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Abstract . 3

This research investigates the thermal analysis of the magneto two-phase flow of a Prandtl fluid with a suspension
of silver and hafnium nanoparticles through inclined channel walls. The momentum equations are modified under
the addition of body forces to consider the impact of magnetic and gravitational forces. The heat equation is
also updated with the addition of the heat flux term to capture the thermal radiation effects. The two-phase
model is developed in terms of continuity, momentum, and heat equations of fluid and particle phases and uses
dimensionless variables to simplify the system of equations. The dimensionless form of the equations is solved by
using the regular perturbation method in which the second Prandtl fluid parameter (B) is taken as a perturbation
parameter, producing the analytical solution in the MATHEMATICA program. The graphical results revealed
many physical aspects under the physical parameters in which the first and second Prandtl fluid parameters
diminish the fluid and particle phase velocity distribution. The suspension of hafnium particles in the base fluid
provides more heat to the system as compared to silver nanoparticles. The particle phase velocity distribution is
much greater than the fluid phase against all parameters of the study. The magnetic force has an inverse relation
with the velocity and thermal profiles of both phases. The current study will help to optimize the industrial
thermal management process and to design efficient cooling systems in electronic devices and in polymer and food
processing.
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1. INTRODUCTION

The non-Newtonian fluids are classified according to their behavior and shear thinning or pseudoplastic fluids are
very important branches of these fluids. The apparent viscosity is diminishing under applied shear stress in these
fluids. Various fluid models were proposed by researchers to examine the pseudoplastic properties of the fluids and
the Prandt] fluid model is one of them (Mirza et al. [18], Riaz et al. [29]). The application of the Prandt] fluid model
through asymmetric channels was presented by Akbar et al. [3] by using numerical and perturbation methods. The
mathematical model of the peristaltic flow of Prandtl fluid through stenosed arteries with permeable walls by choosing
the cylindrical coordinate system has been developed by Ellahi et al. [12]. They used the mild stenosed assumption
to convert the problem into a simple form and applied the perturbation method to calculate the analytical solution of
the problem. They observed the reduction of bolus size against the magnitude of Darcy’s number.

The finite element-based study of Prandtl fluid flow with the suspension of hybrid nanoparticles was conducted by
Salmi et al. [32] and concluded that hybrid nanofluid produces greater heat as compared to nanofluid due to joule
heating effects. Awais et al. [9] structured the mathematical model of the Prandtl fluid model towards a tilted non-
rigid cylinder and obtained the solution by using the Cash and Carp numerical scheme. Their computational results
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revealed that the velocity distribution is decreasing against the Prandtl fluid parameter. Recently, an important study
of the Prandtl fluid model through ciliated walls of the channel was conducted by Sadaf et al. [30] first they developed
the mathematical model and solved it numerically by adopting the Bvp4c method. Their results revealed that the
magnetic field parameter enhances the velocity distribution in the center of the channel.

Magnetohydrodynamic (MHD) or magnetofluid dynamics is the study of electrically conducting fluids in which the
motion of electrically conducting liquids through the magnetic field is discussed. Examples of such fluids are salt
water, plasma, and liquid metals, etc. The word magnetohydrodynamics is derived from three words such as magneto
(magnetic field), hydro (liquid or fluid), and dynamic (motion) (Nazeer et al. [26, 27]). A Swedish physicist Hannes
Alfvén [5] is known as the pioneer of magnetohydrodynamics. The basic concept behind magnetohydrodynamics is
that it induces the currents through the moving conductive liquid which in turn generates the forces on the liquid
and produces the variation in the magnetic field itself. The combination of Navier-Stokes Equations (NSEs) of fluid
dynamics and Maxwell’s equations of electromagnetism are used to describe magnetohydrodynamics (MHD) and these
differential equations can be solved analytically or numerically. The applications of trihybrid nanoparticles in MHD
flow across a flat surface have been reported by Abbas et al. [1] by employing the shooting numerical technique based
on the Runge-Kutta-Fehlberg method.

