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Abstract ’ N

In this paper, a Prey-Predator model with an epidemic disease in predators, a Holling type II functional response,
and a saturated incidence rate is studied. The system’s equilibria and the basic reproduction number of the model,
Ry, are obtained. If Ry < 1, the disease-free equilibrium is locally asymptotically stable, and if Ry > 1, the positive
equilibrium is locally asymptotically stable. We studied the transcritical bifurcation using the Sotomayor theorem.
As the infection rate increases, the system’s asymptotic behavior near the disease-free equilibrium approaches that
of the positive equilibrium, and the system undergoes a transcritical bifurcation. We examined the sensitivity
index for the basic reproduction number Rg. Finally, we perform numerical simulations to support our theoretical
results.
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1. INTRODUCTION

In recent years, many authors have paid special attention to the study of mathematical models of infectious diseases.
Compartmental models and differential equations are the main tools for the mathematical study of natural phenomena
in certain populations[7, 8, 13, 14, 21, 26-30, 33, 35]. Ecological models are another type of models that we use to
study population dynamics in the living environment. One of the most famous ecological models is the prey-predator
model [6, 9, 11, 12, 18, 19, 31]. In these models, the population in the environment is divided into two species: prey
and predator; and in these models, we usually consider factors such as natural growth rate and carrying capacity
of the environment. Mathematical ecology involves the study of populations that interact and thus influence each
other’s growth. The simplest predator-prey model is the Lotka-Volterra model, which is represented by the following
differential equations:

9T = qx — By,
dy (1.1)
G = 0ry — vy,

where z and y are the number of prey and predators, respectively. a, 3, §, and ~ are positive real constants. The
eco-epidemiological models have been applied to study disease either in predators [5, 10, 16] or in prey [15, 20, 34] or
in both populations [17, 24]. In [23], Shuai et al. studied an epidemiological predator-prey model as follows:
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Up = 61Upy —9U, + U1 = ) — g(U)S, z€(0,1), t>0,
Sy = 025, — IS, +eg(U)S — h(I)S — oS, =z€(0,]), t>0,
I = 830pp — 9, + R(D)S — (0 + ), z€(0,1), >0,
dU(0;t) — 01U, (0;t) =0; Uz(l;t) =0; t>0;

¥S5(0;t) — 615(0;¢) = 0; Sy (I;¢) =0; ¢>0;

91(0;t) — 011,(0;t) =0; I.(l;¢)=0; t>0;

The authors assumed that the interactive populations inhabit open advective environments with length [. The
boundary conditions are Danckwert’s boundary conditions, which mean that the stream source satisfies zero-flux
conditions but the stream outflow meets free-flow conditions at the same rate as the advection rate [1]. Let U(x;t),
S(x;t) and I(x;t) be respectively the population densities of prey, susceptible predator and infected predator species
at location  and moment ¢t. The ODE form of this model has the following form:

G =001 - %) —gU)S,
95 — eg(U)S — h(I)S — o8, (1.3)
4L = n(I1)S — (o + &)1,

where U(t), S(t), and I(t) are the population densities of prey, susceptible predator and infected predator species at
moment ¢, respectively. In this eco-epidemiological model, we extend the typical structure of predator-prey models by
considering the disease factor. In fact, disease will play a regulatory role in the population. When disease spreads in
predators, the prey hunting rate decreases, as a result, prey can reproduce more and their population will increase, and
the population balance will be disturbed. We further assume that the prey population is regulated by logistic growth
when the predator is absent. v and K denote respectively the per-capita intrinsic growth rate and carrying capacity
of the prey; e(< 1) is the conversion rate; o and ¢ stand respectively for the natural death rate and disease-induced
death rate of predators. In this paper, we consider model (1.3) with the Holling functional response type IT defined

BwoU _  BU f Al B2ST .
by T hoT = Tral and the saturated incidence rate TTa,T 88 follows:
au _Uy_ BUS
a =W -%) - am
dS _ efrUS  BaSI
@t = 15 U ~ 1faal — 75 (1.4)
dI _ 2SI

1+azl (U + 5)17

where wy and w; denote, respectively, the time taken by a Predator to search and capture Preys, B is the predation
rate per unit of time, $; = Bwg denotes the Prey searching rate and oy = Bw; denotes the satiety rate of Predators.
Considering that predators are divided into two groups of susceptible and infected predators only susceptible predators
can put pressure on prey and control the prey population with the Holling functional response type II. This relationship
between prey and predator provides the basis for the stability of this ecological environment. The parameter € indicates
how prey contributes to the growth of a susceptible predator population. Changing this parameter can strongly affect
the population balance and have important implications for wildlife management. The transmission rate of epidemic
disease and saturation rate are denoted by fs and «q, respectively. Choosing the Holling functional response type II
and the specific form of the saturation incidence rate makes the model more logical from a biological perspective. Due
to our model has infected predators, the only lever to control and prevent the excessive growth of prey is susceptible
predators. In Holling functional response type II, when the prey population decreases, the hunting rate becomes linear.
Since only susceptible predators can participate in the hunting process effectively and are limited in terms of physical
strength and time and cannot hunt more than a certain amount, when the prey population is large, predator’s hunting
ability reaches saturation. By choosing the Holling functional response type 11, we know that the prey population will
be protected from extinction.

