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Abstract

The purpose of this paper is to investigate the existence of positive symmetric solutions for fourth order iterative
systems with two point integral boundary conditions involving increasing homeomorphism and positive homo-
morphism operator. Firstly, we establish the existence of at least two positive symmetric solutions by using
Avery-Henderson fixed point theorem. Later, we derive conditions for the existence of at least three positive
symmetric solutions by using Avery-Peterson fixed point theorem.
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1. INTRODUCTION

Fourth-order ordinary differential equations have gained significant attention due to their frequent occurrence in
numerous academic and engineering disciplines, including chemistry, physics, biotechnology, and control theory for
dynamical systems. Researchers have focused extensively on studying these equations, particularly with regard to
the existence and multiplicity of positive solutions under various boundary conditions. To address these problems, a
variety of mathematical approaches have been employed, such as fixed point theory[2, 3, 7, 8, 10, 15], the monotone
iterative method[16, 24], upper and lower solution techniques|1, 30], and shooting methods[9, 28], resulting in valuable
insights and advancements in this area. ~To explore turbulent flow through porous media, researchers frequently
rely on mathematical models to capture the complexity of these systems. These models are essential in diverse
applications, including petroleum engineering, groundwater hydrology, chemical engineering, environmental science
and engineering, heat transfer applications, biomechanical and biomedical engineering, for example see [12-14, 18, 21,
22]. One important mathematical framework for studying such phenomena is the p-Laplacian equation, introduced
by Leibenson [17]. The equation is given by:

(ep(y'(5))) = f(s,5(s), 4/ (s)),

where the operator ¢, (y) = |y[P~2y represents the p-Laplacian for some p > 1. This nonlinear operator generalizes
the standard Laplace operator and plays a crucial role in modeling systems that involve nonlinear diffusion, such
as turbulent flow in porous media. The inverse function of the p-Laplacian operator is denoted by 4(y), where
wely) = ly|9=2y and the exponents p and ¢ are related by % + % = 1. The p-Laplacian operator appears in many
applied fields, including turbulent filtration in porous media, blood flow dynamics, rheology, viscoplastic material
modeling, and material science. The study of differential equations involving this operator is therefore of great interest
in both theory and practical applications.

The generalization and improvement of the p-Laplacian operator is an operator ¢ and is called increasing homeo-
morphism and positive homomorphism operator (IHPHO). Some of the works on IHPHO are mentioned here.
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In [19] Liu and Zhang studied the following boundary value problem with increasing homeomorphism and positive
homomorphism

(p(y'(5))) +al(s)f(y(s)) =0, 0< s <1,
y(0) — By(0) = y(1) +dy'(1) =0,
and established the existence and uniqueness of positive solutions by using fixed-point index theorem in cones.

In [20] Miao, Zhou and Song studied the following boundary value problem with increasing homeomorphism and
positive homomorphism

(e(y' () +als)f(y(s) =0, 0< s <1,
y(0) = Z ay(&), y'(1) =0,

and established the existence and uniqueness of positive solutions by using fixed-point theorem on partially ordered
sets.
In [31] Zhang, Feng and Ge considered the p-Laplacian fourth order boundary value problem

(p(y"(5)))" = w(s)f(s,y(s)) =0, 0 <5 <1,

1
y(O):y(l):/O v(q)y(q)dg,
(4 (0)) = oy (1)) = / w(0)ep(y”(0))da,
0

they obtained the existence and multiplicity of symmetric positive solutions by utilizing fixed point theory.
Recently, Prasad and Bhushanam[25] considered the iterative boundary value problem
Un(5) + U(8)fu(ynt1(s)) =0, T<n <4, s €0, 4],
y€+1(5) = y1(5)7 s € [0”%]’

4a(0) = / w(@)yn(g)da, 1 < WS, ya(x) = / w(@)yn(g)da,1 < n < €,

and established the denumerably many positive symmetric solutions by using the Krasnoselskii’s fixed point theorem.
Following that, the researchers have explored the study of symmetric positive solutions, see [6, 11, 23, 26, 27, 29].

Inspired by the works mentioned above, we investigate the existence of multiple positive symmetric solutions for
the fourth order iterative system involving IHPHO and satisfying integral boundary conditions.

((g(s)yn(s)))" = B(8)fu($, yns1(5)), 1 <n <€, 0< s <k,
Yer1(s)=u1(s), 0 < s <k,

satisfying boundary conditions

6000) = &2, = [ o(@a(a)d,
0 (1.2)
E1yn () + oy (k) = /0 0(0)ya(a)dg, 1< n <1,
Pla0)0) = [ " w(a)ele(@)y!(a))da,
. (1.3)
gk () = / w(@)e(e(@)y!(@)dg, 1< n <,

where ¢ € N, £;,& are positive constants and ¢ : R — R is an IHPHO with ¢(0) = 0. A projection ¢ : R — R is
called a IHPHO, if the following conditions are satisfied:

an

BE
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(a) If x <y, then p(z) < p(y) where z,y are real-valued functions.
(b) ¢(x) is a continuous bijection and its inverse mapping is also continuous.
(¢) o(zy) = p(x)p(y), where z,y are real-valued functions.
The following conditions are presumed to be valid in the entire paper:
(I1) f :]0,&] X [0,00) = [0, 00) is continuous, f,(k — $,y) = fu(s,y), 1 < n < £ forall (s,y) € [0,x] x [0, 00).
(12) g(s),h(s) € L]0, k] are positive, symmetric on [0, ] (i.e., g(k — 8) = g(s) for s € [ L K]).
(I3) w(s),w(s) € L0,x] are non-negative, symmetric on [0,x], and p1,p2 € (0,1), p1 = [y v(q)dq, p2 =
Jo w(q)dg, & — py > 0.
The organization of the remaining part of the paper is as follows. In Section 2, we construct Green’s function and
estimate the bounds for Green’s function. In section 3, we establish the existence of at least two positive symmetric
solutions by using Avery-Henderson fixed point theorem. Using Avery-Peterson fixed point theorem, we establish the
existence of at least three positive symmetric solutions. In Section 4, we provide examples to check the validity of
results.

2. GREEN’S FUNCTION AND ITS CHARACTERISTICS

Here, we derive the solution of (1.1)-(1.3) as a solution of integral equation that includes Green’s function. After
that, we derive a few characteristics of the Green’s function which are useful in establishing our main results.

