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Abstract

In this paper, we introduce a new wavelet called the Müntz–Kajani wavelet for the first time. We also study how to
approximate a function using these wavelets and provide an error bound. Then we use a collocation method based

on the Müntz–Kajani wavelet to numerically solve a system of fractional differential equations. The accuracy of
the numerical solution is also assessed. To show how well the method works in practice, we apply it to investigate

how HIV infects CD4+T cells. Numerical results are also presented to demonstrate the efficiency and Cauchy

convergence of the proposed method.
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1. Introduction

During the past decade, fractional calculus has been helpful for mathematical modeling in many different practical
fields. Therefore, many scientists are interested in applying fractional calculus to various fields (see e.g., Gokmen et
al. [15], Saffarian & Mohebbi [31], Canuto et al. [8], Maleki & Tavassoli Kajani [22], Tavassoli Kajani [33], Shirani et
al. [32], Li et al. [19], Yang [37], Erman et al. [10], Liu & Jia [21], Celik et al. [9], Goel et al. [14]). Due the difficulty
of analytically solving fractional differential equations (FDEs), scientists who study applied mathematics are mainly
interested in utilizing numerical methods for solving fractional order problems. In Tural-Polat & Dincel [34], multi-term
variable-order fractional differential equations have been solved using shifted Chebyshev polynomials of the third kind.
A hybrid function approach has been presented by Postavaru & Toma [27] for the numerical solution of two-dimensional
fractional partial differential equations. In Gande & Madduri [11], fractional delay differential equations are solved
via higher-order numerical schemes. Building on these developments, recent research efforts have introduced new
techniques for solving fractional problems with increased efficiency. For example, in Azodi & Yaghouti [5], a method
utilizing fourth-kind Chebyshev wavelets is proposed for solving a fractional-order HIV infection model involving
Caputo derivatives. This approach approximates solutions as truncated series of wavelets, constructing an operational
matrix of fractional integration to transform the problem into a nonlinear algebraic system. Similarly, (Amin et al. [4])
developed a Haar wavelet collocation method for HIV models, emphasizing error reduction and ease of implementation,
with results compared to existing methods. Moreover, (Vivek et al. [35]) presents a Fibonacci wavelet-based algorithm
that efficiently handles nonlinear differential equations associated with HIV models, providing accurate numerical
results and graphical analysis. Furthermore, alternative numerical methods are proposed in Roohollahi et al. [29],
Babaei et al. [6], Irandoust-pakchin et al. [16], Ye et al. [38], Lemnaouar & Hattaf [20], Jain et al. [17], and Katani et
al. [18] for solving fractional differential equations.
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Müntz functions possess unique attributes that make them applicable in different areas of mathematics, notably in
the field of applied mathematics. Solving differential equations through numerical methods can be greatly facilitated
by utilizing Müntz functions. They are particularly helpful in solving differential equations. In Milovanović [25], the
author introduces Müntz orthogonal polynomials and discusses their numerical evaluation. In Gandomani & Tavassoli
Kajani [12], the application of Müntz-Legendre Polynomials in solving a fractional order model of HIV Infection of
CD4+T Cells is presented. Other studies about Müntz functions that show their additional applications can be found
in the references Aghashahi & Gandomani [1], Pourbabaee & Saadatmandi [28], Gandomani & Tavassoli Kajani [13],
Marzban [23], Akhlaghi et al. [2, 3], Xu et al. [36], and Sadek et al. [30].

Here is a brief explanation of what has been done in this article. In Section 2, we briefly explain the initial concepts
of fractional calculus. We also talk about Müntz functions and a type of wavelet called the Müntz-Kajani wavelet for
the first time. Furthermore, we study a new way to approximate a function using the Müntz-Kajani wavelet. In section
3, we derive a collocation method based on the Müntz-Kajani wavelets for solving fractional differential equations. In
Section 4, we provide an error analysis of the method of Section 3. Section 5 is devoted to a practical example, namely
the infection process of HIV in CD4+T cells, by applying the method elucidated in Section 3. Finally, we provide a
concise summary and some conclusions in Section 6.