The reason for choosing the saturation Incidence function is that with an excessive increase in infection in predators,
the predator population will not become extinct and the population balance in predators will remain. The saturation
8251 shows that when the population of infected predators I increases, the disease transmission no

1+asl
Bo
BB

dt

transmission rate
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longer increases linearly, but gradually saturates. This saturation is because the population of healthy predators may
show preventive behaviors and not approach the infected, or only a limited number of them may become infected due
to the limited capacity of the infection to spread, or the immune system in some predators may prevent the disease
from spreading uncontrollably for biological reasons. This transmission rate allows us to predict the dynamics of the
biological system in a more stable and balanced way, such that when the disease prevalence is very high, fewer people
will become infected. Preventing peaks of high intensity in disease transmission. In fact, choosing these two rates
helps us to examine the behavior of the population in three prey species, susceptible predator, and infected predator,
in a more realistic way.

This paper is organized as follows. In Section 2, we discuss about positivity and boundedness of the model. Also,
we obtain the trivial equilibrium, the axial equilibrium, the disease-free equilibrium, the positive equilibrium, and the
basic reproduction number of the model (1.4). In Section 3, we study the stability of the Equilibria. We analyze the
transcritical bifurcation in Section 4. We investigate the sensitivity index of parameters for Ry in Section 5. In Section
6, numerical simulations are carried out to illustrate the main results.

2. PRELIMINARY RESULTS

2.1. Positivity and boundedness of the model.

Theorem 2.1. A= {(U(t),S(t),I(t)) e R3 . U{0}:U(t)+S(t)+I(t) < %,t > 0} is a positively invariant region of
the system (1.4).

Proof. Let N=U+ S5 +1, thenN:U—l—S—i—j:'yU(l—%)— 1[251%(1—6)—05—(0'4-5)1. It is clear that

N <AU( - %) 05— (0 +6)L. (2.1)

Now, we choose a positive constant 1 > 0, such that

N4nN <TG~ ) 4m) ~ (0 ~m)S — (o + &~ )], (22)

if we choose 1 < o, we get

N 40N < UG - 2) +1) (2.3)

The supremum of U(y(1 — £) + n) is %:77)2' Therefore N + nN < %ﬂ;")g = O > 0. Now by the differential

inequality introduced in [3], we obtain

Q

N(t) < 5(1 —e ")+ N(0)e™™, (2.4)
consequently
) Q
limsup N(t) < —. (2.5)
t—>o0
Hence, the solutions of the system (2.1) in R, are confined in the following region
[ Q K 2
A={(U(t),S(t),I(t) e R® U{0}: U(t)+ S(t) + I(t) < E,Q = w,t > 0}. (2.6)
]
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2.2. Existence of equilibria.  The system (1.4) has the trivial equilibrium Ey = (0,0,0), the axial equilibrium

By = (K,0,0), the disease-free equilibrium Ep = (575, Ve(gxgi:zzii;a)
(Ug, Sg, 13), where
_ (K - Us)(1 +a1ls)

S3 = BK , (2.7)

,0) and the positive equilibrium E3 =

and
0'(1 + Oleg) —ef1Us

I3 = . 2.8
3 6610&2U3—52(1+061U3) —0’0[2(1+061U3) ( )

By substituting S3 and I3 in the third equation, we have
PU3* + PiUs + Py = 0, (2.9)

where
Py = —yefrag + yf201 + yoaras = y(az(ocar — €f1) 4 faon),
Py = yKefrog — YK frar —yKoonag + B2 +yoas = v((B2 + 0a2)(1 — Kon) + Kefras),
Py=—yKpB; —vKoas + f1K(0+ &) = K(B1(o + &) —v(B2 + 0az)).

We describe all possible parametric conditions for the appearance of roots of Equation (2.9) in the following theorem.

Theorem 2.2.  (A) If B1(o +&) > v(B2 + oaz),
(i) Choose Kay < 1 and as(efy — oay) — Baay > 0, then Equation (2.9) can exhibit a unique positive root.
(ii) Choose Kay <1 and ag(efy — oay) — fa0q < 0, then Equation (2.9) has no positive root.
(ili) Choose Kay > 1 and az(efy — oaq) — faaq < 0, then Equation (2.9) can exhibit two positive roots.
(iv) Choose Koy > 1 and ag(efy — oay) — Bacr > 0, then Equation (2.9) can exhibit a unique positive root.
(B) If Bi(0 + &) <v(B2 + 0az),

(i) Choose Kay < 1 and as(efy — oay) — Bacy > 0, then Equation (2.9) can exhibit two positive roots.

(ii) Choose Koy < 1 and ag(efy — oaq) — faaq < 0, then Equation (2.9) can exhibit a unique positive root.

