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Abstract . )

In this paper, we employ the generalized exp(—1(§))-expansion approach to derive analytical solutions for three
specific cases of the generalized seventh-order KdV equation: the seventh-order Sawada-Kotera-Ito equation, the
seventh-order Lax equation, and the seventh-order Kaup-Kupershmidt equation. These equations hold significant
importance in the nonlinear sciences. By utilizing this approach, we obtain a variety of new exact traveling wave
solutions for the aforementioned nonlinear models. Moreover, we showcase 2D, 3D, contour plots, and density
plots to acquire comprehensive representations, using cutting-edge scientific instruments. Our results confirm the
effectiveness and practicality of the proposed method in solving the aforementioned problems, as well as other
nonlinear evolution equations encountered in the domains of engineering and mathematical physics.
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1. INTRODUCTION

Nonlinear evolution equations (NLEEs) are extensively used for describing the evolution of nonlinear wave phenom-
ena in various applied scientific fields, particularly in shallow water theory. To comprehend the physical mechanisms
governed by NLEESs, it is crucial to explore exact traveling wave solutions.

Traveling wave solutions play a significant role in understanding the qualitative properties of diverse phenomena
and processes in applied sciences and engineering. They enable researchers to design experiments and create suitable
natural conditions for studying these phenomena.

Consequently, the search for exact solutions has become a fundamental and important task in studying nonlinear
physical phenomena. Several techniques have been proposed by mathematicians and physicists [1, 4, 6, 7, 9, 10, 12, 14—
24, 26], among others.

Each method has its own advantages and disadvantages, and there is no standardized and universally effective
method capable of solving all types of NLEEs. Therefore, whenever an improvement is made to any of these methods,
new solutions can be obtained.

Recently, the generalized exp(—1(€))-expansion (GEE) method [2, 5, 8, 13] has been introduced to study NLEEs
that model physical problems. This method was initially proposed by Hafez and Lu [8] considering the auxiliary
equation

Y'(€) = pexp(=(€)) + qexp(Y(§)) + .

The primary objective of this work is to utilize the GEE method to obtain new exact solutions, including bright
soliton solutions, dark solitary wave solutions, and multiple dark solitary wave solutions for specific cases of the
generalized seventh-order KAV (gsKdV) equation.
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This equation reads

bt + ag’ Py + b + cOpbyrpor + AP P3y + eP2ub3s + fbrPan + gPP5z + Pri =0, (1.1)

where a, b, ¢, d, e, f, and g are non-zero arbitrary parameters.

In this equation, ¢(x,t) represents the unknown function dependent on the spatial variable x and the temporal
variable t. The subscripts denote partial derivatives with respect to the corresponding variable.

The gsKdV equation finds applications in various fields, where it helps to understand wave propagation phenomena
and their interactions in complex systems.

The specific cases of Eq. (1.1) considered in this work are:

1. Seventh-order Sawada-Kotera-Ito (sSKI) equation:
(a,b,c,d, e, f,g) = (252,63,378,126, 63,42, 21).
2. Seventh-order Lax (sLax) equation:
(a,b,c,d,e, f,g) = (140,70, 280, 70, 70, 42, 14).
3. Seventh-order Kaup-Kupershmidt (sKK) equation:
(a,b,c,d, e, f,g) = (2016, 630, 2268, 504, 252, 147, 42).

Indeed, various analytical and numerical techniques have been proposed to solve these equations [4, 6, 7, 18, 20, 23].
In recent years, researchers have also explored new techniques to study these equations. For example: Zada et al. [25]
applied the optimal auxiliary function method to approximate solutions for the sLax and sSKI equations, Aljahdaly
et al. [3] discovered stable and analytical solutions for specific applications of the gsKdV equation using a modified
auxiliary equation of the direct algebraic method, Kumar and Saxena [11] employed a new iterative method to obtain
analytical solutions for various forms of the gsKdV equation. These studies highlight the continuous efforts to develop
novel approaches for solving the gsKdV equation and its specific cases.