2. Initial defnnitions

2.1. Derivatives and fractional integrals.

Definition 2.1. Riemann-Liouville fractional integral operator for a function g ∈ L2[0, 1] for σ ∈ R+ is defined as
follows:

Iσg(x) =
1

Γ(σ)

∫ x

0

g(s)

(x− s)1−σ
ds. (2.1)

Definition 2.2. Caputo fractional integral operator for a function g ∈ L2[0, 1] where m − 1 < σ ≤ m is defined as
follows:

Dσg(x) =
1

Γ(m− σ)

∫ x

0

g(m)(s)

(x− s)σ+1−m
ds. (2.2)

According to the above definitions, where σ ∈ R+ and m ∈ N, we have

Iσ
(
Dσg(x)

)
= g(x)−

m−1∑
k=0

g(k)(0)

k!
xk, (2.3)

Dσg(x) = Im−σ
(
Dmg(x)

)
, m− 1 < σ ≤ m. (2.4)

2.2. Müntz orthogonal functions and their properties.

Definition 2.3. The family {ρm(x)}∞m=0 represents a class of orthogonal Müntz functions, which are orthogonal
on the interval [0, 1] with respect to the weight function w(x) = 1. These Müntz functions are defined as follows
(Milovanović [25]):

ρm(x) = Pm(x) + ln(x)Qm(x), x ∈ [0, 1], m = 0, 1, 2, . . . . (2.5)

In which, Pm(x) and Qm(x) are polynomials of order
⌊
m
2

⌋
and

⌊
m−1
2

⌋
. respectively. Then we have

Pm(x) =

⌊m
2 ⌋∑

v=0

a(m)
v xv, Qm(x) =

⌊m−1
2 ⌋∑

v=0

b(m)
v xv. (2.6)

If m = 2n, then for every 0 ≤ v ≤ n− 1, we have

a(2n)v = −
(
n+ v

n

)2(
n

v

)2

2n+ 1

2v + 1
+ 2(n− v)

n−1∑
j=0
j ̸=v

2j + 1

(j − v)(j + v + 1)

 , (2.7)
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and

b(2n)v = −(n− v)

(
n+ v

n

)2(
n

v

)2

, (2.8)

and for v = n,

a(2n)v =

(
2n

n

)2

, b(2n)v = 0. (2.9)

If m = 2n+ 1, then for every 0 ≤ v ≤ n, we have

a(2n)v =

(
n+ v

n

)2(
n

v

)2

2n+ 1

2v + 1
+ 2(n+ v + 1)

n−1∑
j=0
j ̸=v

2j + 1

(j − v)(j + v + 1)

 , (2.10)

and

b(2n)v = (n+ v + 1)

(
n+ v

n

)2 (
n

v

)2

. (2.11)

Based on the Definition 2.3, Müntz orthogonal functions can be obtained as follows approach

ρ0(x) = 1,

ρ1(x) = 1 + ln(x),

ρ2(x) = −3 + 4x− ln(x),

ρ3(x) = 9− 8x+ 2 ln(x)(1 + 6x),

ρ4(x) = −11− 24x+ 36x2 − 2 ln(x)(1 + 18x),

...

(2.12)

Theorem 2.4. The Müntz function ρm(x) on the interval [0, 1] has exactly m distinct simple roots (Milovanović [25]).

Theorem 2.5. Müntz functions are orthogonal and satisfy the following relation (Milovanović [25]):∫ 1

0

ρi(x)ρj(x) dx =

{
δj , i = j,

0, i ̸= j.
(2.13)

where

δj =


1

j + 1
, if j is even,

1

j
, if j is odd.

(2.14)

2.3. The Müntz-Kajani wavelet and its properties. Wavelet families generally arise from the expansion and
transformation of a function known as the mother wavelet. Here, we first divide the interval [0, 1] into 2k subintervals
where k = 0, 1, 2, . . .. Then the Müntz-Kajani wavelet is formed as a result of the ongoing expansion and transformation
in each of these subintervals:

φi,j(x) =


√

2k

δj
ρj(2

kx− (i− 1)), if x ∈
[
i−1
2k

, i
2k

]
,

0, Otherwise,

i = 1, 2, . . . , 2k, j = 0, 1, 2, . . . (2.15)

As a result, the Müntz-Kajani wavelet is an orthogonal basis and we have∫ 1

0

φi,j(x)φk,l(x) dx =

{
1, if i = k and j = l,

0, if i ̸= k or j ̸= l.
(2.16)
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Theorem 2.6. The Müntz-Kajani wavelet φi,j(x) on the interval
[
i−1
2k

, i
2k

]
has exactly j distinct simple roots.