Lemma 2.1. Assume that (12) — (I3) hold. Then for any ui(s) € C([0, x],R), the BVP
e(g(s)y)'(s)) = wm(s), 0<s <k, (2.1)

K

£ 0) &2} (0) - | o (0da, an) + &0t = om0 (2.2)

0
has one and only one solution,

n(s) = - / CHiGs, t)ﬁgo—l(ul(t))dt,

where Hy (s, t) is the Green’s function and is given by

Hi(s,t) = Gi(s, t) q)dg, (2.3)
in which
B 1 (Gt +&)(&(k—s)+&), 0<t<s,
Cals 1) = &1(&1k + 26) {(618 +&)(E(k—1t) + &), s <t <k 24)

Proof. An equivalent integral equation for (2.1) is

s 1 B
yl(s):/o (s—t)mgo Yur(t))dt + ays + ag.

By using boundary conditions (2.2), we get

71 K 1 .
al:M/o (fl(’f—t)+§2)mgﬁ (ur(t))dt,
e [T 1 - "
ag—&(&,H%Z)/O (& ( t)+£2)g(t) Y(u ())dt+§1/ (@) (q)da.
So, we have
| L LR L 1
?/1(8)2/0 (S—t)msﬁ (ui(t))dt + (§m+2§2)/ (& ( t)+§2)g(t)<ﬂ (ui(t))dt
_52 ® 1 1 K
+m/o (fl(lﬁ—t)“v‘&)mtp ( ()>dt+§1/ (q)y1(q)dq
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M[/s(flt-Fﬁz)(&(ﬁ— 5) +§2)g( 0 o Hui(t))dt

_ L 1 L[
/(slsm)(a(m 0+&)-se )| + & [“o@moan
/Glst Uy <>>dt+£l/ o(q)y(q)dq.

After certain computations, we obtain

. 1
/0 o) (0)do = = / / G, 0() s (an (0) .
Therefore,

L " L “1y
/Glst 0 <1<>dt+£1 Ml//clq, )75 (1) dida

:_/O Gats.0)+ o [ Gatan o) o (o)
:_/OnHl(s,t)g(lt)@_l(ul(t))dt.

In establishing the unique solution of the problem the following Lemma is required.
Lemma 2.2. Assume that (I2) — (I3) hold. Then for any uz(s) € C([0,],R), the BVP

7 (s) = ua(s), 0 < s <k,

a0 = [ wla@de 569 = [ w(@e s
has one and only one solution

2(s) = —/OK Ho(s, )us () dt,
where Ha(s, t) is the Green’s function and is given by

H ( ) GQ(S t

q)dq,

in which

Gals. 1) = 1 {t(m— 5), 0

t
k|s(k—1t), s<t

S,
K.

INIA
IAIA

Proof. An equivalent integral equation for (2.5) is

2(s) = /03(8 ~ Yus(t)dt + ags + au.

By using boundary conditions (2.6), we get

ay = R(H — t)up(t)dt, and ag = /H w(q)z(q)dg.
0

Kk Jo
[c[m]
(0] €]
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So, we have

x():/(sftUQ dt+—/ (K — t)us( )dt+/onw(q)1:1(q)dq

/stt)W( >dt+/ w(q)zi(g)da.

0
After certain computations, we obtain

[ wwata= = [ [ Gata. utantivds

Therefore,

/Ggstw )dt + //G2q7
L —p2

;/0 a0+ 1 [ Gata ()dq}@( )it

:—/NHQ(sJ)uQ(t)dt.
0

Lemma 2.3. Assume that (I2) — (I3) hold. Then for any us(s) € C([0, ], R), the BVP

(p(g9(s)yi'(5)))" = us(s), 0< s <k,
satisfying boundary conditions
&191(0) — &u1(0) = /0'* v(@)y1(a)da, &yi(k) + Layi(k
P00 0) = [ w@ptatant @), ¢

has a unique solution

n(s) = [0 tso7| [t iuatnd

where Hy(s,t), Ha(s,t) are defined in Lemma 2.1, Lemma 2.2 respectively.

1)
Proof. Let ua(s) = ¢(g(s)yy(s)) for 0 < s < k. Then the BVP
(p(g(s)y1'(5))" = us(s), 0 < s < s,

w(g(O)y{’(O))Z/Onw(qw(g(q)y{’(q))dm w(g(ﬁ)y{’(ﬁ))=/oﬁ w(q)p(g(q)

is equivalent to the problem

ué/(s) = us(s), 0 < s <k,

us(0) = /O " w(g)us(a)dq, uslk) = /O " w(a)us(q) da.

By Lemma 2.2, the BVP (2.11)-(2.12) has unique solution uz(s) = — [, Ha(s, t)us(t)dt. That is

©(g(s)yy'(s)) = — /OK Hy(s, t)us(t)dt.

Again by Lemma 2.1, the differential Equation (2.13) with boundary conditions

q)dq,

"

Y1

£111(0) — &1 (0) = /0"“ v(@)y(q)dg, &1yi(k) + Eayr (k) = /Ofi v(q)y1(q)dg,

)yi'(9))dg,

(9))dq

(2.10)

(2.11)

(2.12)

(2.13)
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has a unique solution

—ﬁsi_lN U,
n(s) = [ w0507t [ e auatarda) ar

This completes the proof. (Il

Lemma 2.4. Suppose (I3) holds. For A1 € (0,%), let o1(A\1) = 55‘;&5;7 oa(A) =22, By = §1€1u1’ B2 = ﬁ Then
Gi(s,t), Hi(s,t), i = 1,2 have the following properties:

(A1) 0< Ga(s,1) < Ga(t, 1), ¥ 5, € [0, ],
(A2) 0 <Hi(s,t) < BiGi(t,t), ¥V s,t €[0,K],

(A3) Gi(s,t) > 01(A1)Gi(t,t), Vs € [M,k— ] and t € [0, K],

(A4) H;i(s,t) > 0i(M)BiGi(t,t), V s € [A,k — A1] and t € [0, K],

(A5) Gi(k — s,k —1t) = Gi(s,t), Hi(k — s,k — t) =Hi(s,t), V s,t € [0,K].

