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Abstract

In this paper, one of the applications of the Kolmogorov forward equations in solving the equations in the Ising
model will be analyzed. Then, the limiting distribution and the stationary distribution of the corresponding birth

and death process will be calculated. The Ising model is one of the famous physical models that is used in other

sciences. In this paper, the three special cases of the Ising model, i.e., the square n×n grid, horizontal, and circular
systems, will be analyzed and examined. We will show that, in general, Ising models based on the Boltzmann

stationary distribution, the maximum likelihood estimator, and a method of moments strategy to estimate the

reverse temperature characteristic of the heat baths are the same. The equation related to finding the maximum
likelihood estimator and a method of moments strategy cannot be solved analytically, so these estimates will be

calculated using the technique of fitting a linear regression model. By the way, it will be observed that the entropy
values for the n× n grid system are smaller than the corresponding values in the horizontal and circular systems.

Then, a general case for the convexity of the entropy of the Boltzmann probability function will be introduced.

Also, considering an Ising model on two and three points, where the points take values independently and follow
a Markov chain, the stationary distribution as well as the Boltzmann probability function, its induced probability

function, and maximum likelihood estimator for the parameter will be calculated. Finally, we will review the

Metropolis-Hastings algorithm and Gibbs sampling to simulate the one-dimensional and two-dimensional Ising
model and also the Potts model in the R software. Finally, we will compare the n × n grid, horizontal, and

circular systems. The induced probability vectors by system energies will be found for the three systems. The

entropy of these three induced probability vectors and the entropy of Boltzmann probability and their two-by-two
Kullback-Leibler divergences will be plotted and compared as a function of the parameter.
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1. Introduction

Stochastic processes have applications in many physical/natural phenomena. Robert Brown, the Scottish botanist
(1773,1858) had seen moments of suspended particles in water under a microscope in 1828 [35]. He thought moments
of particles were random and permanent. After that Einstein and Wiener continued research on this matter, and
after that, this process was named honor of Brown and Wiener, well known as ‘Brownian motion’ or ‘Wiener process’.
According to the applications of stochastic process in physics, readers can refer to references [10, 20, 41] to get familiar
with some literature of statistical physics and statistical thermodynamics. In some papers, the investigation of physical
models using differential equations and numerical methods has been studied, including [1, 2, 23, 29] and in others,
stochastic differential equations [38] and Brownian motion [4] are accelerated by physics. In both cases, numerical
analysis can help solve ordinary or stochastic differential equations.

The Kolmogorov forward equations are a type of partial differential equation (PDE) used in Markov processes. The
master equation is a result of the Chapman-Kolmogorov and Kolmogorov forward equations, which is analyzed in [3].
The master equation has been proposed by [16, 39] for spin systems [5] and applied to phase separation [11], polymers
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[32], and crystal growth [15]. In [8, 40, 42], various topics about the Ising model have been discussed. In [24], the
Ising model with quantum feedback was investigated. The Ising model has been used for solving phase separation and
wetting/dewetting, lattice-based liquid-gas model and spin glasses, etc. An elementary Ising spin models are used in
industry to represent cascading failures in networks [21]. The Ising models can also be used in neural networks [13].
The Ising model is also used in economic networks and exogenous shocks [22].

One of the properties of a Markov stochastic process is its stationarity, meaning that the distribution of all states of
the stochastic process is the same as the initial distribution of the process. This property is also used in applied branches
of stochastic processes, such as queuing theory and time series. Now the question arises as to what the relationship
is between the limiting distribution of a stochastic process and its stationary distribution, which is examined in this
paper for the Ising model.

Two important concepts that are studied in the branch of information theory are the concepts of entropy and the
Kullback-Leibler divergences, the former is used to indicate uncertainty and the latter is used to calculate the degree
of closeness of two distributions. The concept of entropy was introduced by [37] and the concept of Kullback-Leibler
divergence by [25]. In studies such as [31, 36], the relationship between these two concepts in information theory and
the concepts of statistical physics can be explored. In this paper, these concepts will be used in the Ising model.

In this paper, at first, we will review the time-continuous jump process and birth and death process in section 2.
Also, we will bring some applications in practical problems like Poisson process, gambler’s ruin, queue model, and
Markov Chain Mont Carlo (MCMC) simulation.

After that, in section 3, we will show that the master equations are solved according to the Chapman-Kolmogorov
equation and modeling the Ising model with the Kolmogorov forward and backward equations. Then we calculate the
entropy of the distribution of a stochastic process and its Kullback-Leibler divergence distance with the stationary
distribution. One of the interesting examples is the Ising model on the square n× n grid, horizontal line, and circle.
We prove that, in general Ising models, the maximum likelihood estimator (MLE) and the estimator using the moment
method (MME) for the β (parameter in the Boltzmann probability function) coincide. The equation related to finding
MLE and MME cannot be solved analytically, so these estimates are calculated using linear regression models. Then
the entropy is calculated in three grids, horizontal, and circular systems. We observe that, the entropy values for the
horizontal and circular systems are smaller than corresponding values in the n × n grid. In the following, we show
that the entropy of the Boltzmann probability function is a convex function w.r.t. the parameter in some region, and
the conditions for its establishment are presented in a general Ising model. At the end of the section, considering an
Ising model on two points (three points on a horizontal line or a triangle), where the points take values independently
and follow a Markov chain, the stationary distribution as well as the Boltzmann probability function, its induced
probability function and maximum likelihood estimator for parameter are calculated.

