z
o URE) ) (") = u(t.2) (3.92)

which grants the following simplification of Equation (3.75)

Bvr — Aoy + b252vgebv(r)+2sﬂ + vaTebv(r)-‘:-QSB _ Bévrrr + (125'Urrrr _ ﬁ =0. (3.93)
ag
Equation (3.93) cannot provide the exact solution.
Solution of (3.75) using Z = Z3
The similarity variables for operator Z3 are
—In(t In(t
r=x, s= Z( ), v(r) — % = u(t,x), (3.94)
which grants the following simplification of Equation (3.75)
vy = e — abZeb(”(rHs)vf — abel) )y (3.95)
This implies
I e *(—2B8+b)r2—2rC1ab+2C2ab
v(r) = v, = at ba ). (3.96)
Now, in form of u(t, x)
—28+b
—In2+In(t™ 7% —2ab(xC; — Cy) —1 In(t
u(t, ) = —m2+ Il ab(@Cy = Cy) —n(a) _ Inlt) (3.97)

b B
Equation (3.97) represents the exact solution of Equation (3.75).

4. FIGURES

Invariant solutions are graphically represented through methods like wave profile solutions, contour plots, and patch
contours. A wave profile shows how a wave evolves over time and space, often as a continuous curve. Contour plots
connect points of equal value, revealing steady-state distributions, while patch contours fill regions between contour
lines with colors, providing a clearer view of solution variations. These representations help visualize how invariant
solutions behave across different contexts. Specifically, Figures 1-11 illustrate the invariant solutions for the equations
referenced as (3.15), (3.18), (3.21), (3.28), (3.37), (3.40), (3.43), (3.62), (3.66), (3.70), and (3.91).
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FIGURE 1. Three-dimensional graphical
representation of wave profiles for Eq.
(315), when t = —1, c1 = 1, Cy = 2,
b=1,a=1.

FI1GURE 3. Three-dimensional graphical
representation of Eq. (3.21), when ¢t =
l,er=1,c0=2,b=1,c=1,a=1.

FiGURE 5. Contour plot 3d: Patch con-
tour graphical representation for Equa-
tion (3.37), when C1 =1, Cy = 2, ¢5 =

e A A

X

FIGURE 2. Three-dimensional graphical
representation of Eq. (3.18), for t = 1,
61:1,02:27621,CL:1,OA:1.

FIGURE 4. Contour plot 3d: Graphical
representation of Eq. (3.28), when ¢; =
1l,co=2,a=1.

F1GURE 6. Contour plot 3d: Patch con-
tour graphical representation for Equa-
tion (3.40), when ¢ = 2, ¢4 = 1,
02 = 1, a=1.
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FIGURE 7. Plot 3d: Patch contour FIGURE 8. The solution of u(x,t) for

graphical representation for Equation Equation (3.62) when C; = 1, Cy = 1,
(3.43), when ¢o =1, C; = 1, Cy = 1, o=1.
a=1.

FIGURE 9. The solution of u(x,t) for FIGUR.E 10. The solution of u(x,t) for
Equation (3.66) when C; = 1,0y = Equation (3.70) when C; = 1,0 =
l,a=1,a1 = 1. l,a=1.

J

15 el
x

FIGURE 11. The solution of u(x,t) for Equation (3.91) when C; =1,Cy =1,b = 1.
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5. TABLES

Using Equation (3.49), we construct Tables 1 and 3, while Tables 2 and 4 are constructed using Equation (3.76).
With the help of these tables, we then derive the optimal systems for Equations (3.44) and (3.75). The commutator
table of commutation relations between symmetry generators using the Lie brackets defined as [Z;, Z;] = Z,Z; — Z; Z;,
for 1 <4,j <3.

TABLE 1. Commutator table of princi- TABLE 2. Commutator table of princi-
ple Lie algebras. ple Lie algebras.
(22| 2 | 2 || Zs | [Zn2]| 2 [ 2] Zs |
VA 0 0 271 7 0 0 || —pZ;
Zy 0 0 Zy Zy 0 0 0
Z3 =271 || =%, 0 Zs B8Zy | O 0

The adjoint presentation is defined as

1
Ad(exp(eZ)X;) = Z; — €| Zi, Xj] + 562[Zi, (Z:, Z]] — -+ - . (5.1)
TABLE 3. Adjoint representations of a TABLE 4. Adjoint representations of a
Lie algebra. Lie algebra.
(Adll Z2o | 2 | 2% (Adl 2 [2] % |

Zl Zl Z2 Zg - 2€Z1 Zl Zl Z2 Z3 + 621

ZQ Zl Z2 Zg — GZQ ZQ Zl Z2 Zg

Z3 62621 ZQ@6 Z3 Zg 66621 Z2 Zg

6. CONCLUSION

In this article, we explore the Lie symmetries, similarity reduction, and invariant solutions of the (1+2)-dimensional
modified Breaking Soliton equation. We find that Olver’s Lie-group analysis technique effectively examines the sym-
metries and invariant solutions of differential equations. We classified two forms of the involved unknown functions
and constructed four classical symmetries for the modified Breaking Soliton equation. Using these symmetries and
similarity transformations, we generated various new invariant solutions. We derived several Lie-group transformations
from the symmetry generators and obtained invariant solutions via characteristic equations.

Additionally, we analyzed Lie point symmetries, optimal systems, and similarity reductions for the heat equation
and modified Boussinesq equation using Lie symmetry analysis. We developed optimal systems for both models based
on the commutation relations of constructed Lie symmetry operators and their adjoint representations, leading to
different classes of new invariant solutions. A graphical analysis of the calculated solutions was also presented. In this
paper, we introduce Lie transformations that transform previous solutions into new ones, enabling more comprehensive
solutions.
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