The remainder of this paper is organized as follows: Section 2 presents the GEE method, detailing the algorithm
used to obtain analytical solutions. In section 3, we implement this method to solve the sSKI, sLax, and sKK
equations, deriving various classes of exact solutions based on different parameter settings. Section 4 provides graphical
representations (2D, 3D, contour, and density plots) of representative wave solutions to demonstrate the behavior of
the solutions. Finally, section 5 concludes the study, emphasizing the effectiveness and novelty of the GEE approach
in addressing complex nonlinear wave equations.

2. ALGORITHM OF THE GEE METHOD
Let’s consider the NLEE as follows:
M(¢ﬂ¢ta¢ma¢rza¢$t7¢zmm7"') :07 (21)

where M is a polynomial-and ¢(z,t) is the unknown function.
The GEE method can be carried out using the following steps:

Step 1. Assume a traveling wave solution of the form ¢(x,t) = @(£), where £ = x +wt. By substituting this ansatz
into Eq. (2.1), we can convert the NLEE into an ordinary differential equation (ODE) for & = &(¢):

N (&8, 0" " ... ) =0, (2.2)
where N is a function of @ and its derivatives.

Step 2. In this step, we seek the analytical solutions of Eq. (2.2) in the form:
B(&) = > miexp(—(€)))"s mm #0, (2.3)
i=0

where 7);’s are constants to be determined, and ¢ = (&) satisfies the following ODE:

Y'(€) = pexp(=1(€)) + qexp(Y(§)) + . (2.4)
80
200



CMDE Vol. *, No. *, * pp. 1-19 3

It is worth mentioning that the ODE given by Eq. (2.4) has three general solution types, which depend on the
constant values of p, ¢, and r.

Type 1: For p =1,

—+/Otanh (@(f + k)) - )
ln 9
2q
or 6>0, qg#0,
—/6 coth (@(é + k)) — r)
hl 9
2q
Vv —6tan @(g—&—k‘) —r
Y(E) =1q1n ( 2 ) :
2q
or 6 <0, g#0,
V=6 cot (‘/;79(5 + k)) — r)
hl 9
2q
In exp(r(f-&-k)) 1 q=0, r+#0,
2r(E+k)+4 _
ln —W), @—O,qr#o,

where © = r? — 4q.

Type 2: For r =0,

(\/gtan §+k‘))) p>0, qg>0,
o) - ln( @c £+k))) p<0, q<0,
n(\/?tanh §+k))> p>0, g<0,
1 ( Hcoth —pq f—i—k))), p<0, ¢g>0.
Type 3: For ¢ =0 and r =0,

P(§) =In(p(§ + k).
For all types, k is the integrating constant.

1

=

Ja—

=]

Step 3. The value of m can be obtained by balancing the higher-order derivative term with the highest-order
nonlinearity term given in Eq. (2.2).

Step 4. Substituting Eq. (2.3) into Eq. (2.2) and using Eq. (2.4), we obtain an algebraic system of equations for
7, D, ¢, T, and w. By solving this system, we can find the exact solutions of the NLEEs.

3. APPLICATIONS OF THE METHOD

In this part, we will use the GEE method to solve three well-known nonlinear partial differential equations in shallow
water. These equations include the sSKI equation, the sLax equation, and the sKK equation. All of these equations
are special forms of the gsKdV equation, which is commonly used to describe physical phenomena in fluid mechanics.

(&)
ENE
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3.1. The sSKI equation. Consider the sSKI equation that has the form

b1 + 252¢° ¢, + 6301 + 3T8¢dy hor + 126¢° B3, + 6320 h30 + 4200 Gz + 21ds5s + P70 = 0. (3.1)
Using ¢(z,t) = ¢(£) and £ = x — wt reduces this equation to a nonlinear ODE
—wd' 4 2520°F + 63 (P)° + 3780D' D" + 1260°" + 638" " + 428’ PV + 2166 4+ () = 0. (3.2)

By homogeneous balance we get m = 2. The solution of (3.2) can be described as

D) = Y mi(exp(=¥(€)))", m #0, (3.3)
=0

where () satisfies the ODE (2.4), n;’s are unknown constants that need to be identified.

By substituting (3.3) into (3.2) and using (2.4), and then setting the coefficients of (exp(—(€)))" equal to zero,
we obtain an algebraic system of equations. For the sake of simplicity, this system is overlooked. Solving this system
yields the following solution sets:

Set 1.