Proof. From (2.3)-(2.4) and (2.7)-(2.8), it is clear that (A1) and (A2) hold.
For inequality (A3), let s € [A1,k — A1] and ¢ < s, then

Gi(s,t) _ (Gt +&)(&(k—5) +&)

Gi(6D) Gttt + &) ~ M)
and for s < t,
Gi(s,t)  (§15+ &)k — 1) + &) > o1 (M),

Gi(t,t) (Gt +&) (&l —1t) + &)
Similarly, Ga(s,t) > 02(A1)Ga(t,t), V s € [A1,&x — A1] and ¢ € [0,k]. Hence, the inequality (A3). For the inequality
(A4), consider

Hl(s, t) —G1<S t

201()\1)(; (t t)+§

>01(M)B1Ga(2, ¢).
Similarly, Ha(s,t) > 02(A1)B2G2(t, ). For inequality (A5), consider

/<ﬁMﬂGﬂtﬂ(®®

1— M1 Jo

Gl {am—w+@x&m—www»+axo<n—t<m—a
’ 161k +28) | (G(k—s)+&L)(&(k—(k—1) +&), k=8 < K-t <k,
B 1 (Grs +&)(&(k— 1) + &), s <t <k,
&Gk +26) {(ﬁlt +&)(&(k—5)+ &), 0<t <s,
= Gi(s, ).
Similarly, Go(k — s,k — t) = Ga(s, t).
Consider

Hi(k — s,k — t) :G(Iifs,lﬁ*t)+

/%m%n—wwm@

& —m
~Gs.1)+ /'G — gn = o~ @)d(s— )
&1 —Nl
=G(s,t) / G(qg,t
§1—m
:Hl(s,t).
Similarly, Hao(k — s,k — t) = Ha(s, t), V s,t € [0, K]. O

(=)=
E)NE
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Note that an ¢-tuple (y1(s), y2(s),- -, y(s)) is a solution of (1.1)-(1.3) if and only if

yn(s) = \/OnHl(Svtl)g(ltl)@_l|:/OKH2(t17tQ)h(tQ)fn(t%yn+1(t2))dt2:| dt;, n=1,2,--- 4,
Yer1(s) = 11(s), s €[0,k], 1 <n <L

Therefore,

K 1 _ _ K
y1(s) =/ Hi(s, t1)——¢ 1[/ Ha(t1, t2)h(t2)f (t27/ Hy(t2, t3) ® 1{/ Ha(t3, ta) h(ta)fo
0 g(t) 0 0 3) 0
"f£—1<t25—2,/ Hi(tor—2, tor—1)———— t% ) SD 1[/ Ha(t2r—1, tae) (tze)fe(tzz,yl(t%))dt%}
0 0

dtzg_l) cee dt4:| dtg) dtgil dtl.

Now we state the following Avery-Henderson and Avery and Peterson fixed point theorems to establish the existence
of at least two and at least three positive symmetric solutions respectively.

Theorem 2.5. [/] Let K be a cone in a real Banach space B. Suppose a1 and 1 are increasing, nonnegative continuous
functionals on K and 0y is a nonnegative continuous functional on K with 01(0). = 0 such that, for some positive
numbers ¢1 and k,v1(y) < 01(y) < a1(y) and ||yl < kv1(y), for all y € P(y1,c1). Suppose that there exist positive
numbers a; and by with a; < by < ¢ such that 61 (A\y) < A01(y), for all0 < X <1 and y € IK(01,by1). Further, let
T:y € P(y1,c1) = K be a completely continuous operator such that

(B1) 71(Ty) > c1, for all y € OK (71, c1),

(B2) 61(Ty) < by, for all y € IK(01,b1),

(B3) K(a1,2a1) # 0 and a1(Ty) > a1, for all y € 0K (a1, ¢1).
Then, T has atleast two fixed points y*,y** € P(y1,c1) such that a; < a1(y*) with 01(y*) < by and by < O1(y™*) with
71(y™) <ei.

Theorem 2.6. [5] Let K be a cone in a real Banach space B. Let v5 and 02 be a nonnegative continuous convex
functionals on K, as be a monnegative continuous concave functional on K, and 12 be a nonnegative continuous
functional on K satisfying 1o (Au) < Mo (uw) for 0 < X < 1, such that for some positive numbers M and da,

ag(u) < tha(u) and [ju]| < Mrys(u),

for all u € K(y2,d2). Suppose T-: K(y2,d2) — K(y2,da) is completely continuous and there exist positive numbers
as, by and co with as < by such that

(B4) {u € K(vy2,02,a2,b3,¢2,d2) : as(u) > ba} # 0 and aza(Tu) > b for u € K(va, 02, as, ba, ca,da);
(B5) aa(Tu) > by for u € K(vy2, ag,ba,ds) with O2(Tu) > ca;
(B6) 0 ¢ R(v2,19,2a2,d2) and ¥o(Tu) < ag for u € R(y2, e, az,ds) with ¥a(u) = as.
Then T has at least three fized points uy,us,us € K(v2,da) such that
Yo(u;) < dg, fori=1,2,3;
bo < Oég(ul);
as < ’lﬁg(Ug) with OéQ(UQ) < bg;

and

Po(u3) < as.
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3. EXISTENCE OF POSITIVE SYMMETRIC SOLUTIONS
Let B = {y:y € C®([0,x],R)} be a Banach space with norm ||y = m[%x] ly(s)|. For A1 € (0, %), we define the
s€ |0,

cone K C B as

K= {yeB:y(s)>0,y(s) is concave, symmetric on [0, x] and [Amin N ]y(s) > o1 (A1)]lyll}-
SE[AL,R—AL

Define operator T : K — B by
1

Ty (s) = /OH Hy (s, tl)g(ltl)sfl [/0*’» H2(t1at2)h(t2)f1<t2v/om Hl(tzatS)g(t?’)@_l [/0N Ha (23, t4) h(ta) 2
e fon <t2£_2, /OKHl(th_Z, tgg_l)g(t:éil)gp*l UOHHQ(@_M b0V (t20) il fas, yl(tzg))dtgg]

dtgg_l) cee dt4:| dtg) dt2:| dtl.

K 1 K )
m :max{ﬂl/ Gl(tj,tj) (p_l |:52/ Gg(tj+1,tj+1)h(tj+1)dtj+1:| dtj7 ] = 172,26— 1},
0 0

9(4)
‘)<P71 [02()\1)52/A

K—A 1
Lemma 3.1. For each \; € (0, %), T(K) C K and T : K = K is completely continuous.
1) =

Let,

K—A

Ga(tj+1, tj+1)h(tj+1)dtj+1} dt; }v

S+

g(
j=1,2,---20—1.