Proof. If we consider the change of variable z = 2kx− (i− 1), then we have

i− 1

2k
≤ x ≤ i

2k
⇐⇒ 0 ≤ z ≤ 1

and

φi,j(x) =

√
2k

δj
ρj(z), where z = 2kx− (i− 1). (2.17)

On the other hand, based on Theorem 2.4, ρj(z) for 0 ≤ z ≤ 1 has j exact simple roots. Therefore φi,j(x), for
i−1
2k

≤ x ≤ i
2k

has j distinct simple roots. □

Remark 2.7. If zs, s = 1, 2, . . . , j are the roots of ρj(z), then the roots of φi,j(x) are given by

xi,s =
zs + i− 1

2k
, s = 1, 2, . . . , j, i = 1, 2, . . . , 2k. (2.18)

2.4. Function approximation using the Müntz-Kajani wavelet. Assume that g ∈ L2[0, 1] and k is a positive
integer. In this case, we approximate the function g ∈ L2[0, 1] using the Müntz-Kajani wavelet as

g(x) ≃
2k∑
i=1

N−1∑
j=0

ci,j φi,j(x). (2.19)

Now, based on the relation (2.16), the unknown coefficients ci,j are determined through the following approach:

ci,j =

∫ i

2k

i−1

2k

g(x)φi,j(x) dx, i = 1, 2, . . . , 2k, j = 0, 1, 2, . . . , N − 1. (2.20)

For assessing the error of the above approximation, we would require the following definition.

Definition 2.8. The Sebolev space of the integer order r is represented by Hr(0, 1) and is defined as follows (Canuto
et al. [8]):

Hr(0, 1) =

{
v ∈ C([0, 1]) :

d

dx
v(r−1) ∈ L2(0, 1)

}
. (2.21)

The members of Hr(0, 1) can be accurately approximated using functions that are infinitely differentiable on [0, 1].

Theorem 2.9. Suppose that g ∈ Hr(0, 1) and g =
∑2k

i=1 g|Ii such that Ii =
[
i−1
2k

, i
2k

]
, i = 1, 2, , . . . , 2k, and

Φi = Span{φi,0(x), φi,1(x), . . . , φi,N−1(x)}, i = 1, 2, , . . . , 2k.

If g̃|Ii =
∑N−1

j=0 cjφi,j(x) is the best approximation of g(x)|Ii , then g̃ represents an approximation to the function g
with an upper error bound as follows:

∥g − g̃∥L2(0,1) = cN−r(2k)−r∥g(r)∥L2(0,1).

Proof. Suppose that PNg(x)|Ii is the finite Legendre approximation of g(x)|Ii . According to the inequality (5.4.12) in
Canuto et al. [8], the truncation error (g(x)− PNg(x)) |Ii is estimated as follows:∥∥∥(g(x)− PNg(x))

∣∣
Ii

∥∥∥2
L2(Ii)

≤ cN−2r(2k)−2r
∥∥∥g(r)∥∥∥2

L2(Ii)
.

Hence, PNg(x)|Ii is the best polynomial approximation of g(x)|Ii with respect to the norm L2 in (Canuto et al. [8]),
and we obtain∥∥∥g(x)∣∣

Ii
− g̃(x)

∣∣
Ii

∥∥∥2
L2(Ii)

=
∥∥∥g(x)∣∣

Ii
− PN+1g(x)

∣∣
Ii

∥∥∥2
L2(Ii)

≤ cN−2r(2k)−2r
∥∥∥g(r)∥∥∥2

L2(Ii)
. (2.22)
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Finally,

∥g(x)− g̃(x)∥2L2(0,1) =

2k∑
i=1

∥∥∥g(x)∣∣
Ii
− g̃(x)

∣∣
Ii

∥∥∥2
L2(Ii)

≤ cN−2r(2k)−2r
∥∥∥g(r)∥∥∥2

L2(0,1)
, (2.23)

which completes the proof. □

3. Numerical solution of FDEs using Müntz-Kajani wavelet

The aim of this section is to describe a procedure for solving FDEs with the aid of a numerical method based on
Müntz-Kajani wavelet.