4
@ == (" —4pg)*,

m = - %(7‘2 +8pg), m = —dpr, 2 = —4p”.
Set 2.
@ =(r? — 4pqg)® + 21(2pq + no) (r* — 4pg)* + 126(r* + 210)(2pq + 10)*,
no =m0, = —2pr, 12 =—2p".
According to set 1 and set 2, the solutions of the sSKI equation result in the following form:
For Set 1:
Case 1.1. When p=1, ¢ #0, © =12 —4q > 0,

() = — (2 + 8¢) + 8ar ~ 16° (3.4)
3 VO tanh (@Q) +r (\@tanh (@() +r)2
or
2
o, 1) = —%(r2 +8¢) + W - 164 (3.5)

2
V@ coth (@C) +r (\/écoth (@C) + r)
where ¢ =z + 3(r? — 4¢)3t + k.
Case 1.2. When p=1, ¢ #0,0 =12 —4¢ < 0,

1 8qr 164
b3(x,t) = —=(r* +8q) — - , (3.6)
3 v—@tan( ;@C) -r (\/—@tan(‘/gieo —r)2
or
b4(z,t) = —2(r2 + 8¢) — Sqr - 164" (3.7)

3

= —5 27
V—9C0t< 284) - (\/—@cot (%C) —r)
where ( =z + 3(r* — 4¢)%t + k.
Case 1.3. Whenp=1,¢q=0,r #0,
1, 4r? exp(r(z + 4% + k)

os(e,t) = —gr - (exp(r(x + %Tﬁt + k) — 1)2. (38)
[c[m]
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(a) —10 < z < 10,0.001 < ¢ < 0.001. (b) =250 < z < —150,t = 1, t = 1.1, t =

(c) =10 < z <'10,0.001 < t < 0.001. (d) =10 < z < 10,0.001 < t < 0.001.

FicUrRE 1. Wave profile of ¢ forp=1,¢=1,r =3, and k = 1.

Case 1.4. Whenp=1,¢#0,r#0, r>2 —4¢ =0,
2r3(z + k) ri(z + k)?

t) = —r? - . 3.9
Oolml) = T e+ 2 (e k) 1 2 (3.9)
Case 1.5. Whenr=0,p >0, ¢ >0,
8 4pq
z,t) = ——pq — . 3.10
o) = =3P o e — B+ ) (310)
Case 1.6. Whenr =0,p <0, ¢ <0,
3 4pq
z,t) = ——pq — . 3.11
d)S( ) 3pq COt2 (\/]Tq(l' — %pgqst_’_ k)) ( )
an



(a) =50 <z < 20,-200 < ¢ < 200.

(c) =50 < & < 20,—500 < t < 500.

R. HEDLI AND F. BERRIMI

(d) —50 < z < 20,500 < t < 500.

FIGURE 2. Wave profile of ¢7 for p=2,¢=2,r =0, and k = 1.

Case 1.7. When r=0,p >0, ¢ <0,

8 4pq
bo(x,t) = —5pg + .
o(@,1) 3 tanh? (vV=pq(z — Ep3¢3t + k)

Case 1.8. Whenr =0, p <0, ¢ > 0,

pr0(z,1) = St g
1O 3 coth? (v/=pg(z — Z8p3g3t + k)

Case 1.9. When r =0, ¢ =0,
4
$11(x,t) = —

(x+ k)2
For Set 2:

(=)=
E)NE

(3.12)

(3.13)

(3.14)
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(a) =2 <= <0.3,-0.001 <t < 0.001. (b) —10 <z <3,t=10"6t=5-10"%t =

10—3.

(c) =2 <z < 0.3,—0.001 < ¢ < 0.001. (d) —2 < # < 0.3,-0.001 < ¢ < 0.001.

F1GURE 3. Wave profile of ¢19 for p=—2,¢=2,r =0, and k = 1.