The impact of Hall current on MHD non-Newtonian fluid with heat transfer analysis in concentric annulus was
examined by Venthan et al. [34] who used the Gauss-elimination numerical approach to solve the problem. Nadeem
et al. [19] highlighted the applications of convective-radiative boundary conditions in the magneto flow of non-
Newtonian fluid passing through two parallel plates. They also discuss the entropy generation and heat transfer
analyses graphically. They revealed that the entropy phenomena dominate under the increment of both the Brinkman
number and a radiation parameter. Khan et al. [15] reported the significant applications of fractional derivatives in
multiphase flow of MHD fluids through two parallel walls. The outcomes of their analysis revealed the enhancement
of heat transfer rate against the Peclet number. Some important studies on fluid flow are cited in (Agarwal et al. [2],
Akbarov et al. [4], Cao et al. [11]).

The two-phase flow (the flow which contains more than one phase) with non-Newtonian fluids is very important in
various fields namely, biological system (drug distribution, blood flow analysis and respiratory system), food industry
(blending, spray drying, emulsification), chemical engineering (mineral transport, solvent extraction, power genera-
tion, petroleum refineries, chemical reactors, condensation, etc.), aerospace engineering (effective engine and rocket
propulsion). These examples help to understand the importance of multiphase flows in different environments. The
possible combinations of two-phase flow are gas and liquid flows, gas and solid flows, liquid and liquid flows, gas flows,
and liquid and solid flows. Various researchers discussed multiphase flows in different non-Newtonian fluid models
through different geometries. For this, Algarni et al. [7] obtained the closed-form solution of multiphase flows in
ciliated walls of the channel under the impact of the electro-osmotic analysis. Their results reported the reduction in
fluid velocity and pressure rise distribution under the contribution of solid particle concentration.

The applications of Hall current and electric double layer in two-phase liquid were discussed by Aslam et al. [8]
by using the numerical algorithm of merging and firefly. They compared their results with existing literature and
observed good agreement with each other. Almutairi et al. [6] and Saleem et al. [31] discussed the suspension of
metallic particles through non-Newtonian fluid to produce the two-phase flow phenomena and presented the analytical
solution to the problem. Bhatti et al. [10] discussed the non-pumping flow analysis in fluid and particle suspension
models by using computational software. They concluded that the pumping rate is diminishing versus the couple
stress fluid parameter.

The main objective of this research is to investigate the thermal analysis of the magneto two-phase flow of Prandtl
fluid with the suspension of silver and hafnium nanoparticles through inclined walls of the channel and this topic has
not been discussed before. The impact of magnetic and gravitational forces is also discussed. Two dissimilar classes
of two-phase fluids, hafnium-transfer oil (Hf/OT-4) and silver-transformer oil (Ag/OT-4) are taken in this research.
The two-phase model is developed in terms of continuity, momentum, and heat equations of fluid and particle phases
and uses dimensionless variables to simplify the system of equations. The dimensionless form of equations is solved
by using the regular perturbation method in which the second Prandtl fluid parameter (B) is taken as a perturbation
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parameter and produces the analytical solution. The impact of various parameters on the velocity and temperature
distribution of fluid and particle phases has been discussed.

2. MATHEMATICAL FORMULATION OF MULTIPHASE FLOW OF NON-NEWTONIAN FLUID

Consider the two-dimensional two-phase flow of non-Newtonian fluid through two parallel inclined walls. The flow
of Prandtl fluid is investigated by taking it as a carrier fluid and mixing solid nanoparticles to develop the two-phase
model. It is assumed that both walls are equal distance from the center of the channel and the distance between the
lower and upper wall is 2L i.e. the lower wall is set at y = —L and the top one is at y = L. It is also assumed that
no-slip conditions are imposed on the boundary and lower and upper walls maintained the temperature T, and T},
respectively. The magnetic field of the strength Bg is applied normally to the channel and the channel is inclined
with inclination angle . The thermal radiation and viscous dissipation effects are considered and included in the heat
equation, but the effects of heat generation and Joule heating are ignored and not included in the heat equation. The
flow geometry with boundary conditions is displayed in Figure 1.