3.1. Description of the method. Consider the following system of nonlinear FDEs:
Dσ1g1(x) = F1

(
x, g1(x), g2(x), . . . , gn(x)

)
,

...

Dσngn(x) = Fn

(
x, g1(x), g2(x), . . . , gn(x)

)
,

x ∈ [0, 1], (3.1)

with the initial conditions

g1(0) = y1, g2(0) = y2, . . . , gn(0) = yn, (3.2)

where Dσl , l = 1, 2, 3, . . . , n represents Caputo’s fractional derivative operator of order 0 < σl ≤ 1. For the questions
of existence and uniqueness results of problem (3.1) refer to Baleanu et al. [7].

We first divide the interval [0, 1] into 2k, k = 0, 1, 2, . . . equidistant subintervals. Then we present an approximation
to the left side of Eq. (3.1) using the Müntz-Kajani wavelet on the i-th subinterval. That means:

Dσ1gi,1(x) =

N−1∑
j=0

c1i,jφi,j(x),

...

Dσngi,n(x) =

N−1∑
j=0

cni,jφi,j(x),

(3.3)

where cli,j are the unknown coefficients in the approximation of the function Dσlgl, l = 1, 2, . . . , n on the i-ths
subinterval using Müntz-Kajani wavelet.

To obtain an approximation for the functions gl, l = 1, 2, . . . , n via the relations expressed above and properties of
Riemann–Liouville integral and Capute derivative, we have:

gi,1(x) = Iσ1

N−1∑
j=0

c1i,jφi,j(x)

+ yi,1,

...

gi,n(x) = Iσn

N−1∑
j=0

cni,jφi,j(x)

+ yi,n,

(3.4)

where

yi,l =


yl, i = 1,

gi−1,l

(
i− 1

2k

)
, i > 1,

for i = 1, 2, . . . , 2k, l = 1, 2, . . . , n.
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In this way, the FDEs in Eq.(3.1) in the i-th subinterval can be rewritten as follows:

N−1∑
j=0

c1i,j φi,j(x) = F1

(
x, gi,1(x), . . . , gi,n(x)

)
,

...

N−1∑
j=0

cni,j φi,j(x) = Fn

(
x, gi,1(x), . . . , gi,n(x)

)
.

(3.5)

Now, we substitute the roots of φi,N (x), denoted by xi,N , into the system (3.5) to arrive at

N−1∑
j=0

c1i,j φi,j(xi,N ) = F1

(
xi,N , gi,1(xi,N ), . . . , gi,n(xi,N )

)
,

...

N−1∑
j=0

cni,j φi,j(xi,N ) = Fn

(
xi,N , gi,1(xi,N ), . . . , gi,n(xi,N )

)
.

(3.6)

As a result, Eq. (3.6) creates a system of nN algebraic equations with nN unknown coefficients. By solving this
system using one of the existing methods and obtaining unknown coefficients cli,j , approximations of the functions
gl , l = 1, 2, . . . , n on the i-th subinterval will be found.

Remark 3.1. We know that for i = 1, 2, . . . , 2k, j = 0, 1, . . . , N−1, l = 1, 2, . . . , n the number of unknown coefficients
cli,j , is equal to nN2k. Normally, when we have this number of unknown coefficients we reach a set of algebraic equations

with dimensions nN2k ×nN2k; however, in the proposed method we have a system of 2k algebraic equations with the
dimensions nN × nN , which leads to fewer mathematical calculations.

3.2. Error assessment. For assessing the convergence of the proposed method, we provide an error criterion. To
clarify this, suppose that

e1 = g1(x)
∣∣
Ii
− g̃1(x)

∣∣
Ii
,

...

en = gn(x)
∣∣
Ii
− g̃n(x)

∣∣
Ii
,

(3.7)

are the calculation errors for gl(x)|Ii , i = 1, 2, . . . , 2k, l = 1, 2, . . . , n. Then
R1(x)

∣∣
Ii
= Dσ1g1(x)

∣∣
Ii
− F1

(
x, g1(x)

∣∣
Ii
, g2(x)

∣∣
Ii
, . . . , gn(x)

∣∣
Ii

)
,

...