Case 2.1. When p=1,q¢#0, © =12 —4¢ > 0,

ra(x,t) = mo + dar 8¢” (3.15)
12(z, 1) =10 - 3 .
VEtanh (2¢) +7 (VB tanh (42¢) +7)
or
4qr 8¢?
P13(w,t) =m0 + - 55 (3.16)
VO coth (@C) +r (\@coth (@O +7v)
where ( =z — wt + k, @ = O3 + 21(2q + 10)O? + 126(r2 + 210)(2q + 10)?.
an



8 R. HEDLI AND F. BERRIMI

0 5 VTN ¥ o
\ll | ’”/
R
|
l|lloo ll |{
llzoo— || ”
|| I ||
|| I ||
|| i ||
o) | i
|—- =510 —- 2104 —-1=5107]
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FIGURE 4. Wave profile of ¢13 for p=1,¢g=1,r=3,1m79 =1, and k = 1.

Case 2.2. Whenp=1,¢#0, @ =72 —4¢ <0,

$ra(z,t) = no — dar - 8¢ 5,
V=6 tan (@C) - (\/@tan (@C) - 7")
or
b15(z,t) =no — dar 8a” ;

= o 2
V=6 cot (JT?C) -r (\/—Qcot(‘/;i9 ) —r)
where ( =z — wt + k, w = 03 + 21(2q + 10)O? + 126(r? + 210)(2q + 10)*.
(=)=
E)NE

(3.17)

(3.18)
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(a) —10<x<5,—5<t<5. (b) —10< 2z <5,t=1, t=15 t=2.
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(c) —10 <z < 10,—45 < t < 4.5. (d) —10 < 2 <10, —4.5 <t < 4.5.

FI1GURE 5. Wave profile of ¢15 forp=1,¢=2,r=1,n =1, and k = 1.

Case 2.3. Whenp=1,¢=0, r #0,

2r2 exp(r
Pr6(z,t) =m0 — ﬁa (3.19)
where ¢ =z — (% + 21nor + 12610 (r? 4 210)) t + k.
Case 2.4. When p=1,q#0,r#0, r?> —4q =0,
br7(@, 1) =m0 + TZiEQ -3 (72452)2, (3.20)
where ¢ =2 — S (r? + 2no)3t + k.
an
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Case 2.5. Whenr=20,p >0, ¢ >0,
2pq

d1s(x,t) = no — tan? (pic)’ (3.21)
where ( = 2 — wt + k, @ = —64p3¢> + 336p>¢*(2pq + 10) + 25210 (2pq + 10)?.
Case 2.6. Whenr =0, p <0, ¢ <0,
2
Gro(e.t) =0~ (3.22)
where ( =z — wt + k, w = —64p>¢> + 336p2¢*(2pq + 10) + 252n0(2pq + M0 )?.
Case 2.7. Whenr=0,p >0, ¢ <0,
2pq
¢20(x,t) =mno + tanh? (v=pa0)’ (3.23)
where ( = 2 — wt + k, @ = —64p3¢> + 336p2¢>(2pq + no) + 25210(2pq + 10)>.
Case 2.8. Whenr =0, p <0, ¢ >0,
2pq
$o1(x,t) =no + coth? (V=pa0)’ (3.24)
where ( = 2 — wt + k, w = —64p3¢> + 336p>¢*(2pq + 1o) + 25210(2pq + 1o)?.
Case 2.9. When r =0, ¢ =0,
Pa2(x,t) = no — = 2523%81? ryaEl (3.25)
3.2. The sLax equation. Let’s consider the sLax equation
b1 + 1406° b, + T063 + 28000, s + T06° b30 + T0020 b3 + 4202 Pa0 + 14605 + d70 = 0. (3.26)
Using ¢(z,t) = @(£) and £ = z — wt reduces this equation to a nonlinear ODE
—w® + 14083 + 70 ()" + 28008’ + 062" + 708" D" + 420’ Y + 14660) 4+ (1 = 0. (3.27)
The balancing rule in (3.27) gives m = 2, then the general solution is given by
2
P(¢) = Y _milexp(~v(€)))', na # 0. (3.28)
i=0

Substituting (3.28) into (3.27) and using (2.4) we get a system of algebraic equations. If we solve the conserving
system, we get the following solution sets:
Set 3.