Mmin{al()\l)ﬂl/ Gl(tj,tj)
A
0, Vs, t€0,k], (Ty1)(s)>0.Let y; € K, then consider
(s —s) = [ H1<n—s,t1>g(;)w[ [ st () ([ i) s
80_1{/0 Ho(t3, ta)h(ta)fo - - fo- 1(1524—27/0 Hi(t2e—2, tar— 1)g(t21 N
tp_l[/ Hz(b‘ze1,tzz)h(t%)fz(bmy1(tzz))dtze] dt2e1> dt4} dts) 2] dty
0
—/OH(n—sn—t)l —1[/KH(5—L‘ t2)h(t2)fi (t H(t t3) - -
—H 1 , 1g(H_t1)<P . 2 15 12 2 2,0 1(12, 13

ot {/ Ho(tor—1, tae) R (tae) fo(tae, yl(tzz))dfze] dt2131> dt4} dt3> dtz] d(k —t)
0

K 1 0
:/ Hl(S,tl) )(p1|:/ HQ(H—tl,H—tQ)h(li—tg)fl (H—tQ, Hl(li—tQ,tg)"'
0 K

9(ta 0
! {/OH Ha(tar—1, tae) h(t2e) fo(tar, Zh(tze))dtze] dtze—1> e dt4} dt3> d(k — tz)} dty

K 1 K
=/ Hi(s, t1)—— 90_1[/ Ha(t1, t2)h(t2)fi (t27/ Hy ( t277f3 %0_1[/ Hy (13, ta)h(ta) fo
0 g9(t) 0 0 (t3) 0
-'f£1<t2427/ Hi(tar—2, tar—1)——— t% N 90 1{/ Ha(tar—1, tae) (L‘ze)fe(t%y1(t24))dt24
0 0

dt22_1> cee dt4:| dtg) dt2:| dtl
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=(Ty1)(s).
Hence Ty, is symmetric on [0, k]. From Lemma 2.4, we get
9 1 _ K K
(Tyr)(s) =/ Hi(s, t)— ¢ 1[/ Ha(t1, t2)h(t2) fo (tz,/ Hy(t2, t3)
0 g9(t) 0 0
< Jo—1 <t222, / Hi (tae—2, t2r—1)
0

dt2£_1> . d@} dt3> dtg] dt,

< /OK G(tlytl)%Sfl {/OKHz(thb)h(h)fl (tzv/on Hi (o, t3)

g(t

K
o foa (t2527/ Hi(toe—2, tae—1)
0

dtgg:| dtggl) R dt4] dtg) dt2:| dt;.

Tyl < B /OEG(thh)g(ltl)sﬂ_l {/0"‘ Ho(t1, t2)h(t2)fi (7527/0*i Hy (o, t3)gé3)<;7_1 [/0” Ho(t3, ta)h(ta)fo

K

1
g(t3)

o ! {/OK Ha (t2e—1, t2e) h(t20) fo (te, y1(t2e))dt22]

p7! [/0" Ha(t3, ta)h(ta)fo

g(t2e-1)

1
9(t3)

o [/OH Ho(tae—1, tae) h(tae) fo(tae, y1(t2e))

ot [/0“ Ho (13, ta)h(ts)

1
g(tae—1)

So,

“foa (bez,/ Hi(t2r—2, tae—1) ot [/ HQ(t%1,tQE)h(tZE)fZ(tﬂayl(t%))dt%:|
0 0

dtzg_l) cee dt4:| dtg) dt2:| dtl.

Again from Lemma 2.4, we get

9(t2e—1)

| K ~ H |
i (@) 2 5 ) [T Gt | [t w1 [ 0 55
w_l[/o H2(t3’t4)h(t4)f2"'fé—l(tze—z,/o H1(t24—2,t2e—1)@

K
ot [/ Ho (tae—1, tae) h(t2e) fo(tae, y1(tzz))dt24 dt241) E dt4] dts) dtz} dt; .
0
By using above two inequalities one can write

min  {(Ty1)(s)} = a1(M) [ Tyll-
SE[A1,k—A1]

So, Ty; € K and thus T(K) C K. By using Arzela-Ascoli theorem and standard methods it can be proved T is

completely continuous. O

3.1. Existence of at least two positive solutions. In obtaining existence of at least two positive symmetric
solutions of the BVP (1.1)-(1.3), the Avery-Henderson functional fixed point theorem will be the fundamental tool.
Let 11 be a nonnegative continuous functional on a cone K of the real Banach space B. Then for a positive real number
c1, we define the sets

K(t1,c1) ={y € K: 1(y) <c1}

and

Ke, ={y € K: [lyl| <ci}.
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Also, we define the nonnegative, increasing, continuous functionals 71,601 and a; on the cone K
71(y) = min[y(s)],
01(y) = max|y(s)|, and
sely

Q = max S)|.
1(y) na> ly(s)]

For any y; € K, we have

Y1(y1) < 01(y1) < ar(m) (3.1)
and
lall <~ minfa(s)] =~ () < — () € — e (3a). (32)
01(A1) s€n o1(A1) o1(A1) o1(A1)
Theorem 3.2. Suppose there exist 0 < aj < bl < ¢} such that f,,, for n =1,2,--- € satisfies the following conditions:

!
C1

(18) fuls.9) > ol s € I and € [of, .
(15) folo) < 9(), s € 0.6] and € [0, ¥ .

(I6) fuls,y) > @(5), s € Ly and y € {C'u gf&l)]-

Then the iterative boundary value problem (1.1)-(1.3) has at least two positive solutions (yf,ys, -, y;) and (yi*, y3*,
<o,y ") such that
) < max {[g(s)]} with max{ly;(s)[} < b, n = 1,275 16
s€[0,k] sely
b} < mact " ()]} with mindly*(s)[} < chy n= 1,2y,
sely sel

Proof. From Lemma 3.1, we know T : K — K is a completely continuous operator. From (3.1)-(3.2), for each

y1 € K, m(y) < 01(y1) < an(yn) and [|ly1]l < ;5371 (91). Also for any A € [0,1] and ¢ € K,

01(Ay1) = mealx{)\(|y1(s)|)} = )\mealx{|y1(s)|} = M1 (y1). Tt is clear that 61 (0) = 0. Since y; € 9K(v1, ), from (3.2) we
sely scily

have that

!

I i < < €1 .
¢t = min i (s)] < Il < 5
By (14), and for tyy_2 € [0, k], we have

K 1 K
/ Hi(too—2, toe—1)———p " [/ Ha(tar—1, tae) h(tar) fo(tar, y1(t2e))dt2e] dtar—1
0 g(tar—1) 0

H—/\1

I‘Q—Al 1 /
> / o1(M)B1G1(tar—1, tor—1) —— " [/ 02(A1)B2Ga(tar, t%)h(t%)@(cl)dt%} dtae—1
A g(tae—1) A M

K—)\l

/ K—A1 1
> *01()\1)51/ Gi(tae—1, t2£71)780_1 [02()\1)52/ Ga(tae, tZZ)h(tZZ)dtM] dtae—1
A g(t2e—1) A

1 1

> c.

Similarly for typ—4 € [0, K]
" 1

K 1 -~ K
/0 Hl(t2274,t2Z73)m80 ! {/0 Ha(t2e—3, tae—2)h(t2e—2)fe—1 (t22727/0 Hl(t2£727t2271)m

o ! {/ Ha(t2e—1, t2e) h(t2e) fo(t2e, yl(tze))dtze] dtze—1) dt22—1} dtag—3
0

(=)=
E)NE



CMDE Vol. *, No. *, * pp. 1-21 11

1 K
)90*1 |:/ Ha(t20—3, tae—2)h(tae—2)fo—1 (tzzfz, c'1> dt2571:| dtor_3
0

> Hi(t2e—4, t2e—3) —7——
| altaemastoes) e

K—A1 !

