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Abstract , N

Mathematical modeling plays a vital role in understanding complex medical and biological processes. In this
study, we develop a mathematical model incorporating the incomplete R-function to analyze glucose supply in
human blood. The model provides a generalized framework to assess glucose dynamics under varying physiological
conditions. Numerical simulations demonstrate the impact of key parameters on glucose distribution, revealing
critical thresholds for maintaining optimal glucose levels. The findings offer valuable insights into glucose regulation
mechanisms, with potential applications in diabetes management and metabolic health monitoring. The general
results reveal several intriguing cases concerning the relevant parameters involved.
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1. INTRODUCTION

Over the past forty years, mathematicians and scientists have been increasingly captivated by fractional calculus
and special functions due to their extensive applications and importance in diverse fields such as computer science, bio-
logical science, medical science, ecology, control theory, social sciences, diffusive transport, electrical finance networks,
viscoelasticity, signal processing, fluid dynamics, and environmental science [6, 26]. The incomplete R-function has
been identified in numerous response-related problems, reaction-diffusion, encompassing diffusion, connectivity, and
electronics fractional differential equations, as well as other domains of physics, probability theory, biology [17, 27].

Fractional calculus has emerged as a powerful tool for modeling complex dynamical systems, particularly in bio-
logical and epidemiological studies. Recent advancements highlight its applicability in diverse areas, including disease
modeling, population dynamics, and physiological processes. Bhatter et al. [6] explored the Srivastava-Luo-Raina M-
transform involving incomplete I-functions, providing a robust mathematical framework for fractional calculus. The
study by Higazy et al. [15] examined the structural properties of a generalized Caputo fractional-order Lotka-Volterra
system, demonstrating its efficiency in capturing memory effects. In epidemiology, Panwar et al. [21] analyzed a
nonlinear smoking model using fractional operators, while El-Mesady and Ali [? | investigated the role of preventive
measures in a fractional-order chickenpox model. Fractional models have also been instrumental in understanding
COVID-19 transmission, as illustrated by Adel et al. [1], who incorporated lockdown effects into a novel fractional
framework. Additionally, Elsonbaty et al. [14] proposed a discrete fractional model for lumpy skin disease, while
El-Mesady et al. [? | explored its nonlinear dynamics and control strategies. Beyond epidemiology, Shyamsunder
[25] provided a comparative analysis of fractional models for blood alcohol concentration, emphasizing their numer-
ical efficiency. Furthermore, El-Mesady et al. [? ] presented a fractional-order vaccination model for tuberculosis,
incorporating susceptible individuals with underlying ailments. These studies collectively underscore the versatility
of fractional calculus in modeling real-world phenomena, motivating its application in glucose dynamics within the
human body.
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The human body is made up of several organs, each of which has a distinct purpose that is necessary to sustain
biological activity. These cellular processes depend on a steady and continuous supply of glucose. Thus, maintaining
optimal blood glucose levels is important: Hypoglycemia affects the ability of organs to function normally, whereas
hyperglycemia causes glucotoxicity. Under typical metabolic conditions, the human body is designed to maintain
blood glucose levels between 80 and 120 mg/dL [7, 18]. Glycaemia is a term used to describe the amount of glucose
in human blood. It is often referred to as blood glucose level or blood glucose concentration. About 4 grammes of
glucose circulate in the blood of a 70 kg person on average [35]. Even while glucose makes up a very little portion of
the body’s mass, many different types of cells are sensitive to its presence and rely on it. Considering the significance
of these 4 grammes of glucose, a complex regulatory mechanism is in place to ensure stable blood sugar levels. Our
comprehension of this regulatory system has been substantially enhanced by experiments conducted on a variety of
tissues, cells, and organs. It is amazing how well the body can provide dietary glucose while preserving blood glucose
homeostasis.