@ = %(211\/5 + 5)(r? — 4pq)®,

o = i%(rz —4pq) — %(TQ +8pg),

m = —6pr, 1o = —6p°.
Set 4.

@ = (r* — 4pq)” + 14(2pq + 170) (r* — 4pq)°

+70(r* + 210) (2pq + 10)?,

mo=mno, m=-2pr, m=-—2p°

According to set 3 and set 4, the solutions of the sLax equation result in the following form:

(=)=
E)NE
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For Set 3.
Case 3.1. Whenp=1,¢#0, ©@ =72 —4¢ > 0,
12qr 244>
¢23,24(, 1) = 1o + - o

V6 tanh (@C) +r (\@tanh (@C) + r)
or
12qr 244>
- - 3
VO coth (@C) +r (\@coth (@C) + r)
where 79 = :l:ll—\égQ —3(r?*+8q), ( =2 F (BIVE£1)(r? — 49)%t + k.
Case 3.2. When p=1,q#0,0 =712 —4¢ <0,
12qr 2442
Pa708(,t) = N0 — a - g

@tan(@{) - (\/@tan (@C) —7“)27

¢a5,26(, 1) = 1o +

or
12qr 2442

V=6 cot (\/?C) - B (\/@cot (@C) —7“)2

where 79 = 150 — 1(12 4+ 8¢), ¢ = = F (2 IV5 £ 1)(r? — 4)%t + k.
Case 8.3. Whenp=1,¢=0, r #0,
-5+ I\/5r2 B 672 exp(r¢)
10 (exp(r¢) — 1)’
where ( =z F (Z21V5 £ 1)rSt + k.
Case 3.4. Whenp=1,q¢#0,r#0, r2 —4¢ =0,
3 4 2
Gss(w,t) = _grz + r?E; j—wk—;—f)Q - 2(3&(43:1;?2)2'
Case 8.5. Whenr =0,p >0, ¢ > 0,
—20 F 215 6pq
5 2 tan? (ypgC)
where ( =z + 65—4(211\/5 + 533t + k.
Case 3.6. Whenr =0, p<0, ¢ <0,
—20 F 215 6pq
5 P o2 (vpa¢)’
where ¢ =z + & (211V5 £ 5)p3¢3t + k.
Case 3.7. Whenr=0,p >0, ¢ <0,
—20F 215 6pq
5 1T b (V=pa0)’

where ( =z + 65—4(211\/5 + 533t + k.
Case 3.8. Whenr =0, p <0, ¢ >0,

—20F 215 6pq
3 pq + 5 :
coth” (v/=pqQ)

$29,30(x,t) =m0 —

)

¢31,32(x, 1) =

¢3a,35(x,t) =

¢36,37(x,t) =

¢3s,30(x,t) =

Ga0,41(z,t) =

11

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(&)
ENE
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(a) —10<2<10,-5-107* <t <5-1074 (b) —10< 2z <10,t =10"%t=5-10"%t =

103,

(c) —10<z<10,=5-10"4 <t < 5-10~%. (d) —10<x<10,-5-1074 <t <5-107%.

FIGURE 6. Wave profile of ¢y5 forp=1,¢g=1,r=3,n =1, and k = 1.

where ¢ = z + (2115 £ 5)p3¢3t + k.
Case 3.9. When r =0, ¢ =0,

Paz(z,t) = — @ fk)g. (3.39)

For Set 4.
Case 4.1. When p=1,q¢#0,0 =712 —4qg > 0,

Paz(@,t) =m0 + dar - 8° 55 (3.40)
v tanh (@Q +r (\/étanh (@C) + r)

(=)=
E)NE
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or
4qr 8¢
_ -
VO coth (@C) +r (\/@coth (@C) + r)
where ( = 2 — wt + k, @ = O3 + 14(2q + 19)O? + 70(r? + 210)(2pq + 1n0)>.
Case 4.2. When p=1,q¢#0,0 =12 —4¢g <0,

o 4qr 3 8¢
bas(x,t) =m0 N=-1 (@C)—r (\@m( _QC>7T)2, (3.42)

Paa(x, ) =m0 + (3.41)