(ili) Choose Koy > 1 and ag(efy — oaq) — faaq < 0, then Equation (2.9) can exhibit a unique positive root.
(iv) Choose Koy > 1 and as(ef; — oayr) — Paar > 0, then Equation (2.9) has no positive root.

Proof. We examine the possible number of positive roots by applying Descartes’ rule of signs [22] to Equation (2.9).
In Table 1, we have shown the signs of the coefficients of Equation (2.9) under the different parametric conditions. O

According to [32], the basic reproduction number Ry corresponding to model (1.4) is derived as follows:
Set

- [R]_T 0 . vl} [— DS | paS +US}
= |2 = . and V= |t = | U T 1tal ’ 2.10
7)) v o+ 61 210
with some calculation, we have

0 0 o— B B8
F = = 141U
[0 525,] , and 14 [ 0 ote|

with

0

1 —fB2S
1 BLU 2 BLU
V™ = |9 15a1T (U""&)(UI T+, 0

o+§
Therefore, spectral radius of the matrix FV~! can be found as,
_ 525y Poye(K[efy —oau] — o)

o+¢ K(o+&)(ef1 —oay)?’
where K[ef1 — oa1] — o > 0.

Ry
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TABLE 1. Table indicates the sign of coefficients of Equation (2.9) under the parametric conditions.

Number of positive roots of Equation (2.9)
1

Parametric conditions | P, | P;

+|+

=
+ [+

|

++|

+ [+

O NN O

Theorem 2.3. Model (1.4) has no interior equilibrium point if Ry < 1. For Ry > 1, if faey < 1 and if the following
conditions are met for the parameters:

(H1) (e81 —oar)(1+ agl) > Baanl,

(H2) Ozz(K(Gﬂlfdoél)*O') < Ba(Kag + 1),

(H3) (K(efr—oar) —o)(1+aol) > Bol(Kay + 1),
(H4) oaz(efr —oay) > Baay >0,

then Model (1.4) generates unique interior equilibrium point E5 = (Us, Ss, I3) with Us,S3 > 0 and
K(efy —oay)—o
"Bo(Kag + 1) — as(K(ef1 — oaq) — O’)).
Proof. The equilibria are found by solving the following system:
V(- ) - 55 =0,

14+a,U

BLUS _ BaSI _
a0~ Tiaar — 09 =0, (2.11)

13_25211 —(c+ &I =0.

which leads to

136(0

BoI +o(1+ asl)
(ef1 — oon)(1 4 asl) — frarl’

U =

and
g YK -U)1+aqU)
1K '

Considering the above two expressions, we get
eY(1 4 aol) ((K(ef1 — oar) —o)(1 + axl) — Bl (Kay + 1))
K ((6,@1 — 0'041)(1 + 042[) — B2a1])2

. . K(ef1—oa1)—0o
Note that S > 0 implies that I < Ba (Kot ) —as (R(cFi—oa)=0)"

there is no equilibrium point. With the second equation of (2.11), we obtain
526’}/ ((K(Eﬁl — 0'041) — 0)(1 + CVQI) — BQI(KQ] + 1))
K ((eBy — oan)(1 + asl) = Baon )’

S:

K(efi—oai1)—0o

+1)—az(K(ef1—oai)—0o)’ then

Therefore, if I > o (Rar

= (o +¢).

Define
_ Beey (K(eB1 —oan) —o)(A + apl) = fol(Kay +1))
K ((ef1 —oan)(1+ azl) — 62041[)2

Q) (0 +¢).

(=)
BEE
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Clearly,

_ Beey (K(eBy — 0on) = 0))
K(ef1 —oay)?

Q(0) —(0+&) =(0+&(Ro—1)>0,

and
( K(epr —oan) — o _ (Beey = 1) (Kon + 1)(K(ef) — oar) — o))
Ba(Kag +1) — as(K(ef1 —oaq) — o) KpBo((ef1 —oar)(Kay + 1) — a1 (K (e — o) — 0))?
(B2(Kay +1) — az(K(epy — oay) —0))
KpBs((ef1 —oar)(Kay + 1) — oy (K(effy — o) — 0))?
—(0+9),

X

5267<(0¢2(K(651 — o) —0) = fa(Kay + 1)) ((efr — oan)(1 + asl) — 520111'))

Q)= K((efr — oar)(1 + asl) — frarl)?
2526’Y<((€51 —oar)ag — Baar) (k(efy — o) — o) (1 + aol) — ol (Koy + 1))>
- K((ef1 —oan)(1 + azl) — faon I)? .
Using assumptions (H1-H4), we have Q (BZ(KO”ff)(e_%;(;t)ﬁ:fml)_a)) < 0 and Q' (I) < 0. Thus, a unique endemic
equilibrium E3 = (Us, S3, [3) exists with I3 € (0 Klchr—oar)—o ) and S3,Us > 0. O

? Bo(Kai+1)—ax(K(ef1—oa1)—0)

3. STABILITY

The Jacobian matrix of the system (1.4) is as follows:

_ 29U _ B1S —B1U 0
T & a0 (Itai0)
J= €1 efiU 2 T __ B2S
= TFai0)? ta.0) ~ (T+asD) Ttas0)?
0 B2l B2S (0. + g)
(1+O(21) (1+a21)2

Theorem 3.1. The trivial equilibrium point Ey = (0,0,0) is a saddle.