Although the kidney can produce glucose, it is a far less significant source than the liver. Ingesting a high-
carbohydrate meal increases insulin secretion from cells, which promotes glucose removal from the blood into the
muscles, liver, and fat while inhibiting glucose release from the liver into the bloodstream. This reduces fluctuations
in blood sugar levels. During exercise, insulin-independent mechanisms that increase glucose uptake in the muscles
are activated, and the liver produces glucose to stabilize blood sugar levels. Hypoglycemia occurs when glucose
production does not increase, often due to excessive insulin in people with diabetes. Severe hypoglycemia can lead to
neuroglycopenia, seizures, metabolic dysfunction, and death. Persistent hyperglycemia leads to “glucose poisoning,”
contributing to diabetes complications such as §-cell dysfunction and pathology. Alcohol consumption initially raises
blood sugar levels, which subsequently drop, and some medications can also affect glucose levels [? ].

The process known as glycogenesis transforms excess glucose into glycogen, which is then stored in the muscle
and liver cells. When blood sugar levels drop, glycogenolysis and gluconeogenesis restore glucose levels to normal.
Stored glycogen in the muscles and liver is converted by glycogenolysis first to glucose-1-phosphate and subsequently
to glucose-6-phosphate. Synthesis of glucose from non-carbohydrate sources is known as gluconeogenesis. Together,
these metabolic mechanisms keep blood sugar levels within acceptable ranges. However, the time required for these
processes is shorter for an average person and longer for someone with diabetes. Various methods exist to test and
measure blood sugar levels, including the glucose tolerance test, which assesses how effectively the body processes
glucose by measuring blood sugar at specific intervals after glucose consumption. This test plays a crucial role in
diagnosing diabetes and prediabetes. For an in-depth mathematical analysis of these methods, see Kapur’s 1985 study
[19].

Despite significant advancements in mathematical modeling of glucose regulation, existing models often fail to cap-
ture the intricate dynamics of glucose homeostasis influenced by physiological and external factors. Most conventional
models rely on classical differential equations, which may not adequately describe glucose metabolism’s memory and
hereditary properties. Furthermore, the role of special functions in modeling glucose dynamics remains under explored.
To address these gaps, this study introduces a novel mathematical model incorporating the incomplete N-function,
offering a more generalized and flexible framework for analyzing blood glucose levels [2, 8]. Unlike existing approaches,
this model enables a more comprehensive examination of glucose fluctuations by leveraging fractional-order deriva-
tives and special functions. Through numerical simulations, we investigate the impact of key physiological parameters,
identifying critical thresholds that influence glucose regulation. The insights derived from this study provide a deeper
understanding of glucose metabolism and offer potential applications in biomedical science, personalized medicine,
and metabolic disorder management [28, 29].

The remainder of this paper is structured as follows: Section 2 presents the necessary mathematical preliminaries
and foundational concepts. In section 3, we discuss the main findings of our study, highlighting key theoretical results.
Section 4 provides a graphical discussion, illustrating the impact of various parameters through numerical simulations.
Finally, section 5 concludes the study by summarizing the findings and outlining potential future research directions,
followed by a list of references.

(=)=
E)NE



CMDE Vol. *, No. *, * pp. 1-10 3

2. PRELIMINARIES
This part will present some basic definitions and formulas that we will discuss in the study.

Definition 2.1. Consider p(t) a real-valued integrable function. Then, the fractional derivative of order 0 < a < 1 in
the Caputo sense is defined as follows [20]:

C na _ 1 K pr(w) w
D2 (p(t)) = | / : duw, (2.1)

L(r—a t—w)a—rtl
where r = [a] + 1.
Definition 2.2. Consider the set S as described in [? ].
S={p(z): IM,a1,0 > 0, [p(2)] < Met, if z € (1)1 x [0,00)},
for all real z > 0, the Sumudu transform (ST) of a function ¢(z) € S is given by S[p(z)] = P(K);

Sle(2); K] = ®(K) = /000 e Pp(Kz)dz ; K € (—a1,as).

The inversion formula for the ST is expressed as

SRR = o) = g [ () K

w—100
where @ € R is a constant.