2
or

dgr B 8q>
\/@CO'G( ;64)—7" (x/@cot(mC)—r)Q

2

Gae(,t) =10 — ; (3.43)

where ( =z — wt + k, w = O3 4+ 14(2q + 19)©? + 70(r? + 210)(2pq + 1m0)>.
Case 4.3. Whenp=1,¢g=0,r #0,
2r2 exp(1¢)
(exp(r¢) — 1)*
where ¢ =z — (% 4 14nor* + 70n3 (2 4 2m0)) t + k.
Case 4.4. Whenp=1,q¢#0,r#0, r> —4¢q =0,
3¢ a2
s A (e )k
where ¢ =z — $(r? + 2n9)%t + k.
Case 4.5. Whenr =0, p >0, ¢ > 0,
_ 2pq
tan? ( qu) ’
where ( =z — wt + k, w = —64p3¢> + 224p?¢*(2pq + 10) + 140n0(2pq + 10)?.
Case 4.6. Whenr=0,p <0, ¢ <0,
2pq
os0(z,t) =no — W, (3.47)
where ( = 2 — wt + k, @ = —64p3¢> + 224p?¢*(2pq + no) + 14010 (2pq + 10)?.
Case 4.7. When r =0, p > 0,q < 0,
2pq
¢51(2,t) =no + ranh? (V=p20)’ (3.48)
where ( = 2 — wt + k, @ = —64p3¢> + 224p2¢*(2pq + no) + 14010(2pg + 10)>.
Case 4.8. When r=0,p <0, ¢ >0,
2pq
¢52(x,t) =mno + coth? (v=p30)’ (3.49)
where ( =z — wt + k, w = —64p3¢> + 224p?¢*(2pq + 10) + 140n0(2pq + 10)?.
Case 4.9. When r =0, ¢ =0,
2
(z — 140n3t + k)%

qf)47((£, t) ="MNo — (344)

Pas(z,t) = (3.45)

Pag(w,t) =m0 (3.46)

¢s3(x, 1) =10 — (3.50)
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(a) =30 <2 <30,0<t<5-1075.

-30 =20 -10 0 10 20 30

x

(c) =30 <z <30,0<t<5-1075.

-20 “ ll
-40 “

of 1 ‘“l

~100- ] || ||

[— - =002 — - =0.01 — - =0.005]

(b) —10 < & < 20,¢ = 0.005,t = 0.01,¢ =

0.02.

0.00

0.00

0.00

0.00

-30 =20 -10 o 10 20 30

x

(d) =30 <2 <30,0<t<5-1075.

F1GURE 7. Wave profile of ¢pg7 forp=1,¢=2,r=1,n=1, and k = 1.

3.3. The sKK equation. Consider the sKK equation that has the form

1+ 2016¢° Gy + 63003 + 226806 d20 + 5046 h3a + 252022030 + 14700z + 420050 + P70 = 0.
Using ¢(x,t) = #(£) and £ = x — wt reduces this equation to a nonlinear ODE

—wd' + 20160°F + 630 (¢)° + 226868’ + 5040°" + 252" " + 1478/ Y + 4266®) + (D = 0. (3.52)

The balancing rule in (3.52) gives m = 2, then the general solution is given by

2
B(&) = milexp(—1h(£)))", 12 # 0.
1=0

Substituting (3.53) into (3.52) and using (2.4) we get a system of algebraic equations that can be solved to find the

solution:
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Set 5.
1 2 3
—— —(r*—4
@ 48(7“ pq)”,
1, 1 1,
= - — 8 = —— = —— .
M0 24(7‘ +8pg), m 5P M 5P

Depending on set 5, the solutions of the sSKK equation result in the following form:

Case 5.1. Whenp=1,¢#0, ©@ =72 —4¢ > 0,

1 qr 2¢>
bsa(z,t) = ——(r* + 8q) + - , (3.54)
24 \/@’canh (@C) +7r (\@tanh (@C) -|—r)2
or
1 qr 2¢>
¢55(2,t) = ——(r* +8q) + — , (3.55)
24 VO coth (@C) +7r (\@Coth (@C) +r>2

where ¢ =z + 5 (r? — 49)%t + k.
Case 5.2. When p=1,¢#0, @ =12 —4¢ <0,

1 qr 2¢>
¢56(x’ t) = 77(7"2 + SQ) - - ) (356)
24 \/—@tan(\/? ) —r ( /—O tan (@C) _T)Q
or
2
ool ) =~ (% +5q) — z - = (357)

- 27

o (e ()
where ¢ =z + 5 (r? — 49)%t + k.