Rn(x)
∣∣
Ii
= Dσngn(x)

∣∣
Ii
− Fn

(
x, g1(x)

∣∣
Ii
, g2(x)

∣∣
Ii
, . . . , gn(x)

∣∣
Ii

) (3.8)

and 
R̃1(x)

∣∣
Ii
= Dσ1 g̃1(x)

∣∣
Ii
− F1

(
x, g̃1(x)

∣∣
Ii
, g̃2(x)

∣∣
Ii
, . . . , g̃n(x)

∣∣
Ii

)
,

...

R̃n(x)
∣∣
Ii
= Dσn g̃n(x)

∣∣
Ii
− Fn

(
x, g̃1(x)

∣∣
Ii
, g̃2(x)

∣∣
Ii
, . . . , g̃n(x)

∣∣
Ii

) (3.9)
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Hence, by subtracting the two previous equations, we arrive at
E1(x)

∣∣
Ii
= R1(x)

∣∣
Ii
− R̃1(x)

∣∣
Ii
= Dσ1e1(x)

∣∣
Ii
− F1

(
x, e1(x)

∣∣
Ii
, e2(x)

∣∣
Ii
, . . . , en(x)

∣∣
Ii

)
,

...

En(x)
∣∣
Ii
= Rn(x)

∣∣
Ii
− R̃n(x)

∣∣
Ii
= Dσnen(x)

∣∣
Ii
− Fn

(
x, e1(x)

∣∣
Ii
, e2(x)

∣∣
Ii
, . . . , en(x)

∣∣
Ii

) (3.10)

Finally, solving the following system of FDEs yields the approximation error:
Dσ1e1(x) = F1

(
x, e1(x), e2(x), . . . , en(x)

)
,

...

Dσnen(x) = Fn

(
x, e1(x), e2(x), . . . , en(x)

) x ∈
[
i− 1

2k
,
i

2k

]
, i = 1, 2, . . . , 2k. (3.11)

4. Numerical solution of HIV Infection of CD4+T Cells

In this section, we will analyze the transmission of CD4+T cells infection using the fractional model presented in
reference (Gandomani & Tavassoli Kajani [12]). Consider the following model:

Dσ1T (x) = q − ηT (x) + rT (x)

(
1− T (x) + 1

Tmax

)
− kV (x)T (x),

Dσ2I(x) = kV (x)T (x)− βI(x),

Dσ3V (x) = µβI(x)− γV (x),

T (0) = T0, I(0) = I0, V (0) = V0. (4.1)

where 0 ≤ x ≤ 1, 0 < σ1, σ2, σ3 ≤ 1. The interpretation of the unknown functions and parameters is provided
in Table 1. According to (Ongun [26]) the parameters of the model are considered based on physical or medical

Table 1. List of unknown functions and parameters.

Unknown functions Meaning
T (x) The concentration of uninfected CD4+T in the blood
I(x) The concentration of infected CD4+T in the blood
V (x) The concentration of HIV virus particle in the blood

Parameters Meaning
η Turnover rate of uninfected CD4+T cells
β Turnover rate of infected CD4+T cells
γ Turnover rate of HIV virus particles

1− T (x)+1
Tmax

Logistic growth indicator of uninfected CD4+T cells

k The infection rate of CD4+T cells by HIV virus
kV T The incident of HIV infection of healthy CD4+T
µ The number of virus particles produced by each infected CD4+T

cells during its life time
q The generation rate of uninfected CD4+T cells in the body
µβ The generation rate of virions through infected CD4+T cells
Tmax The maximal concentration of CD4+T cells in the blood
r The rate of cell duplication through mitosis when they are

stimulated by antigens and mitogens

consideration that are given as follows:

T0 = 0.1, I0 = 0, V0 = 0.1,

q = 0.1, η = 0.02, β = 0.3, r = 3, γ = 2.4,

k = 0.00027, Tmax = 1500, µ = 10.