Definition 2.3. The ST of Equation (2.1) is provided as follows [? ]:

a Slp(t)] — (0)
S[OD} p(t); K] = e
Incomplete Gamma Function: The standard incomplete gamma functions (g, () and I'(g, () are represented as
7 ]:
¢
Q)= et dn (RG>0 ¢ 2 0),
0
and

Dig.q) = [ 070 el db, - (R(@) > 05 ¢ 2 0),
¢
satisfy the subsequent decomposition rule:

Y(g,0) +T(g,¢) :==T(g),  (R(g)>0),

where R(g) denotes the real part of the parameter g.
Furthermore, when we set ¢ = 0, we obtain I'(g, () = I'(g).

Aleph Function: The R-function, which is a general higher transcendental function introduced by Sudland et al. in
their works, specifically in [32, 33], is formally defined as follows:

(®m7 Gm)l,v; [fm(@ml7 Gml)}v-‘,—l,m

R(g) = R

<Q) s fisp e (vaBm)l,ua [fm(leaBm)]u+1,sl
1
2me Jg (w) ™ dw,



4 M. MEENA

where o € C/0, .t = /-1, and

[ T(Qm + Bpw) [ T(1— 0O, — &,w)
m=1

Q(W) Ty mzsll T ’
S| I T Qu—Buw) I T(Op+Epuw)
=1 m=u-+1 m=v+1

The integral path § = $,, (7 € R) extends from v — 0o and ~y + too; the poles of gamma function I'(1 — ©,,, —
¢,w)(m = 1,--- ,v) do not exactly match with the poles of gamma function I'(Q,, + B, w) (m = 1,--- ,u); the
parameters 1, s; are non-negative integers satisfying 0 < v <rand 1 <u < s forl =1,--- ,r; €, B, Eni, B
are positive real numbers, and O,,, O, O, Qi are complex and the empty product is interpreted as unity. For
the existence conditions and further details of R-function one can refer to [32].

Incomplete R-Function: The incomplete R-functions "R, . (0) and FN:fl”Usl’ fi: (0) containig the incomplete

gamma functions (g, ¢) and I'(g,¢) introduced by Bansal et al. [? ] as define below:

’YNU’” (Q) _ ’YNU’U (613 61 : Z)) (@nu Qm)Q,vv [fm(@mla 61’nl)]v—|—l,m
s fi 9 s f1i (QmaBm)l,uv [fm(levBm)]u—i-l,sl
1
= — Vd 2.2
271 ) w(w,z) o W, (2.2)
and
T\yu,v (Q) _ I'yuw 0 (@17 (G Z), (G)ma QSm)Q,va [fm(@mla Gml)]v-&-l,rl
s fisp s fii 9 (vaBm)l,u; [fm(le;Bm)]qul,sl
1
=— [ U(w,z2) o7 % dw, (2.3)
21 $
where
¥y(1-06;—¢w;z) [[ T(Qm+Bnw) [[ T(1 -6, —&,w)
m=1 m=2
qj(w’ Z) = © Sy T )
E fl |: H F(l - le o Bmw) H F(@ml + emlw):|
=1 m=u+1 m=v+1
U v
r'l1—e,—&w;z) [ T(Qm +B,w) [[ T(1-0, —¢,w)
w(w,z) = — = m= =t 7 (2.4)
S S [ I L= Q= Buw) 1 T(Om+ Epuw)]
=1 m=u+1 m=v+1
for 0 # 0, z > 0, the incomplete N-functions YR"" (o) and R o (0) in (2.2) and (2.3) exist under conditions
[? ]. Such as
0 >0, larg(o)] < %67r, =1,
& >0, |arg(o)| < 16m, and R(A),+1<0,
where
v u T Si
G=> Cnt ZBm_fl< S Gt Y, Bml),
m=1 m=1 m=v+1 m=u-+1
u v sy I3l 1
A=Y Qn-— Zemm( SoCm— > Bml> +gn—s), I=1p. (2.5)
m=1 m=1 m=u-+1 m=v+1
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The incomplete R-functions YR" . (o) and S o (0) defined in (2.2) and (2.3), simplified to numereous
special functions such as R-function, incomplete I-functions [? |, I-functions [? ], incomplete H-functions, Fox’s

H-function, etc.