K—A1 1
> / 01(A1)B1GC1 (toe—a, too—3)———— " {/ 02(A1)P2Ga(tae—3, t2e—2)h(t2é—2)§0(i)dt2z71:| dtae_3
A g(t2e—3) N M

1

/ K—A1 1 K—A1
> %01(/\1)& Gi(tae—3, tar—3) 7 o " {/ 02(A1)B2Ga(tae—2, tze—z)h(tu—Q)dtu—l] dtze—3
M 9(t2e-3) M

> Cq.

Continuing in this fashion, we get

n(Tu(s)) =hup [/OK Hi (s, tl)g(ltl)@_l [/0*“ Ha(t, t2)h(t2) fi (tz,/on Hy (22, t3)ﬁ

o [ ottt foos (-2 [ a2t

g(tae—1)

ot {/ Ha (to0—1, tae) h(t2e) fo(tae, yl(tﬂ))dtﬂ} dt2e-1> e dt4} dt3> dtz} dt1]
0

/
>cj.

Since y; € 9K(61,b}), from (3.2) we have that

-b/

—L _ for s €]0,x].
o100 [0, ]

0 <wi(s) < |lmll <

By (I5), and for tg,—2 € [0, k], we have

/ Hy (tar—2, tae—1) w_l[/ Hg(tu—ht2e)h(t2e)fe(t26,Zh(tze))dtzz] dtar—1
0 g(t2£ 1) 0

/ B1G1(tae—1, tae—1)

g(t _1[/ B2Ga(tar, tae) h(t2e) (E:L)dtzé} dtae—1

151/ G1(tar—1,t20-1)

< bl.

! {52/ Ga(tae, tzz)h(tzz)dtzz] dtae—1
9(be1)” 0

Similarly for te,—4 € [0,£]

1
g(t2r—1)

K K K
/ Hy (tar—4, tae—3) ! {/ Ha(t20—3, tae—2)h(tae—2)fo—1 (tze—z,/ H (t2r—2, tor—1)
0 9(152673) 0 0

ot [/ Ha (tae—1, tae) h(t2r) fo(tar, yl(t%))dt%} dt2e—1) dt2e—1] dtar—3
0

K K
</ Hi(toe—a, tae—3) w_l[/ H2(t243,t2z2)h(tzez)fe1<7f242,b/1>dt241] dtae—3
0

g(t2e—3)

/

1 e b
/ B1G1(tae—a, toe—3) 90_1[/ ﬂ2G2(t2673at2272)h(t21272)90(al
0

9(br )dt2e1} dtae—3

< *151/ G1(t2r—3, tae—3)
m 0

!/
<.

1
!J(t2zf3)¢

-1 [/ B2Ga(tae—2, t212-2)h(t25—2)dt22—1] dtae—3
0
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Continuing in this fashion, we get

f1(Tu(s)) =max [/;Hl(s’tl)g(lm‘/’1[/OHH2(t17t2h(tz)f1 (tg,/onHl(tz,tg)g(ltg)

_1 K K
@ /0 Hy (3, ta)h(ta)fo - - - foo 1(152@2,/0 Hi (tae—2, tar—1)

g(tz -1)

! /0 Hz(tzz1,tzz)h(tzz)fz(tzuy1(t2z))dt2z] dt2e1> - dty dt>dt2] dt1}
S/OKH_l(s,tl)g(ltl)cp1[/OKH2(t1,t2h(t2)f1 (tQ;/OHHl(t%tfi) (1 )

o / Ha(t3, ta)h(ta)fo - fo- 1(7524—2,/0 Hl(t%_2’t2€_1)g(t21@,1)

0
ot / Ha(tar—1, tae) h(tae) fo(tar, y1(t2e))dtze] dt2e—1> e dt4} dt3> dtz] dt
0

<.
Since 0 € K and aj > 0, we get K(ay,a)) # 0. Since y; € 0K(aq,a)),

aj = max |y1(s)] < [Jy] <

s€[0,x] - = o1(A)’

By (16), and for tyy_2 € [0, 5], we have

1
g(tae—1)

K—X KA 4

1 1 L a

/ 01(M)B1G1(t2e—1, tae—1) ot [/ 02(A1)B2Ga(tar, tzz)h(tzz)w(l)dtze} dtae—1
N 9(t2e-1) A M

/ K—A1 1 K—A1
> — ()\1)51/ Gi1(tag—1,t20-1) ot [02(/\1)52/ Ga(tae, t2£)h(t2£)dtze] dtae—1
M A1 g(tQZ*]-) A1

> aj.

K K
/ Hq (t20—2, tae—1) ! [/ Ha (tae—15tae) h(tar) fo (ta, y1(t24))dt2e] dtar—1
0 0

%

Similarly for fo,_4 € [0, K]

1

K 1 _ K K
/ Hi(toe—a, toe—3)—— " {/ Ha(t20—3, tae—2) h(t2e—2)fo—1 <t2272,/ Hi(tae—2, tog—1) ————
0 9(t2e—3) 0 0 9(t2e—1)

o ! [/ Ha(t2e—1, tae) h(t2e) fe (t2e, y1(t2e))dt2z} dt2471> dt2£—1:| dtze—3
0

K 1 -~ K
> / Hi (t20—4, tae—3) )30 ! [/ Ha(t2¢—3, tae—2)h(tae—2)fe—1 <t22—2, a/1) dt2£—1} dtze_3
0 0

g(t2e—3

K—A1

K—A1 1 /
/ o1(A1)P1G1(t2e—4, t2£73)7w4 [/ 02(A1)B2Ga(t2e—3, t2£72)h(t2£72)80(i)dt2271:| dtze—3
M 9(t2e-3) A M

A\

! K—A1 1 K—A1
> %010\1)51/ G (toe—3, tae—3) ——@ " {/ 02(/\1)62(}2(752@727tzzfz)h(tzzfz)dtzzq} dtae—3
AL g(t2e—3) AL
> a)
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Continuing in this fashion, we get

71(Ty1(s)) = min {/OK Hi(s, tl)%sfl {/OK Ha(t1, t2h(t2)fi (tm/: Hi (12, t3)L

s€h g(t 9(t3)

ot [/0M Ho(t3, ta)h(ta)fo -« fo1 <t2e2, /0N Hq (t20—2, t2271)m

ot [/ Ho(toe—1, tae) h(t2e) fo (tae, yl(tQZ))dt22:| dtze—l) e dt4] dtg) dt2:| dt1]
0
> a’l.