The particle phase (Xiong et al. [35], Nazeer et al. [23]) is governed by

0
Paip +V - (pppVpp) =0, (2.1)
dV
pppCa—™ = ~Ca¥Vp = RCa(Ver = Vrp), (2:2)
dT) CppC,
pppCpp it — PPPTPP (Trp — Tpp). (2.3)

dt o
The extra stress tensor of the Prandtl fluid model (Patel & Timol [28], Shahzad [33]) is given in the following way

=11
[s@ Sin (ZH) s
m=|—7 , =4/ =. 2.4
m ( I rp B (2.4)

Here, pus is viscosity of the suspension, a and b are called the material parameters of Prandtl fluid, r; is Rivlin-
Erickson and II = Trace(r;)? is known as the second invariant strain tensor. Thus, by using V = (upp pp,vrp.pp,0),
we have

_ Oupp > oupp > opp\’ 2.5
oo (Zuen) (2 (o) 29

By adopting the property of hyperbolic function, we have

A 1 1/1.\% /1.\° )
il &~ Z |z z . .6
sin (bH I+ o (ST + (51 <1 (2.6)

The scalar form of Equations (2.1)—(2.6) is given by
The fluid phase

Ourpp . Ovpp

= 2-
o 9y 0, (2.7)
_ (9qu aqu 8’LLFP _ @ (%M aTmy
pr(l Ca) (675 + Uppiax +vpp 8y > = (1 Ca)al‘ +,us(1 Ca) ( or 8y
+ RC,(upp — upp) — 0 Biurp + gprpsina, (2.8)
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a'UFP aUFP a’UFP 8]9 aTwy aTyy
1- = —(1— == 1—
prp(1 —Cy) ( 9 +urp % +vpp 3y ) ( Ca)ay +ps(1 = Cy) < o + By
+ RCy(vpp —VFp) — gpFp COS v, (2.9)
drp OTrp ITrp *Trp  O*Trp pppCppCe,
prpCrp ( o TurP—g— turp 3y ) = < 902 By - (Tpp —Trp)

8qu 8vpp 8qu avpp 160’KT3 82Tpp 82Tpp
. 4 oEp Gurp | GUEP ) 0 . 2.10
e ( oz T Ty v\ Ty T o )T 3k 027 o2 (2.10)
The particulate phase
Oupp  Ovpp
=0 2.11
Oz Ay ’ (2.11)
auPp BuPp 8UPP ap .
PpCa (8150 +upp o +vpp 3y = —Ca% + CoR(upp —upp) + gpppsina, (2.12)
Ovpp Ovpp Ovpp Op
,Opca <8t0 +upp Oz +vpp ay = *Caaiy + CaR(vFP - UPP) — gpppCOSQ, (213)
JTpp dTpp dTpp ppprCppCy,
CppC, = Trp —Tpp). 2.14
pprrCpp < ot +upp or +vpp y o (Trp PP) (2.14)
Using the assumptions of steady and uni-directional flow i.e. Vpppp = [upppp(y),0,0], is the velocity vector

in which upp pp is the velocity component in the direction of z-axis and y is perpendicular to the z—axis, and
Trppp =Trppp(y), the above equations take the following form:

Ourpp . Ovpp

=0 2.15
Oz - oy ’ (2.15)
8p 0 2 .
—(1- Ca)% +(1- Ca)a—y(ny) + CoR(upp —upp) — cBiupp + gprpsina = 0, (2.16)
dp
X _9 2.17
L=, (27)
82TFP ppPCppCa aqu 160KT3 82TFP
K Tpp—T s * == =0, 2.18
< 8’!/2 + o ( PP FP) + K ay Txy + 3k0 8y2 ( )
0
- Ca% + CDLR(U’FP - UPP) + gppp sina = 07 (219)
dp
X _9 2.20
L=, (220)
Trp =Tpp. (2.21)
The dimensional form of boundary conditions is expressed as
upp(y=—-L)=0, urp(y=L)=0, Trply=-L)=T., Trply=L)="T. (2.22)
To convert the present problem into dimensionless form, the following dimensionless variables are introduced:
Ty UFPPP p - T gL
= — = — = - frd T frd = —_— 2.23
z L’ Yy L’ UFP,PP o y P MsuO(;a uo,usé, ug ) ( )

Trppp —1.