3. MAIN FINDINGS

The Sumudu integral transform technique has been employed as a robust mathematical tool to address the problem,
effectively converting complex differential equations into algebraic forms. This transformation enhances computational
efficiency while maintaining the problem’s original domain, allowing for high-accuracy solutions. A mathematical model
utilizing incomplete R-functions, a specialized class of functions dependent on a single variable, has been formulated
to quantify glucose absorption into the bloodstream. These incomplete R-functions effectively capture the dynamic
behavior of glucose metabolism, requiring careful evaluation concerning specified variables and parameters for precise
glucose supply estimation.

Theorem 3.1. Let ¢ be a function satisfying the conditions stated in S, and consider the incomplete N-function
representation of the glucose supply model. Then, the generalized form of the function is given by:

'yNu+1,v ( ) _ u+1,v 0 (@17 e1 : Z)) (1 + 0; Ql)v (Gma 6m)2,v7 [fm(emh le)]v-i-l,n
8 fis g ritl st fise (Qa Ql)v(vaBm)l,ua [fm(Q7rLlaBm)]u+l,sl

7_19—1

T +<p1) (O‘ - (1Tf19))

(Qm; Bm)l,ua [fm(lea Bm)]u+1,sl

« nyu-i-l,v 0 (@17 61 : Z)7 (1 + T, T1)7 (@m7 €’m)2,v7 [f’rn(@’mly €7nl)]v+1,rl
rit b st fiig (T, 7'1)7 (meBm)l,uv [fm(le,Bm)]u—&-l,sl
u,v @,@ ZZ,@m,Gm U memaem v+1,r
AN ‘ (01, €1+ 2), (O, €)oo U (Ot Epnt) 1, 51)

with §; and A; define by (2.5)
(1) T >T1,0> 01,
(ii) z > 0, ¢ is proportional constant,
(111) 5l > 03 |arg(g)| < %5’”; l= ]-7 6
(iv) & >0, larg(o)| < 36w, and R(A) +1 <0.
Proof. Compartment that continuously supplies the blood with glucose at a rate ¢. The following formula will be
used to express the blood glucose level at any given time 7, o(7) ([23], pp. 65, (2.1)):
do _
dr
where ¢ is the proportionality constant, often known as the transfer coefficient.
The above differential equation in Caputo sense is obtained as follows:

“Dlo=—p(o—a).
After taking Sumudu transform, we have
o(S) = A+ 5%pa — ST,

where 0(0) = A is constant.
Further taking inverse Sumudu transform, we have
™ pa T

19-&-1@
= A —
=TT T Twre)

—p(0—a),

Llo+1) A 7 lpal' (1 + 1) B 0ol (1T + 1)
(o) LY+ 1)0(r) L +2)(r)’

(3.2)

(&)
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It is assumed that ¢ depends on 7. It is possible to think of this transfer coefficient as the rate at which the amount
of sugar varies for every unit.

Again, put p = o — oW, 7 = 7 — ;W (since as time increases, the level of glucose will decrease) in (3.2).

Multiplying both sides of (3.2) by 5—to(w, z)0" where w(w, z) defined in Equation (2.4) and on integrating both
sides with respect to w in the direction of contour $ and using (2.3), we obtain the desired result (3.1). O

Likewise, we can solve using the lower incomplete R-function denoted as "YNZ’USL for

Corollary 3.2. The following image formulas exist for the N-function [32, 35] if z =0 is set to (3.1):

(@17 e1 . 0); (1 + 0; Ql)a <®ma e7’11)2,1)7 [fm(e)mla 6Wbl)]erl,Tl ]