So, proved all the conditions of Avery-Henderson fixed point Theorem 2.5. Hence T has at least two fixed points
yi, yr* € Py, c}) such that a) < ay(y*) with 61(y*) < b} and b] < 61(y**) with 71 (y**) < cf. Setting yoi+1(s) =
11(s), we obtain a two positive symmetric solutions (yf, y5,---,y;) and (yi™*,v3*, -+, y;*) of the boundary value
problem (1.1)-(1.3) given iteratively by

K 1 K
yn(s) = / Hl(S,tl) (,0_1|:/ Hg(tl,tg)h(tQ)fn(t27yn+1(t2))dt2 dty, n=1,2,--- ¢,
0 g9(t) 0
such that

< max {[y;(s)]} with max{lyi(s)]} <bf, n =12 0

s€[0,k] sely
b < mac{ |y ()]} with min{[g* ()} < cf, n= 1,2,

s€ly sely

O

3.2. Existence of at least three positive solutions. Let v and 6> be nonnegative continuous convex functionals
on K, as be a nonnegative continuous concave functional on a K, and ¥ be a nonnegative continuous functional K.
Then for positive real numbers as, ba, co, and do we define the following convex sets:

K(y2,d2) = {u e K: v9(u) < da},
K(vy2,a9,b2,d2) = {u € K: by < as(u), v2(u) < ds},
K(vy2,02, a9,b2,co,d2) = {u € K : by < as(u),02(u) < ca,v2(u) < da},
and a closed set
R(y2,%2,22,d2) = {u € K: ag < a(u),72(u) < da}-
In obtaining existence of at least three positive symmetric solutions of the BVP (1.1)-(1.3), the Avery and Peterson
fixed point theorem will be the fundamental tool. For that we define the nonnegative, continuous concave functional

a2, the nonnegative continuous convex functionals 65, 72 and the nonnegative continuous functional 12 on the cone

K by
Y2(y) = max|y(s)|, Oa2(y) = max|y(s)|,

sel sely
¥2(y) =min|y(s)|,  a2(y) =min|y(s)|,
s€ls sely

where It = [A1, & — A1], Tp = [A2, 6 — Xa], A1 < X2, A1, A2 € (0, %). For any 1 € K, we have

a2(y1) < th2(y1) < 62(y1) < 72(y1), (3.3)
and

lonll < —— min [y (5)] = ——aa(31) € ——via() < ——Ba(y1) < ——7a(31) (3.4

Yill = 71(A1) seh Y1 o100 2() = (M) 2(Y1) = 100) 2(U1) = 01()\1)72 Y1) .
Theorem 3.3. Suppose there exist 0 < al, < b, < dfy, co’ = Ullgl) such that f,, formn = 1,2,--- ¢ satisfies the

following conditions:

(&)
ENE
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(I7) fu(s,y) < w(%), selandy, € 0,01(A1)d’2},

(18) fuls.y) > (%), s € I, and y, € [b]

(19) fuls,y) < w(%% selandy, € O,aé].

Then the iterative boundary value problem (1.1)-(1.3) has at least three positive solutions (y;, vy, - -

and (Y7, y3**, -,y ") such that

’yg(yfl) < dh, fori= s xkkkk, n=12 -
by < as(yy), n=1,2,--- 4
3/2 < 1/)2(92*) with OQ(y’:*) < bl2) n = 1727' o ,E,

and

Po(y**) < ah, n=1,2,--- /.

7y2k); (yik*7 y§*7 e

Y)

Proof. From Lemma 3.1, T: K — K is a completely continuous operator. From (3.3)-(3.4), for each y; € K, aa(y1) <
Ya(y1) < O2(y1) < 72(y1), and [|yi|| < Srxy72(91)- Also for any A € {0,1] and y1 € K, ¢2(Ay1) = Héilﬂ{)\(|?/1(3)|)} =
sela

)\nélln{|y1(s)|} = M2(y1). It is clear that 12(0) = 0 < ah, and thus 0 ¢ R(yz, 2, a5,d)).
sela

]l < %(A)’Yz(yl) < #(A)dé
By (I7), and for ty;— € [0, s], we have

K 1 K
/ Hq (t20—2, tae—1) o1 {/ Ha (to0—1,t20) R(tae) fo (tae, yl(t2e))dtzz] dtae—1
0 g(t2e—1) 0

K

_1[ B2Ga(tar, tae) h(tae) pp (= )dtze] dtze—1
0

; ﬁ1G1(t2e—17t24—1)g(t - )30
1
251/ Gi(tae—1,toe—1) ot [52/ Gaf t2é;t26)h(t2l)dt2€:| dtae—1
9(tae— 1)

< d).

Similarly for toy_4 € [0,£]

K
Hy (t2p—4, t20—3
/o ( )g(tzef?,)

ot [/ Ha (tae—1, tae) h(t2r) fo(tar, yl(t%))dt%} dt2e—1) dt2e—1] dtar—3
0

K
< Hi(t2¢—4, t2e—3
/ ( )g(tze 3)
Vi

1 e d
/ B1G1(tae—a, toe—3) 90_1[/ ﬂ2G2(7522—3,152#2)’1(?521272)4%(E2
0

g(t2e—

1
< *251/ G1(t2r—3, tae—3)
m 0

!J(t2zf3)¢

K K
o1 {/ Ha(t20—3, tae—2)h(tae—2)fo—1 (tze—z,/ H (t2r—2, tor—1)
0 0

-1 [/ B2Ga(tae—2, t212-2)h(t25—2)dt22—1] dtae—3
0

1
g(t2r—1)

K
ot [/ Ha(tae—3, tar—2)h(tar—2)fo—1 <7f242, dlz) dt241] dtae—3
0

)dt2e1} dtae—3

If n o€ K(V?adé)a then
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Continuing in this fashion, we get

K r 1
Y2(Ty1) = max [/o Hy (s, t1 1[/0 Ha(t1, t2h(t2)fy (tQ,/O Hl(t2,t3)g(t3)
@_1{/0 Ha(t3, ta)h( e Jo—- 1(?5% 2, H1 tae—2, tae— 1>g(t212_1)
! {/H Ha(t2e—1, tae) h(t20) fo(t2e, yl(tQIZ))dt2€:| dt241> e dt4] dt:s) dtz] dt1:|
< dj. 0

Therefore, T : K(y2,d5) — K(v2,d5), since we have T : K — K by Lemma 3.1. It is immediate that {y; €
)

K(72392,a2abl2ac2/7d/2) 2 n >b/2} 7&@
Now, we prove that, if y; € R(yz, Y2, a),d5) with ¢a(y1) = a) then ¢o(Ty1) < ag’.
By (19), and for ty—2 € [0, k], we have

K 1 _ K
/ Hq (t20—2, tae—1) ot [/ Ha(t20—1, tae) h(tae) fo (e, y1(t2e))dt2z] dtae—1
0 g(tae—1) 0

/ B1G1(tae—1, tae— 1)g(t1,1 1[/ B2Ga(tar, tae) b (tze)qf)p( )dtzz] dtae—1

1
< 251/ G1(t2r—1, tae—1) o1 ﬂz/ Ga(tae, tae) h(tae) dtag | dtag—1
m 0 g(t2e—1) 0

< aj.