0 -
FP,PP T, —T.
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The bars have been skipped, and the dimensionless form of the equations takes the following form:

0 M?2

hi+ hs gsina 1 dp

gy ) T Gyt < hihs ) i-Coo® (1-Cootor " (224)
op

— =0 2.25

oy ’ (2.25)

O?*0rp Jurp
(1+5) By7 +Brn( oy =0, (2.26)
Cah2h3(52 aQHFp gsinw
— = 2.2

(upp —upp) Cohad? + 0 \ 0y? + 5 ) (2.27)
dp

— =0 2.28

Oy ’ (2.28)

Orp = 0pp. (229)

upp\\ [ Ourp
Tex = Tyy = 0, and Tey = (A + B < ay > ay s (230)
oupp\> Oupp M? hi + hs gsina m
A+ B — u — = 2.31
( * ( ay ) 0y A=C) T\ Thihs ) T—c®  =cus (2:31)
0?0rp Qupp\> oupp\*

1 Br, | A B =0, 2.32

(+ﬁ)3y2+r (5y)+<3y) (232)

upp(y:fl):(), qu(yil):O, F)Fp(y:fl):o, 0Fp(y:1):1, (233)

where A = - B = % are the Prandtl fluid parameters, m = @, 6 = ¢ is called the Froude number,

Hsg 6(ab) ox Lg s
M, = By, /% is known as the Hartmann number, Br, = k”% is called the Brinkman number and 8 = 1077 g
s (Trh—Tc) 3ko

called the thermal radiation parameter.

3. PERTURBATION METHOD

Equations (2.31) and (2.32) are nonlinear and impossible to receive the closed-form solution. But an approximate
solution (Nazeer et al. [20]) can be obtained to restrict the second Prandtl fluid parameter (B < 1) by using the
regular perturbation parameter.

The approximation of velocity and thermal fields are taken in the following form.

Upp = (B)Oqu(J + (B)1uF131 + (B)Qqu2 +0(B)3, (3.1)

Opp = (B)OQFPO + (3)19Fp1 + (B)QGFP2 + O(B)S. (32)

Substituting the above approximation into Equations (2.31) and (2.32) and equating the powers of the second
Prandtl fluid parameter to zero, one, and two (neglecting the third and higher powers of Prandtl fluid parameter B)
we get the following system of equations with boundary conditions

Zeroth-order equations (B°):

2 2 :
4 (d ’LLFPO) My n <h1 —l—h3> gsina m o, (3.3)

dy? (1-C,) Fh hihs ) 1—Ca)82  (1—Ca)
1+ en | yp,, (Pur, o (3.4)
dy? " dy ’
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urp, =0aty==x1, Opp, =0aty=-1, Opp,=1laty=1. (3.5)

Zeroth-order solution (BY):

n
urp, =11+ racosh (\/%) , (3.6)
Opp, = 1+ s2y + s3y° + sacosh <2ny) (3.7)
0 VA

First-order equations (B!):

dQUFp ]\42 dqu 2 dQUFp
1 _ n 0 0 — 3.8
A( dy? ) (1—Ca)uFP1+( dy ) ( dy? ) o 3
d*0pp, durp, dupp, dupp, \*
(1+p) 0 + Bry, <2A ( i i + i =0, (3.9)
urpp, =0, Opp, =0 aty==£L (3.10)
First-order solution (B'):
ny . ny 3ny
, = h(—2%)+rsinh [ —= | + h(22 ), 3.11
Upp, = T3COS <\/Z) 74 8in (\/Z) 5 COS <\/Z> ( )
. 2ny 2ny dny
Opp, = s5 + s¢y> + s7sinh <>+s cosh ()Jrs + 510 cosh <> 3.12
FP; 5 6Y 7 JA 8 JA 9Y 10 JA ( )
Second-order system (B?):
A Purn My (dupp \*(Pupr) | (durs) (dupp) (dure) (3.13)
dy> (1-Cq dy dy> dy dy dy ) ’
d*0rp dupp, \’ durp durp, dupp,\> [ dupp

1 :+B A ! 2 2 2 4 2 ! = .14
(1+5) ap o ( dy ) i ( dy dy " dy dy " (3.14)

UF P, =0, 9}7}92 =0 aty==£l. (315)

Second-order solution (B?):

upp, = T¢sinh (\T;%) + (r7 + 7’8y2) cosh (:}%) + rg sinh (i;l%) ~+ 710 cosh <f;%y> + r11 cosh (?}g) .
(3.16)