Nqul,v
(Qa Q1)7 (va Bm)l,ua [fm(le; Bm)]u-f—l,s;

ri+1, s+, fis 0

_ T ' (a TP ) Nqul,v 0 (1 + 7, 7_1)7 (®m7 em)l,va [fm(e)mla eml)]erl,rl
F(ﬁ‘i’l) (1+19) ritlsitl fisp (TaTl)a(eruBm)l,ua [fm(le;Bm)]u-i-l,sz
u,v @mvem)lﬂ)a [fm((_)mlaeml)]zﬂrlr
AN ( ’ R 3.3
+ s J1i 9 l@ (Qrm Bm)l,u7 [fm(thBm)}u«Fl,sl ( )

Corollary 3.3. When f; = 1 is entered in the main result (3.1), the incomplete I-function proposed by Bansal and
Kumar [4] may be represented by the following image formula:

FIu+1,v (917 e1 : Z)v (1 + 0; Ql)a (®m7 QE771)2,117 [1<@ml7 QEml)]'u-‘,—lﬁl

ntlatlh e ¢ (Qa Ql)a (Qma Bm)l,?u [I(th Bm)]u—&-l,&
— Tﬁilw (a _ Y ) T rut+low (61’ el : 2)7 (1 + 7, Tl)? <®ma em)Q,vz <@ml7 eml)'qul,rl
F(ﬁ+1) (1_1_,(9) ntlstle (Ta Tl)v(Q’rruBm)l,ua (levBm)u-l-l,sl
T ru,v (917 e1 : Z), (Gma e7’n)2,v7 (Gmlu Gml)v+1,m
+A Irl,sl;p | (QmaBm)l,uy (leme)u+17sl (34)

Corollary 3.4. When z =0 and f; = 1 are set once more in (3.1), the image formula for the I-function proposed by
Sazena [2]] exists:

u+1,v
Irl—i-l, s1+1,1; 0 4

(Q, Ql)a (Qma Bm)l,uy [I(th Bm)]u—&-l,s;

(©1,€1:0), (14 0:01); (O )2y [1(Omit, €)1 ]

7_19—1

_ @ (a _ TY ) Iu+1,'u 0 (1 + T, 7'1), (@m, em)l,m (G)mly Qfml)v-&-lﬂ'z
(W +1) (149)/) mthsthe

(7-7 7-1)’ (Q7n7 Bm)l,uv (le7 Bm)u+1,sl

+ AI’M,’U

T, 815 9

(QTIHBm)l,ua (le, (35)

u+1,s;

(®m7 e771)1,117 ((_)mla éml)'qul,rl
B,,)

Corollary 3.5. Further setting fi = 1 and p = 1 in (3.1), then, according to Srivastava [31], the incomplete H -
function has the following image formula:

FH“+17U 0 (@1761 : 2)3(1+97 91)7(6m7€m)2,v
1, s+l (Qa Q1)7(Qm78m)1,u
_ 7'19—1@ (a_ TY )FHU"FLU 0 (@1,@1 :2)7(1+7371)7(@m36m)2,v
L@+1) (149)/ “rHbett (7,71), (Qim Bm)1,u
u,v © , €1t 2), ®m7 En)2w
+ATH Q‘ 61 (0 Z)é n )2 1 (3.6)
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Corollary 3.6. Then, we insert z =0, f; =1, and p = 1 in (3.1). This yields the image formula for the H-function
that Srivastava (see, [30], pp. 10) proposed:

u+1,v
Hr+1, s+1

(©1,€1:0), (14 0;01), (Om; Em)aw | _ ™l (a— TP )
¢ (0:01), (Qms Bin)1.0 T+ D\~ T +0)

U v 1+7—77— )7(@m7€m)1v (@maem)lv
H“H ( ! ’ AHM? S 3.7
) e |~ | (Tle)a(QmaBm)l,u + ™S e (QmaBm)l,u ( )

4. GRAPHICAL DISCUSSION

The three-dimensional Figures 1, 2, and 3 provide a detailed visualization of how blood glucose levels (o) evolve
(1) under different values of the fractional-order parameter (). These plots reveal key trends that help understand
the intricate relationship between glucose dynamics and physiological conditions.