Case 5.3. Whenp=1,¢q=0,r #0,

2 =rit+k
pss(z,t) = _irz T exp(r(z + 457°t + k) . (3.58)
24 2 (exp(r(z + 4570t + k)) — 1)

Case 5.4. Whenp=1,q¢#0,r#0, r2 —4q =0,

r3(z + k) r(z + k)2

L,
t)=—= - . 3.59
990@0) = =57t a8 (@ k) + 2P (3.59)
Case 5.5. Whenr =0, p >0, ¢ >0,
pq
z,t) = ——pq — . 3.60
Go0(@,?) 3777 Jtan? (vPi(z — 3p3¢3t + k) (360)
Case 5.6. Whenr =0, p <0, ¢ <0,
1 Pq
z,t) = —=pq — . 3.61
do1(2,?) 3717 Scot? (vPi(z — 3p3¢3t + k) (3:61)
Case 5.7. Whenr=0,p >0, ¢ <0,
1 Pq
z,t) = ——pq + . 3.62
G0 (7,1) 3pq 2 tanh? (\/qu(a: - %p3q3t + k)) ( )
Case 5.8. Whenr =0, p <0, ¢ >0,
1 Pq
x,t) = —=pq + . 3.63
P =TS o (it — dt+ ) .
[c [m]
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(a) =10 < £ <10,-5 <t <5. (b) —20< 2 <10,t=1, t=2, t=3.

(c) =10 <z <10,—5 < t <5. (d) =10 <z < 10,—5 < t < 5.

F1GURE 8. Wave profile of ¢54 for p=1,¢=1,r =3, and k = 1.

Case 5.9. When r =0, ¢ =0,

boa(w,t) = —m- (3.64)

4. ILLUSTRATIVE GRAPHICS

In this section, we present graphical representations in 2D, 3D, contour plots, and density plots, showcasing three
distinct types of traveling wave solutions relevant to solitary wave theory. The Figures 1, 3, 6, and 8 correspond to
the bright soliton solution associated with ¢1, @10, P43, and ¢s4, respectively. These figures depict fixed parameter
values as specified in their captions. Additionally, Figures 2, 5, and 9 illustrate multiple dark solitary wave solutions
corresponding to ¢7, ¢15, and ¢g1, respectively, with fixed parameters. Figures 4 and 7 display the dark solitary wave
solution linked to ¢13 and ¢47, respectively, with parameters indicated in the figure captions.
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x [— - =0.0l — - =0.05 — - =0.1]

—40 <2 <40,—-5-1078 <t <5.1076. (b) =10 < z < 10,¢ = 0.01,¢ = 0.05, ¢ = 0.1.

4.x10°% 4

2.5 10751

20 20 10
X

2.% 1076

4. 107¢

) —70<2<70,-5-1079<¢t<5.1076. (d) -70 <2 <70,-5-1079 <t <5.1076.

=

FI1GURE 9. Wave profile of ¢g1 for p=—-2,¢g= -2, r =0, and k = 1.

5. CONCLUSIONS

This article investigates novel traveling wave solutions for three specific instances of the gsKdV equation: the sSKI
equation, the sLax equation, and the sKK equation. Employing the GEE method, we successfully identify bright
soliton solutions, dark solitary wave solutions, and multiple dark solitary wave solutions. Significantly, the GEE
method has not previously unveiled innovative solutions for the gsKdV problem. Hence, the exact solutions obtained
in this study can be regarded as novel. These solutions, expressed in terms of hyperbolic, trigonometric, exponential,
and rational functions, are visually represented through 2D, 3D, contour plots, and density plots illustrations generated
using Maple computational tools within specific finite domains.

Ultimately, our proposed method demonstrates efficiency, reliability, and potency in delivering numerous consistent
solutions for NLEEs encountered across various disciplines such as applied mathematics, mathematical physics, and

engineering.
an
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