Final perturbation solution
The final solution to the problem is expressed in the following form

ny ny . ny 3ny 9 ( . ( ny >

upp =11 +1r9cosh | —= | + B|rgcosh | —= | + r4sinh | —= | + r5cosh | —= + B rgsinh | —=

e (m) ( (m) ! (m) ’ (m)) ‘ VA
[c[m]
(0] €]
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ny
+(r7 + rgy?) cosh [ —=
s vy ()

ny ny . ny
upp = |r1 +racosh| —= | + B rscosh | —= | + r4sinh | —= ] + r5 cosh
o ( ’ <m) < (m) ! <m) ’ (

3
+ rg sinh ( n

) ()

+ B2 <r6 sinh (:}%) + (r7 + rsy®) cosh <Zyz) + 7o sinh (?}l%)

VA
2ny

Orppp = 51+ S2y + 333/2 + s4 cosh (

VA

dny

2 o .
o cosh (i’my> ey cosh @%))) - (Oahz(hgczs) p — gsin(a)

Coh3d?
2ny
+ B (85 + sey® + s sinh()
) ( 5 6Y 7 JA

).

+ 711 cosh (

7))

fy
)

2ny 2 ( 2 4 . <2ny)
+sgcosh | —= | + sgcosh [ —= + B* [ s10+ s + s + s13sinh | —=
8 (ﬂ) 9 (ﬂ)) 10 1Y 12Y 13 \/Z

6ny

2ny . 4ny) <4ny> ( ) )
+(s14 + s159y%) cosh [ —= | + s1gsinh | —= | + sy7cosh [ —= | + s15 cosh [ —= ,
(514 1597) (\/Z) 16 (\/Z 17 JA 18 JA

In the above equations, r;(1 <7 < 11), and s;(1 < j < 18), and are the constants which are bellowed.

_— M, s B s P <h1+h3 ~__gsinfa] 1
(1-C.)’ ' Uppp’ 2p° ° " Uppp’ hihs (1 —-Ca)(6)? (1-—
hi + hs gsin[a] 1
F= : - m,
hihs (1 —Cy)(9)? (1-Cy)
—F sinh[n]
T = 5
n<ry
n? cosh[n] — nsinh[n]
T = n2 )
— n?rs cosh[n] — 3n?r; tanh([n)
° 3244 ’
n?rs cosh[n]
T4 = )
324 A
—n?r3
s = )
324 A
B n2r3(7v/ Arg — ry)
= 12842
3n2rirs
rT = ;
324 A
3n2riry
rg = ’
324 A
— —3n%r3r3 cosh[n]  mrisinh[n]  3nrsritanh(n]
o 3244 8445/ 3244
3n2rirs  nlriry
o0 = 3
324 A 128 A2
— —5n2rsrs
U 3244
o 1 Br,n?r3 N Jé] n 4Br,n? cosh[n]
YT 214p) 41+B)  20+4) 8(1+8) 7

1805
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(3.18)

(3.19)

ca>> "

(3.20)
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( 20+5) 2(1+6)> ’
Br,n? 7“2
4(1+p)’
—4Br,n®r?

(

1
128A2(1 + B)

4 2
+ 4A(n?r3 4 24A%r5) cosh <\/%) + 32A3r5 sinh <\/%) ),

).

Bryre (8n(3n r2 — 8A%nry — 8A%%r,) + 16 A(—n?r3 + 24%(r5 — 3r5)) cosh (

8(1+B)

2n

7i)

—3Br,n’ry  Br,n’r3rs ABr,n’rors
1642(1+5)  2(1+5) 21+5) )’
—4Brp,n®r?
A1+p)
Br,n?r3  Br,n’r n 3ABr,n’r;
SA(1+pB)  4(1+p8)  4(1+p8)
_ —1284(1+ B)
T 16 +p)
mBrn( 364(4\Fn r3T4 + on? 5 (47"3 —9r5)) — A3(ri — 2r9ryg)
+2A%0% (613 — 1§ — r3(rs — 6r5) — 2r2(r7 +715)),

2n

\/Z>
+ n(24n(18An2r3T4 64A4%/%r, + 18n? r2(r3 —75)) —

+ A2n2(—6r§ + 73— 54r5 — 279 (617 + 7'8)))
+ 9A(\/Zn2rgr3 + 2n2rg(r3 —9r5) + 4A2n(3r10r2 — Bryyrg + 3r71s)

+ 8A%/2(3n2r5 — 2ryrg) cosh (

125A1/2n(r37”4 —T577)