(4.2)
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Here, we assume that σ = σ1 = σ2 = σ3 and we solve it for σ = 1, 0, 75 and 0.5. Table 2, Table 4, and Table 6 show,
respectively, the values obtained for T (x), I(x) and V (x) for N = 5, 10, 15 and k = 3, 4, 5, 6, 7 when σ = 1. From these
three tables, we observe that increasing N and k causes the obtained value to have Cauchy convergence. For instance,
for a fixed N and two consecutive values of k we have the following error:∣∣∣T (x)∣∣N=15

k=7
− T (x)

∣∣N=15

k=6

∣∣∣ ≤ 9× 10−27,∣∣∣I(x)∣∣N=15

k=7
− I(x)

∣∣N=15

k=6

∣∣∣ ≤ 9× 10−34,∣∣∣V (x)
∣∣N=15

k=7
− V (x)

∣∣N=15

k=6

∣∣∣ ≤ 9× 10−28.

(4.3)

Furthermore, for a fixed k and two values for N we have∣∣∣T (x)∣∣N=15

k=7
− T (x)

∣∣N=10

k=7

∣∣∣ ≤ 9× 10−19,∣∣∣I(x)∣∣N=15

k=7
− I(x)

∣∣N=10

k=7

∣∣∣ ≤ 9× 10−26,∣∣∣V (x)
∣∣N=15

k=7
− V (x)

∣∣N=10

k=7

∣∣∣ ≤ 9× 10−21.

(4.4)

Tables 3, 5, and 7 reports, respectively, the values of T (x), I(x) and V (x) obtained using some other methods
when σ = 1. Comparisons between Tables 2, 4, and 6 with Tables 3, 5, and 7 show that our numerical results are in
agreement with other method in the literature and our method is capable of providing more accurate results. Tables 8,
9, and 10 give, respectively, the values of T (x), I(x) and V (x) obtained using the present method when σ = 0.75.
Moreover, Tables 11, 12, and 13 respectively show the values of T (x), I(x) and V (x) when σ = 0.5. As it is clear in
these tables, we also have Cauchy convergence. Figure 1 shows the T (x) diagram, Figure 2 shows the I(x) diagram and
Figure 3 shows the V (x) diagram for σ = 0.5, 0.75, 1. From Figure 1 we observe that the concentration of uninfected
CD4+T cells in the blood is increasing as the time increased. Moreover, Figure 2 shows that the concentration of
infected CD4+T cells is remains almost unchanged. Furthermore, Figure 3 reveals that the concentration of HIV
virus particles in the blood is decreases. Finally, we conclude form Figures 1–3 that our method has analyzed the
transmission of CD4+T cells infection, correctly.

Figure 1. Graph of T (x) using the presented method for N = 20, k = 0 and different values of σ.
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Figure 2. Graph of I(x) using the presented method for N = 20, k = 0 and different values of σ.

Figure 3. Graph of V (x) using the presented method for N = 20, k = 0 and different values of σ.
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5. Conclusion

In this article, a spectral collocation method based on a class of Müntz wavelets, called Müntz-Kajani wavelets,
has been proposed for solving systems of FDEs. The Müntz-Kajani wavelet was introduced for the first time and an
upper bound for its approximation was derived. The error of the proposed method was also assessed. The efficiency
and spectral accuracy of the method were demonstrated on an applied model describing the HIV infection of CD4+T
cells. It was shown that by increasing N and k the accuracy can be improved. Moreover, comparisons with some
existing methods in the literature show the superiority of our method. It is recommended that future studies continue
to explore the areas that provide a more comprehensive understanding of the topic.
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Equations via Müntz Orthogonal Functions, J. Math., 2023 (2023), 6647128, 1–13.

[3] S. Akhlaghi, M. Tavassoli Kajani, and M. Allame, Application of Müntz Orthogonal Functions on the Solution of
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Cells Using Müntz-Legendre Polynomials, Int. J. Bioautomation, 20(2) (2016), 193–204.

[13] M. R. Gandomani and M. Tavassoli Kajani, Application of shifted Müntz-Legendre Polynomials for solving frac-
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