Proof. The Jacobian matrix of the system (1.4) at Fy, denoted by Jy, is given by

v 0 0
Jo = 0 —o 0
0 0 —(oc+9)
So the eigenvalues of Jy are \y = v, Ao = —0, and A3 = —(0 + &). Clearly, A; is positive and Ay and A3 are negative.
Therefore, Ey is a saddle. O

Theorem 3.2. (i) The azial equilibrium Fy; = (K,0,0) is locally asymptotically stable provided that e/1 K < o(1 +
OélK).
(i) The azial equilibrium By = (K,0,0) is unstable provided that 1K > o(1 4+ a1 K).

Proof. At Fy, the Jacobian matrix Ji, is

b1 K
- 71+(!1K O
=10 &L g 0
0 0 —(c+¢)
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BE . _ 5 and A3 = —(0 + €). We see that A\, and A3 are negative.
O

1+a1 K
So, when €3, K < o(1+a;K), E; is LAS'. On the other hand, if ¢8; K > o(1 + a; K); then Ay > 0, which means that

The eigenvalues of matrix J; are Ay = —v, Ay =
,0) is locally asymptotically stable provided a1 < 0.

FE; is unstable.
Theorem 3.3. If Ry < 1, then By = (Eﬂlfml, el o) o]
Proof. At F5, the Jacobian matrix J, is given by

24U. B1.S: B1U:

- K ;S(1+a11l§2)2 ;15—1%?}2 0

J2 = (1-‘1—(111[?2)2 1+011152 - g _/6252
0 0 ﬂQSQ — (O’ + 5)
We calculate the det(J; — AI) = 0 as follows:
ail — A —% 0
’Y[K(Eﬂ;{;al)*ff] Y —(o 4+ &)Ro =0,
0 0 (e+&Ro—1)—A
2o — 2E(eBi—001)=0] e ohtain the characteristic equation as follows
K(ef1—oar) eBf1 K . q
(3.1)

where ay1 =y —
M4+ AN +BA+C =0,

K(efr1—oai)—o] )
B K )

B = a11(0—|—§)(R0 — 1) + %(’Y[
(0 +&)(Ro — 1))

where
A=—a;; —(0+&(Ry—1),
VK (ef1—o0n)—0]
We know that A > 0, B > 0, and C' > 0. Now, we check the sign of AB — C. With simple calculations, we have

C= 7%( B1K
LD —o0) =aly o 4 £)%(Ro — 1%
(|

g

K

AB - C = —a112(0 + f)(Ro — 1) — auz(
We can easily see AB — C' > 0, therefore, by Routh-Hurwitz stability criterion, we find that Fs is LAS.

Theorem 3.4. The positive equilibrium E3 is locally asymptotically stable if the following inequalities are satisfied:
. €61Us B2S3
) + + <M, 3.2
( ) K 1+041U3 (1+CYQI3)2 n ( )
S, e s s
(i) V(720 + o) + (R + i) (ahatsy) + 100 +6) + (5 + ey ) (atye) (33)
+( (13530145]53) )(U + E) + (1—6204123]3 + U)( (14{3;5;3)2) <12,
BaI: 2~Us B1S. eB1U;
) + 7(0— + 5)( 1+0423I3 + 0) + ( ’}{d Jg (1+041[2}3)2 )( (1""20‘183)2)(0— * f) (3 4)
B2S3 B2"S31; €81 B253"U. :
i5z) + ’Y((HQ;I;)S) T T U3 (i FasTs)® < 135

( veB1B2S3U3
(44) (IT+0103)(1+az13)2
22U B1S: Bal:
Jr( '}(d + (1+01¢153)2)(1+22313 +J)((1+°‘213)2

lLocally Asymptotically Stable

(=)=
E)NE
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2~U.: B1S. Bl eB1U. 2~U. B1S. Bal
(( ’}{3 + (1+;1L373)2) + (1+i2313 + J) + (U + 8) (1’Y+0411UZ + ( ’}(3 + (1+;153)2)(1+32313 + U)

B82S 24U B18 €531 82S3U. BaI. B22831
+(110t22[z)2 + ( ’YKS + (1+<;1[3}3)2 )(U + f) + (1+C¥1[}3)2(1i-(¥3113)2 + (1+t212313 + U)(U + f) + (1-?-&13[3?33

253U U- S I 2yUs; S: U-
+ ) + (v 1+ it ) (el +0) + (B + i) () 420 +.)