4
+ A5/2(6T77“5 — 27‘9)) cosh <\/%>

6
+ 8An(3n?r3 + A%(10r1175 + 9r5)) cosh ( i

2

. 2n
+ 144 An(— n? r2 + A? (rary + 3r7rs + rorg — 3rarg)) sinh (\/Z)

dn
+ 18An(rors + 16) + 64A% (ryrs + ror sinh<> ,
(r2r7 +76) (rars +1279) N )

Brn(—3\/Zn27“§ + 3n2rors — roTg + A1/2n2(r37"4 + 2r375) + A2n%(10rg + 217))
N 4A3(1 + B) ’
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Br,(n?r3 — 4A%(rary + rors — 3rarg))
N 16A43(1 + B) ’



CMDE Vol. 14, No. 4, 2026, pp. 1799-1814 1807

Brn(4V/An*rary + A%(r 4 10r5r7))

S14 =

8A2(1 + f3) ’
Br,(r3 + 2ror3)
S15 = — 77 T AN
4(14p)
o1 — Br,,(n?r3 + A%(ryrs + 1219))
324(1 + B) ’
o1 — Br,(—VAn2r3(rs — 9r5) — 44An?(3r1gro — 5r1179 + 3r715) + A2 (—61r715 4 219))
64An(1 + 5) ’
s1g = Bry,(3n2rsrs + A2(10r117m2 + 9r5))

T2A2(1 1 B)

4. RESULTS AND DISCUSSION

In the present section, the impact of physical parameters on the velocity and temperature distribution of fluid and
particle phases are reported here under the admissible range. The solution is obtained in the previous section by using
the regular perturbation method by restricting the second Prandtl fluid parameter (0 < B < 1) and developed the
analytical expression of velocity and temperature distribution of both phases. Two types of nanoparticles, namely,
Hafnium and silver are mixed in transformer oil OT-4 to produce the two-phase liquids. The thermophysical properties
of nanoparticles and carrier fluid are listed in Table 1.

4.1. Velocity distribution. The impact of the first Prandtl fluid parameter (A) on fluid and particle phase velocity
distribution are displayed in Figures 2(a) and 3(b) respectively under admissible range (0.0 < A < 3.0). In these
figures, the dotted lines show the velocity distribution under the suspension of silver nanoparticles while continuous
lines are used to display the velocity field with the suspension of Hafnium nanoparticles in the carrier fluid. From
these figures, it is noted that the first Prandtl fluid parameter slows down the velocity fields of fluid and particle phase
extensively. Further, it is observed in Figures 3(a) and 3(b) that the second Prandtl fluid parameter (0.1 < B < 0.3)
increases, then the same observation in fluid and particle phase velocities are captured as discussed in Figures 2(a) and
2(b). The physical reason is that when the fluid parameters are increased then these parameters increase the density
of the fluid particles and as a result the velocity field decreases. It is also noted that greater velocity is observed in
the core region of the channel due to applied no-slip boundary conditions at both walls of the channel.

The computational results reported that the maximum velocity of hafnium particles is much greater than sil-
ver nanoparticles against both parameters. In this scenario, the fluid phase velocity against the first Prandtl fluid
parameter for the suspension of silver and hafnium particles are (upp),, = 0.7 and (upp), = 1.68, respectively.
Similarly, against the second Prandtl fluid parameter reports the maximum fluid phase velocity is (upp), = 1.41 and
(upp)m = 2.93, respectively with the suspension of silver and Hafnium particles into carrier fluid.

The impact of Froude’s number (Fr) on the fluid and particle phase velocity fields are illustrated in Figures 4(a)
and 4(b), respectively. Three types of flows are available in the literature based on the values of the Froude number
which are critical flow, supercritical flow, and subcritical flow. A flow is said to be critical flow if the Froude number
is equal to one while if the value of the Froude number is greater than one this flow is called the supercritical flow,
and the subcritical flow happens when the values of the Froude number are less than one. In the current analysis, we
consider the supercritical flow in which we choose the values of Froude number greater than one. It is observed from
Figures 4 that the velocity of both phases is retarded against the values of Froude number. Again, the particle phase
velocity field is much greater than the velocity field of the fluid phase, and a greater magnitude of velocity is observed
at the center region of the channel.