160 —

'5"\\
140 —

130 —

120 —
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100 —
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80 =
10

03 0.2 0.1 0

F1GURE 1. Variation of blood glucose level p over time 7 for different values of 9, with initial condition
0(0) = 85 and parameter ¢ = 0.1. The figure illustrates the impact of ¥ on glucose dynamics.

Along the x-axis, representing time (7), distinct trends emerge in glucose regulation. At lower values of 7, blood
glucose levels exhibit a smooth and gradual transition, indicating the body’s ability to regulate glucose efficiently
under stable conditions. However, as 7 increases, fluctuations in glucose levels become more pronounced, reflecting
the impact of metabolic processes such as insulin secretion, glucose absorption, and external factors like dietary intake
and physical activity. These variations suggest that both internal physiological responses and external lifestyle factors
influence long-term glucose regulation.

The fractional parameter 1 along the y-axis significantly influences the rate of glucose variation. Lower values of ¢
produce smoother curves, suggesting a stable metabolic environment where glucose levels change gradually over time.
In contrast, as ¥ approaches unity, the plots display more pronounced oscillations characterized by sharp peaks and
troughs. This indicates a system with heightened sensitivity to metabolic fluctuations, where external stimuli, such
as sudden changes in glucose intake or insulin response, have an immediate and pronounced effect.

These observations emphasize the complex interplay between glucose metabolism and fractional-order dynamics.
The model effectively captures glucose regulation’s memory and hereditary properties, highlighting how past glucose
levels influence current states. This aspect is crucial in understanding conditions like diabetes, where delayed insulin
responses or prolonged glucose retention can lead to metabolic instability. To ensure biological relevance, the parameter
values in this study were selected based on established literature, which are described in Table 1. Where empirical data
is unavailable, reasonable approximations are made while maintaining the model’s generality. These choices allow the
simulation of various metabolic scenarios, providing deeper insights into glucose homeostasis and potential strategies
for managing metabolic disorders.
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FIGURE 2. Variation of blood glucose level g over time 7 for different values of ¥, with initial condition
0(0) = 90 and parameter ¢ = 0.05. The figure illustrates the effect of ¥ on glucose dynamics.

105 —

100 —

\varrho

F1GURE 3. The variation of blood glucose level g for different values of ¥, considering the initial
condition o(0) = 85 and parameter ¢ = 0.02. The figure demonstrates the influence of ¥ on glucose
regulation over time.

TABLE 1. Summary of Variables and Parameters.

Symbol | Description Unit Remarks
0 Blood glucose concentration mg/dL Primary quantity analyzed
T Time minutes Defines temporal evolution of glucose levels
¥ Fractional-order parameter Dimensionless | Captures memory effects
%) Transfer coefficient min—! Governs glucose removal rate
« Baseline glucose level mg/dL Represents equilibrium glucose concentration
A Initial blood glucose concentration mg/dL Constant at 7 =0

Overall, this graphical analysis underscores the importance of fractional-order modeling in studying blood glucose
regulation. By integrating these findings, the study offers valuable perspectives for medical research, particularly in
optimizing treatment strategies for diabetes and other metabolic diseases.
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5. CONCLUSION

This study successfully establishes a mathematical framework for glucose dynamics in human blood using the
incomplete R-function, demonstrating its effectiveness in capturing complex glucose regulation mechanisms. A key
outcome of this work is the ability to generalize multiple glucose behavior patterns by adjusting fractional-order
parameters and transfer coefficients, offering a more flexible and accurate representation of glucose metabolism. The
results indicate that fractional-order modeling provides deeper insights into glucose regulation’s memory effects and
hereditary properties, which are often overlooked in classical models. Furthermore, the quantitative analysis highlights
critical threshold values that influence glucose homeostasis, potentially aiding in the early detection and management
of metabolic disorders such as diabetes. While the complexity of parameter estimation poses a challenge, the model’s
predictive capability and adaptability make it a valuable tool for advancing research in medical science, applied
mathematics, and biochemical analysis. Future work may focus on experimental validation and refining parameter
estimation techniques to enhance the model’s applicability.
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