S. S. € S.
O + i) (sl () o+ ©) + (el + ) (b))

€ SsU. I % S: €S U:
+(<H;5;§’aiaf13>z (0 + (e o) + (R matee) (et (@ +6)

27U 5815 Bal. B82S B22Ss1 B8128255°U
R+ @02 (Tree s +9) (s tn?) T/ ({Tan)s) + (1+§1b3>§(f+a?13)2> -

where
_ 27U B1S3 B3
M=K T U+ alUs)? " (1+asls) tot+(o+9),
0y = veB1U3 (2’7U3 B153 Bals o) 75253 27Uz B153 ) +6)
T 14U K " (14+0Us)? " 1+ asls (1+ agls)? K ' (1+mUs)?
€B18253U3 Bal3 Bo? S35 €B1°S3Us3
+ &)+ :
(1+O¢1U3)(1+OZ1I3)2 (1-‘1-0[2[3 +0’)(O’ 5) (1+OZQI3)3 (1+Oz1U3)3
_ eB1Us Bal3 B2:S3 27U3 £153 €81 8253U3
3= 1+041U3 (U+€)+’Y(1+OZQI3 +U)((1+a213)2)+( K (1+061U3)2 (1+04213)2(1+011U3)
2vUs B153 Bals 2vUs B153 Bo?S3 I3 €61%S3U3
+(x T+l T+ anls o) o +&+ (=~ + 1+ a,Us)? ((1 ¥ a213)3) 1+ a1U3)3 (o +9),
and
_ ([, 2Us B153 Bal3 Bals 27U
774_(( K +(1-1—0(1[]3)2) 1"‘!‘0[2[3+U)+(O’+£)><V(1+a2]3+a)+( K
S U. 2~vU. S. S.
+ B1S3 )( €f1Us )+7(0+§)+(73+ B1S3 B2S3

(1+a1U3)2 1+O{1U3 K (1+a1U3)2 (1+04213>2

€f1Us B3 B253 ef1Us
* (1 +011U3)(O—+€) + (1 +O&2[3 +U)((1 +Oé2[3)2>) + (’Y‘f’ 1+051U3
B2S3 ) < ve81U3 (27U3 n B1S3 ) B3 o)+ 73253
(1+O{2]3)2 1—1—0&1U3 K (1+a1U3)2 1+(X2[3 (1+a213)2
2vU3 B1S3 €515253U3 Ba213
Uk (14'041U3)2)(U+£)Jr (14 aUs)(1+aql3)? "1+ asls To)e+d
Bo”S313 €61253U;3 ~veB1U3 Bal3 B2S3
(1+01213)3 (1+01U3)3 (1+041U3>(J+£)+7(1+042I3 to (1—|—a213)2
M(U+§) + (2’YU3 B153 €B18253U3 (Q’YUs
(1+a1Us)3 K (1+01U3)2" " (1 + aol3)?(1 + a1 Us) K
B1S3 B3 29U3 B153 B> 8315
+(1+O{1U3)2)(1+06213+O—)(a+§)+( K +(1+a1U3)2)((1+04213)3) .
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Proof. The Jacobian matrix of the system (1.4) at Ej5 is as follows:

_ 27U3 _ __P1Ss _—=B1Us 0
Y (101 Us3)2 (141 U3)
Ja = €81S3 efiUs _ _ Bals — __ B2Ss
3 (1+a1Us3)? (1401U3) s (11-‘1-01213) 525 (1+azls3)?
0 (1+?12313) (1+;2?3)2 - (U + g)
The characteristics equation of J;3 can be given as
N+ AN+ BA+C =0,
where
27U3 B153 ef1Us B3 B253 )
= — - - —0)+(——"—"F5 — (0 + ,
((7 K (1+aUs) 2) ((1 ol Urml) Ot armnE @Y
B_ < 27U3 B153 > < €41U3 B3 )
v — - -0
1—|-041U3 —‘quUg (1—|—0¢213)
27U3 B153 B253
+<’Y 1+041U32 1—|—042[ (U+£)
€ﬁ1U3 Bals B253 )
+ — — (o +
( 1+OZ1U3 (1+042_[3) 0) ((14—&2_[3)2 (U g)
( B2S3 )( Pals > B ( —b1Us )( €f153 )
1+Oég[3 (1+042[3) (1+0¢1U3) (1+0¢1U3)2 ’
and

_ (. 2Us 5153 eB1Us B Bols . A .
C= (7 K (1 +a1U3)2) ((1 + a1 Us) (14 aol3) > <(1 t anl;)? ( Jrf))

n ( _2Us  BiSs )(_ B253 )( Bal3 )
7 K (1+ a1 Us)? 1+ aol3)? ) \ (14 aal3)

+(rmts) (aaee) (e~ € +9).

Using the Routh-Hurwitz criterion, we know that the eigenvalues of J3 have negative real parts if and only if A > 0,

B >0,C >0, and AB — C > 0. This implies that E5 is LAS if and only if inequalities (3.2)-(3.5) hold true.

O

Remark 3.5. Equilibrium Fy represents a state in which none of the prey, susceptible predator, and infected predator
populations exist. In this paper, the equilibrium Ej is unstable(Saddle), meaning that with the entry of even a small
number of prey or predator species into the environment, the equilibrium moves away from state (0,0,0) and we
witness population growth and species survival in the environment. Equilibrium E; = (K, 0,0) indicates that there
are no predators, either susceptible or Infected, in the system. In this case, prey will grow to capacity K and reach
saturation level, and the equilibrium will be stable. In the event of the entry of any predator and subsequently with

their reproduction E; becomes unstable.