Similarly for to—_4 € [0, K]
1

K 1 K ®
/0 H1(t254,t2g3)g(t22_3)§0—1|:/0 H2(tzz3,t2z2)h(tze—2)fe1(?52@2,/0 H1(t2e72,t2e71)g(t2£_1)
! [/ Ho(toe—1, tae) h(tae) fo(tar, y1(t24))dt213] dt2z1> dtze1} dtae_3
0

o {/ Ho(tor—3, tar—2)h(tae—2)fo—1 <t22—2, a/z) dt%—l] dtae—3
0

K
< / Hy (t2e—4, t2e—3)
0

g(tar—3)

B1G1(tae—a, tae—3)

K /
! [ B2Ga(tar—3, tze—z)h(t%—z)fbp(aQ)dt22—1} dtze—3
0

0 g(tﬂfi’»)

a

251/ G1(tar=3, tap— 3)9(25 N _1{/ B2Ga(tar—2, tae—2)h(tar—2)dtar— 1} dtar—3
< a2.

Continuing in this fashion, we get

¥2(Tyn) =in [/OHHl(S tl)g(ltl)cpIUOHHz(tl,tQh(tQ)fl (tQ,/Oﬁﬂl(tz,tg)g(ltg)

s€ly
1

! /’i 2(t3, ta)h(ta)fo -~ foo 1<t2e—2,/OKH1(t24—27t2é—1)g(t2£1)

0

ot / Ha(tae—1, tae) h(tar) fo(tar, yl(tzz))dtze] dt%l) .- dt4} dﬁ3> dtz} dt1}
0
1

K 1 B K K
Sl’glealx [/0 Hl(&tl)m@ 1[/0 Hz(thtzh(tz)fl(tz,/o H1(t2,t3)g(t3)
1

ot /0 Ba (g, t)h(t)fo -+ fo- 1(”‘2’/0 Ty
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K
ot [/ Ha(tae—1, tae) h(tae) fo (Lo, y1(t2z))dt2£] dt251> e dt4} dt3> dt2:| dt1}
0
<aj.

Now, we prove that, if y; € K(y2, ag,b),d}) with 02(Ty1) > co’, then as(Ty;) > b).
Consider

a2(Tyi (s)) =min [/OKHl(S,tl)g(il)QP_l[/OKHQ(tthh(b)fl (tQ,/OKHl(tQ,tg)g(ltg)
@1[/0 Ha(t3, ta)h(ta)fo - - fo- 1<t2z—2a/0HH1(t2€—27t%—l)g( 1

tar—1)

o1 [/OH Ha(t20—1, tae) h(t2e) fo(t2e, yl(t%))dt%:| dtze—1> a dt4} dtg) dt2:| dt1]

> U1(>\1)/0 G(tl’tl)g(tl)%[/o H2(t1;t2)h(t2)fl<t27/o Hl(tz,t?,)g(tg)

b [ Halta, th(t)f S 1(@” AL

9(t2e-1)
o /0 Ha(t2e—1, tae) h(t20) fo(tae, yl(tQZ))dtQE] dt22—1> 4 dt4} dt3) dtz] dty

> 0'1_(/\1)/0 H1(57t1)g(t1)¢q|:A Hg(tl,tz)h(tQ)fl (tg,/o H1(t2,t3)@
bq /0 Ho(ts, ta)h(ta)fo- - fo—1 (t2€—27/0 Hy (202, t20—1) g(t21£71)

?q /0 Ha(tae—1, tae) h(tor) fo (Lo, y1(tze))dffze] dt2z1> a dt4} dts) dtz] dty

:Ul(A1)92(T?/1)
20'1()\1)C2I = b/2.

Now, we prove that, if y; € K(vy2, 02, az,bhyco’,d5), then ao(Ty;) > bh.
By (I8), and for ty_2 € [0, ], we have

K 1 B K
/ Hy (t20—2, tae—1) ot {/ Ha(t20—1, tae) R (tae) fo (e, Z/1(t2£))d?f2z] dtae—1
0 9(’5@—1) 0

> [ 0BG L [ [ onma diae| d
_/)\1 o1(M)f 1(152@—17?52@—1)9(15%71)90 [/}\1 02(M1)B2Ga(tar, toe)h (t21z)¢>p( ) th} toe—1

b/ I{*)\l 1 Ii*)\l
> Mgm()q)&/ G1(tae—1, tae—1) ot [02(/\1)52/ Ga(toe, t%)h(tw)dtu] dtae—1
A g(t2e-1) A

/
> b,

Similarly for t2p—4 € [0, K]

K

~ 1 _ ~ 1
/0 H1(t2e747t2273)m90 ! {/0 Ha(t2e—3, tae—2)h(t2e—2)fo—1 (tufz,/o Hl(t2£727t2£71)m

o " {/ Ha(t2e—1, t2e) h(t2e) fo(t2e, yl(tu))dtu] dt2271> dtzza} dtae—3
0

> / Hy (t20—4, t20—3) o ! {/ Ha(t2e—3, tae—2)h(tae—2)fe—1 (tzz—z, blz) dt24—1} dtae—3
0 0

g(t2e—3)
80
200
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K—A1 /

K—A1 1 _ b
> / 1 (M)B1G1(toe—a, tre—3)————p " {/ 02(A1)B2Ga(tae—3, t2272)h(t2£72)¢p(72)dt2271:| dtag_3
A g(t2e—3) A M

1 1

b/ K—A1 1 -~ K—X1

> iUl(M)&/ Gi(tar—3, tar—3) o " {/ 02(A1)B2Ga(t2e—2, tze—z)h(tzz—z)dtﬂ—l] dtze_3
M A1 g(t2e—3) A1

> bh.

Continuing in this fashion, we get

ax(Tya(s)) = ?éllrll [/OK H (s, tl)g(ltl)%’_l [/0“ Ho(t1, t2h(t2)fo (tz,/: Hi (o, ts)@
- {/OKH (s, ta)h(ta) o - Joo 1(’52427/; Hl(tzzz,tze1)9(;_1)90_1[/:&(152@hL‘ze)

h(t2e)fe(t2e, yl(t2£))dt2£:| dt2£1> e dt4} dt3> dtz} dt1]

/
> b).