Figures 5(a) and 5(b) are displayed to illustrate the impact of Hartman number on the velocity distribution of the
fluid and particle phases. From these graphs, it is evident that the Hartman number decreases the velocity distribution.
As expected, the magnetic field resists the flow field. It is also seen that the velocity profiles of silver nanoparticles
are much less than the suspensions of Hafnium particles through regular Figures 6(a) and 6(b) depict the variation of
velocities for different angles of inclination. To construct these figures, we used the values of inclination as selected.
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FIGURE 1. Flow configuration.

These figures elaborated that the velocity fields strongly depend on the angle of inclination which shows the increasing
trend with this parameter. The physical reason is that when the channel is more inclined the effects of gravitation
increase which helps to increase the motion of the fluid particle as a result the velocity fields are increased significantly.
The impact of constant pressure gradient on the fluid and particle phases velocities are constructed in Figures 7(a)
and 7(b). It was observed that the pressure gradient parameter promotes the velocity fields. The reason is that when
more pressure is applied on the fluid then greater motion is produced in fluid particles which causes the development
in the velocity field.

4.2. Temperature fields. The behavior of the fluid and particle phase thermal profiles against the first and second
Prandtl] fluid parameters is plotted in Figures 8(a) and 8(b), respectively. From these figures, it is observed that the
first fluid parameter diminishes the thermal profile, while the second fluid parameter enhances it. It is also noted that
the temperature reaches a minimum at y = 0 due to the applied boundary conditions. (6r p)=o) = 0, i.e. the lower
wall is cold. Further, the temperature of hafnium particles provides more temperature profiles as compared to silver
nanoparticles due to the greater density of the hafnium particles. Figures 9(a) and 9(b) illustrate how the angle of
inclination and volume fraction density of the hafnium and silver nanoparticles affect the temperature distribution of
both phases.

It is perceived that both parameters developed the temperature profiles when they are increased under the acceptable
range. The physical reason is that when the number of nanoparticles of hafnium and silver increase then they
generate more heat during the suspension in base fluid which causes the temperature profile to increase against the
volume fraction density of the particles. The impact of the Hartman number and thermal radiation parameter on the
temperature distribution is recorded in Figure 10(a) and 10(b), respectively, and it is noted that the Hartman number
and thermal radiation parameter both have an inverse relation with temperature distribution which means that when
Hartmann number or thermal radiation parameter increases then the profile of temperature decreases significantly. The
influence of the Brinkman number and pressure gradient parameter on the temperature field is shown in Figures 11(a)
and 11(b), respectively. Both figures indicate the increasing behavior of the Brinkman number and pressure gradient
parameter with temperature distribution. The physical reason is that when the Brinkman number is increased then
more thermal energy is entering into the system, and the temperature field increases versus the Brinkman number.
Furthermore, when more pressure is applied to the fluid then the collisions in the particles increase which causes the
enhancement in the temperature profile.
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TABLE 1. Physical properties of base fluid and nanoparticles.

|

| Viscosity(300K) || Density(Kg/m?)(300K) |

Reference

Transformer Oil (OT-4) || 13.73x10~2 Pas 837 Kgm 3 Lee et al. [16, 17]
Silver (Ag) - 10500 Kgm—3 Irfan et al. [14], Nazeer et al. [25]
Hafnium (Hf) - 13310 Kgm—3 Nazeer et al. [21, 22]

5. CONCLUSION

This study is conducted to investigate the thermal analysis of the two-phase flow of Prandtl fluid suspended by
silver and hafnium nanoparticles under the impact of thermal radiation, magnetic field, and gravitational force through
inclined parallel plates. By using the dimensionless parameters, the problem is transformed into a dimensionless form
and solved by using the regular perturbation method which produces the analytical solution of velocity and temperature
distribution. The key results of the comprehensive examinations are given as follows.

1.
il.
iii.
iv.

vi.

The Prandtl fluid parameters decline the velocity of both phases.

The magnetic force produces a decline in behavior in velocity and temperature fields.

More nanoparticles in the base fluid develop the temperature distribution.

The velocity and temperature of both phases are greater under the suspension of hafnium particles as compared
to silver.

The particle phase velocity distribution is much greater than the fluid phase velocity against all physical
parameters.

The first Prandtl fluid parameter enhances the temperature while the second Prandtl fluid parameter declines
the temperature distribution.
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