In the disease-free equilibrium Fs, prey and susceptible predator species are present in the system. With the help
of the Ry, the threshold behavior of this equilibrium can be observed, because when Ry < 1 and the infected predator
is absent in the system, the infection transmission rate decreases, which means that the ecological environment of the
prey and predator life remains stable(Es is stable). When F5 is unstable, an infected predator enters the environment
and the infection transmission rate increases, or equivalently Ry > 1, then the environment clearly becomes unstable

and the system loses its steady state and an endemic equilibrium appears.

In the case where Ej3 is stable, the disease is endemic in the environment. We have the disease among predators, but
in this case there is no peak of disease in the population and the three species coexist together. But when E3 becomes
unstable, the species cannot have a stable state together. The incidence of the disease may increase to such an extent
that it causes the extinction of predators or oscillatory and chaotic behavior, or the disease is completely eliminated
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FIGURE 1. Numerical simulation of the three dimensional model (1.4) with parameter values 31 =
0.09, B2 = 0.03, v = 0.5, ¢ = 0.9, a1 = 0.01, a2 = 0.01, K = 2, 0 = 0.02, and £ = 0.2; (a)
Populations as functions of time ¢; (b) The trajectory in 3 dimensions for the disease-free equilibrium
E; = (0.2475,4.88,0) and initial conditions (4, 3,0).
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FIGURE 2. Numerical simulation of the three dimensional model (1.4) with parameter values f; =
0.09, By = 0.07, vy = 1.3, ¢ = 0.9, g = 0.01, ay = 0.01, K = 2, 0 = 0.02, and £ = 0.2; (a)
Populations as functions of time ¢; (b) The trajectory in 3 dimensions for the interior equilibrium
E5 = (1.5650,3.1908,1.5201) and initial conditions (3.5,1.8,0.5).

from the population. If predators are generally eliminated, we will return to the axial equilibrium E; = (K;0;0), if
only infected predators are eliminated, we will return to a disease-free case. In general, the stability or instability of
the endemic equilibrium determines the long-term health and stability of the ecosystem and plays a key role in disease
management and species conservation.
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4. TRANSCRITICAL BIFURCATION ANALYSIS

Let
Us
91(X, B2) W’Ul(}s_ 19 o ey U
9(X,B) = | 92(X,B2) | = | {2225 — £2L 0S|,  and X =[S
93(X, B2) LS (o4 )1 I

Theorem 4.1. The system (1.4) undergoes a transcritical bifurcation at Es when bifurcation parameter Ry = 1,
. K(o+8&)[(K[ef1—oai]—o)(eBr—aa1)—(B1)?] 9
provided that v # and (K[ef1 — oaq] — o) (ef1 — oaq) — (¢f1)* > 0.

cagelefr—oaq]t

Proof. When Ry = 1, the Jacobian matrix at Fs is

_ 29U _ B _ Bl 0
K 5 S§1+O(1U2)2 5IJQ1U2
J2 = (1+O¢11(J22)2 1+014152 -0 (J + é‘) ?
0 0 0

which has a simple zero eigenvalue, with corresponding right and left eigenvectors given by:

1
Vi = 0 ,
€B1S2
(0+8)(1+anU2)?
and

Wy = |:(U+§)éll'5041U2) 0 1|,

respectively. Then, we get

0
(2 o
Dﬁzg = |Y2| = (1+SCV121)
¥ (I+aszl)

By applying the Sotomayor theorem ([25], Theorem 1), we find that

(WLDﬁzg)Ez = 07 (41)
and
U1 Yy s Vi 0 0 O
(DxDp,9), = | Dx |2 = |2y t2g 2r| =1(0 0 =S
VY3 ) g, |¥su Wss sr|y [0 0 S
Then
66152
Vi.(DxD V = 0 4.2
( L( X ,Bzg) R)EO (O’+§)(1+O{1U)2 7é ( )
Also, by simple computation, we get
5 9y 915 9ir
Dxg=Dx |g2| = (920 925 921
g3 93y 93s 931
_M_ ﬁls _ ﬁlU O
T K [Fa 07 (I+all)
_ __ef1S U Bl _ B2S
= (I+a10)2 (I+o.0) ,8(}+a21) o ﬁs(1+a21)2
0 (1+321) (1+;21)2 —(0+¢)
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Observe that