So, proved all the conditions of Avery and Peterson fixed point theorem 2.6. Hence, there exist three positive fixed
points yf, yi*, y** € K(v2,d2) such that

Y2(y7) < di;

by < a2 (yy);

ay < a(y;”) with az(y;™) < by;

and

Ua(yr™) < ap.
Setting ye+1(s) = wi(s), we obtain a three positive symmetric solutions (yf,v5, -, y;), (v %, -+ ,y;") and
(Y™, 3™, -+, y;**) of the boundary value problem (1.1)-(1.3) given iteratively by

yn(s) = /0N Hq (s, tl)g(ltl)%[/: Hy (t1yt2)h(to) fr(to, Yni1 (t2))dta [ dty, n=1,2,--- ¢,

such that

Yo(yl) < db, for i =, sk, x5k %, n=1,2,--- 4

by < ao(y)), n=1,2,--+ 4

ah < PYo(yr*) with ag(y*) <bs, n=1,2,--- ¢;
and

Pa(yn™) < ay, n=1,2,--- L.

4. EXAMPLES

Example 4.1. Consider the following problem

(cp(g(s)y;{(s)))” = h(s)fu(s, yn+1(s))7 1<n<20<s<1, (4.1)
y3(8) = y1(s), 0<s< '

satisfying boundary conditions

3yn(0 - yn fo q dq, 3yn( + yn fo dq, 1<n<2, (4.2)
Bo
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where g(s) = —5s% +5s +4, h(s) =100, v(s) =%, w(q) = Iisos?

13
fils) = hls,y) = { V8 T2 AU S (5,9) € [0,1] x (0, 6],
S, = S, =
15, Y 2(5, Y 6y234 — 12y253 + 6y252 + 3y3ey — 18y2ey + 15, (37 y) c [O7 1] X [67 OO)
After algebraic computations, we get 1 = &, po = &, i =12, B, =18,

1 K
Hy (s, £) =G (s. 1) + / G1(g, £)v(g)dg,
§1— 11 Jo
Has,6) =Gals, ) + 1 | Gala tyu()da
— M1 Jo
in which
1 [Bt+1)(4—3s), 0<t<s,
G1(57t) = —
15 | (8s+1)(4 —3t), s<t<1,
G t(1—s), 0<t<s,
2(s,) = s(1—1t), s<t<1.

Let Ay = 2, then o1(A1) = &, 02(A\1) = 1, m = 0.3465210722, M = 0.03234219173. Choose a} = 0.1, b} =2, ¢| =

0.4+

0.3+

G1(s,t)
0.2+

FIGURE 1. Pictorial representation of G1(s,t). FIGURE 2. Pictorial representation of Ga(s, t).
6.5, then
/
fn(s,y) ><p(%) = 40391.29882, for s € [0.14,0.86], y € [6.50,18.20],
b/
(s, 9) <80(R1) = 33.31199881, for s €[0,1], y € [0,5.60],
a
1

Ja(s.y) >(57) = 9560070727, for s € [0.14,0.86], y € [0.1,0.28].

Hence by Theorem 3.2, the BVP (4.1)-(4.2) has at least two positive symmetric solutions (y;, y5) and (y;™*, y3*) such
that

0.1< m%)i]{|y;(s)|} with  max ]{|y;§(s)|} <2, n=12,

s€] 5€[0.14,0.86
2 < - ith i - <6.5, n=12
Se[gggfg.%]{lyn ()|} wi se[of?i%‘sa]“yn ()} n

(=)=
E)NE
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Example 4.2. Consider the following problem

(e(g(s)yn ()" = h(s)fu(s, ynt1(s)), 1<n <2 0<s<4, (4.3)
y3(s) = y1(s), 0<s<d4, :

satisfying boundary conditions

f () ()dq, 1<n<2, (4.4)

5Yn(0) — 2y,,(0 fo (@) yn(q)dg, 5yn(1 )+2yn( )=

©(9(0)y,(0)) —fo 7)p(g )n( ))dg, ¢(g(

2 2
where g(s) = W’ h(s) =178, v(s) = L8225 yy(s) = %,

sl o 4, (s,9) € 10,4] x (0,2],
A5, y) = fals,y) = 5yst—10ys® +5y;4+57033500y 1106999 (s,y) € [0,4] x (2,3],
5ys*—10ys® +512/i4;-024450y+660151 (S, y [0’4] X ( ,OO)
After algebraic computations, we get py = g—?, o = }—S, £ = %, o = 39

1

Hy (s, 1) =Gi (s, ) + / " G, o()da,

§1
Ba(s, £) =Ca(s. 1) + / Galg, Hu(q)da,
—H
in which
1 [(Bt+2)(22—5s), 0<t<s,
Gl(sv t) = Jon
120 | (s +2)(22 — 5t), s <t < 4,
t
1(4_5), 0<t<s S,
G2(5v t) 4 s
—(4—1t), s<t<A4.
4
Graph of G1(z.t) Graph of G2(z.t)
1.2
1.0-
0.8 0.64
G1(s,t) 0.6 G2(s,b)
0.4~
0.4+
0.2+
e
0
S
FIGURE 3. Pictorial representation of Gy (s, t). FIGURE 4. Pictorial representation of Ga(s, t)
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Let )\1 = ]., )\2 = 1.5 then 0'1()\1) = %, 02()\1) =
2.5, c, = 7.857142857, d, = 100 then

L m =10.73716627, M = 0.7111785106. Choose ay = 1.5, b} =

!

d
fa(s,9) <p(=2) = 18.44215292, for s € [1,3], y € [0,31.82],
m

b/
Ja(s,9) >p(57) = 3178111994, for s € [0,4], y € [2.5,7.857142857),

!

fu(s,y) <<p(%) = 1.758390288, for s € [1,3], y € [0,1.5].

Hence by Theorem 3.3, the BVP (4.1)-(4.2) has at least three positive symmetric solutions (5, v5) , (¥, y5*) and
(y2**, y5**) such that

max |y?(s)| < 100, for i = *, sk, %% %, n=1,2;

s€[0,4]

2.5 < min |y:(s)|, n=1,2;
min |17 ()

1.5 < mi - ith min |y**(s)| < 2.5, n=1,2;
seiin [y ()] wi ﬁi{;ﬂyn (s)] n

and

i o (s) < 1.5, m=1,2.
Se[r{}éghs]lyn (s)] n

5. CONCLUSION

This paper presents the existence of at least two positive symmetric solutions and three positive symmetric solutions
for the fourth order iterative systems involving IHPH operator satisfying two point integral boundary conditions. The
results are established by applying Avery-Henderson and Avery-Peterson fixed point theorems. These results may
extended to the higher order multi point boundary value problems and fractional order boundary value problems with
suitable fractional derivatives.
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