7=~ maoy
T g
T 29U B1S BU
(Dxg1)" = [7 — K T @ e0? (T D) 0} = - ,
0
6515’
14+, U)2
(Dyga)T = |88 60 st ps 17| v TUEr
X92) = (14a1U)?2  (14a1U) (1+aql) (14a11)? | (14a10) B(lgrazl) )
~Fes )2
and
" 0
I s Bol
(DXg?))T = |:0 (152042[) (1f;21)2 - (U + €)i| = s S(lJritzI)
Than? — (@)
Thus, we conclude that
B 29U B1S 2 2018, 8 L
; VTR e “®t (ﬂu(fb)s ~ry O
(DX(DXgl) )E2 = | Dx *(1_,’_;71(]) = *m 0 0 )
i 0 By 0 0 0 B
r eB1S _ 2ea1B81S €S 0
" U (1+o¢1U32[ (1+B0¢1U)3 (1401 U)? 4
€P1 2 €P1 2
(DX(DX92) )E2 = | Dx (I+ail) ~ (tasD) 9 = | Fa10)? 0 T (+aql)? )
_ B8 0 _ 2 20325
L (Ttaz)? o (Fa:D)?  (Faal)® 1p,
and
[ 0 0 0 0
T _ __Bol —_lo 0 __ By
(DX(DX93) )E2 = | Dx (I+a21) = (I+az1)?
% _ (J + 5) 0 B2 . —2(12[3253'
_(1-‘1—0421) Bs (1+a21) (1+O¢2[) By
Consequently, we have
WL(Dxx9)(Vr, Vi) = (WL Y _leiVe" Dx(Dxg:) Vi))e,
= (Wile1VaT Dx(Dxg1) V&) g, + (WilesVeT Dx(Dxg3)" Vi) g,
2~ 201818 B1
1 & T a0 T TFamoye 0
_ (e+&(1+a1U) €4S 1
= [ v 1] 0 [1 0 <a+s>(11+a1U>2} ENEETaL 0 0
0 0 0
_ 1 _ 0
(c+&)(1+a1U) eB1S
s [ 0] o 10 o]
L Grtrar )/ g, 1
[0 0 0 r 1
0 0 (1+i221)2 0 )
0 B2 —2a2828 %2
(I+axD?  (I+axD)? | L(c+&(A+ail) By
therefore
2 KleBy — - - — (eBy)?
Wi(Dx xa)(Vie Vi) = (2O 2 o0 =i 2 o) 2 (2)])
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3 (204262673(1([661 —oa1] —o)(efr — 0041)2)
B K3 (o +¢) '
As Ry =1, so
K (o +&)(ef1 —oan)?
ve(K[eBy —oay] — o)’
Finally, we have

B =

WL((Dxx9)(Vr, Vr)) = 2y <(‘7 + (K [efr — oan] — 0)(efr — gon) — (ef1)] ey — oa]*

o = - ) £0, (43)

provided that
K(o+&) [(Klefr — o] — o) (€1 — oon) — (ef1)?]

ths oage[eBy — oaq]* ’
and
(K[efr — oai] —o)(efr — oar) — (¢61)* > 0.
From (4.1)- (4.3), the theorem is proved. O

Remark 4.2. The transcritical bifurcation occurs at a critical point where the stability of the disease-free equilibrium
is replaced by the stability of the endemic equilibrium. In our model, which includes prey, susceptible predators, and
infected predators, the transcritical bifurcation states that Ry = 1 acts as a threshold in determining the stability or
instability of the disease in the ecosystem. Thus, if the value of Ry < 1, the disease cannot be stable in predators, and
the disease-free equilibrium will be stable in this state, so the ecosystem is in a stable state. However, if the amount
of disease transmission increases and as a result Ry crosses 1 and goes higher, then the disease spreads to a larger
number of susceptible predators, and therefore the population of susceptible predators will decrease significantly.
In this case, predators will hunt less, and as a result, the number of prey will increase, causing instability of the
ecosystem. Ultimately, it can be said that with changes in some of the parameters, we will witness sudden changes
in the ecosystem. By analyzing the transcritical bifurcation, it can be predicted whether the introduction of infection
will lead to the collapse of the population or whether the ecosystem will tolerate the disease. We can investigate how
to change parameters such as (s, o, £, etc., to keep the basic reproduction number less than 1 and thus control the
disease.

5. SENSITIVITY ANALYSIS OF BASIC REPRODUCTION (Rjp)

This section focuses on analyzing the sensitivity of the basic reproduction number Ry to changes in the model
parameters defined in model (1.4). Our goal is to determine which parameters have the greatest impact on the spread
of the disease and play a key role in the variation in Rj.

Definition 5.1. The normalized sensitivity index of Ry with respect to parameter ¢ is defined as:

= — X —,
° Js Ry
By referring to the formulation of Equation (5.1) and the parameter values in Table 2, we calculate the parameter
the sensitivity index as follows:
Take the sensitivity for parameter (s,

CRo — ORy _ B2

(5.1)

=—x==1>0.
P2 9B, © Ry
Take the sensitivity for parameter o,
cro = 9F o
oo Ro

(=)=
E)NE
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TABLE 2. Parameters used to show the local stability of Es.

Parameters | (1 B y € o a, | K| o £
Values 0.09 10.030.5|0.9]0.01]{001] 2 |0.02]0.2

TABLE 3. Parameters used to show the local stability of Ejs.

Parameters | (1 5o ¥ € oy a | K| o £
Values 0.09 | 0.07|1.3|0.9(0.01|0.01] 2 |0.02]0.2

TABLE 4. Sensitivity index.

Parameters 51 o £ K o B2 €
Values -0.8609 | -0.230 | -0.9091 | 0.1412 | 0.0021 | 1 | 0.1391

—|

B —0(a1260K + 20,%0%°K — ey £B1 K + a1€o — 3ea1 f10K 4 2002 + €1 + €261°K) 02300 < 0
(0 +&)(K(efr —oar) —o)(ef1 — ar0) ' '

Take the sensitivity for parameter &,

8R0 5 _5
B0 — 20 o 5 = —0.9091 < 0.
€709 “Re (049 -

Take the sensitivity for parameter K,
8R0 K g

Ro _ 9fo K —0.1412 > 0.
UK = 9K “ Ry~ (K(h—oay) o) 120

Take the sensitivity for parameter a;,

ORy o ca1(K(ef — oay) — 20)
Clo=—2 5 = = =0.0021 > 0.
1 da; Ro  (K(ef1 —oay) —o)(efy —oaq)

Take the sensitivity for parameter 1,

R, _ 9B b1 _ —pre(K(efy —oay) — 20) _
Cg’ = 0B X Ro  (K(eBy —oay) —o)(efr — oay) 0.8609 < 0.

Take the sensitivity for parameter €,

ORy € o(oaj + Bie+o0a1’ K — Koy Bie)
Ccho= 22« — = =0.1391 > 0.
¢ Oe Ry (K(ef1 —oay) —o)[ef1 — oaq]

Take the sensitivity for parameter -,

Cf’oz%xl:1>0.
67 Ro
Using the calculations above, we derived Table 4. It is clear that the sensitivity indices of the K, ay, B2, €, and
is positive. This indicates that increasing the value of any of these parameters, while the other parameters remain
unchanged, leads to an increase in the basic reproduction number Ry, while decreasing them leads to a decrease in Ry.
In contrast, the 1, o, and £ parameters have negative sensitivity indices, indicating that increasing their values while
the other parameters are held constant, leads to a decrease in Ry, and decreasing them instead leads to an increase in
it.
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6. NUMERICAL SIMULATIONS

In this section, we present numerical simulations for the model (1.4). Using the parameter values in Table 2,
we obtain Ry = 0.6655 and Fy = (0.2475,4.88,0). The simulation in Figures 1(a) and 1(b) illustrates the stability
of E5. According to the values in Table 3, we obtain Ry = 4.3222 and E5 = (1.5650,3.1908,1.5201). It is clear that
inequalities (3.2)-(3.5) also hold. As a result, according to Theorem 3.4, the endemic (the positive) equilibrium Fj is
LAS. In Figures 2(a) and 2(b), we can see the stability of F3. In Figure 3, we see the effect of each parameter on the
basic reproduction number.

Effect of ,81 on R0 Effect of ,(}2 on R0
2 1
0:01_ — i —— - ‘| Q:ODS//_
9 I L L I L L . I L 0 I L I L I
0.04 0.05 006 007 008 0.09 0.1 0.1 012 013 0.14 0015 0.02 0.025 0.03 0.035 0.04 0.045
3, 4y
Effectof v on R Effect of o, on R
0.8 v @ x v . T : v @ 0.668 . : v T 3
o 06 o 0.666 .
04 I L I L I L . I I 0.664 | . . L I L I L .
0.01 0012 0014 0016 0018 0.02 0022 0024 0026 0028 0.03 0005 0006 0007 0008 0009 001 0011 0012 0013 0014 0015
o fl1
Effect of ¢ on RD Effect of ~ on Ro
0.7 — q
n—v"‘"""‘.“_-‘
i g { RPN T o = s o il
0s L I I I I I . I I 0 I . . I I I I I .
0.4 0.5 0.6 0.7 0.8 k] 1 11 12 13 14 0.25 0.3 0.35 04 0.45 05 0.55 0.6 0.65 07 0.75
€ %
Effect of £ on Ro Effect of K on Ro
] ‘ T T T T 0.7 T T T T T T
ol T { o 06 /_
0 0.5
0.1 0.15 02 0.25 0.3 0.35 1 12 14 16 18 e 22 24 26 28 3
£ K
13

FI1GURE 3. Effect on Ry of the variation of the parameters when v = 0.5, 85 = 0.03,a; = 0.01,8; =
0.09,k=2,e=0.9,0 =0.02,£ =0.9.

7. CONCLUSION

In this paper, we studied a Prey-Predator model with an epidemic disease in predators, Holling functional response
type II and the saturated incidence rate. The system’s equilibria and the basic reproduction number Ry were obtained.
Also, the local stability of the equilibria was studied. By using the Sotomayor theorem, Transcritical bifurcation was
investigated. Using MATLAB software, the numerical simulation of the behavior of the 3D model (1.4) is shown in
Figures 1 and 2. Also, in Figure 3, we simulated the effect of parameter changes on Ry.
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