Then, in section 4, we will simulate the Ising model in R software. For this purpose, at first, we discuss Metropolis-
Hastings algorithm and generate a random sample from the normal distribution. After that, we will observe that the
Gibbs sampler for simulating a two-dimensional Ising model. Also, we will use Metropolis-Hastings for simulating the
two-dimensional Ising model. At the end of this section, we simulate the Potts model in lattice with 3 and 4 neighbors
and calculate the empirical probability of spin from sample.

In section 5, the n × n grid, horizontal, and circular Ising models are compared. The induced probability vectors
by system energies and their entropies are found for the n × n grid, horizontal and circular models. The entropy
of Boltzmann probability in these three models and their two-by-two Kullback-Leibler divergences are plotted and
compared as a function of the parameter. In this section, we will show that, in for the n × n grid and horizontal
models, the induced entropy of Boltzmann probability and entropy of Boltzmann probability are even functions w.r.t.
β. In section 6, the results, suggestions, and challenges ahead for researchers are discussed.

2. Time-continuous jump process and birth and death process

Let time-continuous stochastic process {Xt : t ≥ 0} with state space E. Suppose X0 = x0 and the process in random
time such as T0 stops in the state x0 and after that, jumps to state x1 and this process are continued. Let T−1 = 0,
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so we can write this process as

Xt = xi, i = 0, 1, . . . ,
∑i−1

j=−1
Tj ≤ t <

∑i

j=0
Tj .

The process must jump to another state at the time
∑i
j=0 Tj , j = 0, 1. For a sequence of the continuous and

nonnegative random variables Tx, x = 0, 1, . . . with (probability) density function fx, Qxy is defined by the probability
of a jump to y from x at the end of the stopping time. We can easily see that Qxx = 0 and

∑
y ̸=xQxy = 1. In this

state, if the process jumps to x at the time t0, we have Xt = x, t0 ≤ t < t0 + Tx and Xt0+Tx ̸= x, t0 + Tx < ∞.
Hence, the stochastic process with jump probability Qxy goes to y ∈ E and we call {Xt : t ≥ 0} as ‘time-continuous
jump chain’ [7].

We say that a stochastic process {Nt : t ≥ 0} is counting if Nt is the number of events that have occurred in (0, t].
We call a counting stochastic process {Nt : t ≥ 0} the Poisson process with parameter (rates) λ, if all the following
conditions are true [34]:

(i) N0 = 0, (i.e., the number of events at zero instant is equal to zero);
(ii) Nt has independent increments (i.e., the numbers of arrivals to the system in disjoint intervals are independent);

(iii) P (Nt+h −Nt = k) = e−λh(λh)k

k! .

Equivalently, the counting stochastic process {Nt : t ≥ 0} is called a Poisson process with rates (parameter) λ, if [34]:

(i) N0 = 0;
(ii) Nt has independent and stationary increments (Nt has stationary increments, if for all t2 > t1 ≥ 0, Nt2−Nt1has

the same distribution as Nt2−t1 , in other words Nt2 −Nt1
d
=Nt2−t1);

(iii) P (Nh = 0) = 1− λh+ o(h); P (Nh = 1) = λh+ o(h); P (Nh ≥ 2) = o(h).

One of the important properties that exist in some stochastic processes is the Markov property. The stochastic
process has Markov property, if for any 0 ≤ t1 < ... < tn < tn+1 [34]:

P (Xtn+1
= j

∣∣Xt1 = i1, . . . , Xtn−1
= in−1, Xtn = i ) = P (Xtn+1

= j |Xtn = i ).

This property shows that the future and the past of the process are independent of each other under the condition
of having the present. We can prove that a time-continuous process has Markov property if and only if for all x ∈ E,
Tx has exponential distribution with parameter qx and probability density function fTx(t) = qxe

−qxt, t > 0 [7]. For
example, Poisson process {Nt : t ≥ 0} has Markov property, i.e., for any 0 = t0 < t1 < ... < tn and nondecreasing
natural numbers ki ≥ 0, i = 1, ..., n, n ≥ 2, P (Ntn = kn

∣∣Nt1 = k1, . . . , Ntn−1
= kn−1 ) = P (Ntn = kn

∣∣Ntn−1
= kn−1 ),

because for all x ∈ E, the stopping time Tx has exponential distribution. To prove this fact, if the Poisson process
has entered the state x at the moment t0 and Tx is the duration of the process stopping in the state x, we have

P (Tx > t) = P (Nt0+t −Nt0 = 0) = e−λt(λt)0

0! = e−λt.

Therefore, the distribution function of Tx obtained as following FTx
(t) = P (Tx ≤ t) = 1 − e−λt, i.e. Tx has

exponential distribution with parameter λ.
For time-continuous stochastic process {Xt : t ≥ 0}, πx(t) = P (Xt = x) is the probability of the system being in state

x at time t and Pxy(t) = P (Xt+s = y |Xs = x ) = P (Xt = y |X0 = x ) is a probability of jump to y from x at time t [34].
The recent equality is due to the homogeneity of the process. It is obvious that

∑
x∈E πx(t) = 1,

∑
y∈E Pxy(t) = 1.

Also, for t = 0 we have

Pxy(0) =

{
1, x = y,

0, x ̸= y,
= δxy,

where δxy is a Kronecker delta [34]. A probability distribution of all possible states E = {x1, x2, ...} forms a vector is
given by π = (πx1 , πx2 ....). A distribution π is called stationary distribution, if π = πPt, t ≥ 0 where Pt = (Pxy(t))
is a transition probability matrix [7]. The infinitesimal parameters of stochastic process{Xt : t ≥ 0} written as qxy =
P ′

xy(t)|t=0, x, y ∈ E i.e., qxy is the rate that a transition from x to y [34].
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One can easily see that, all homogeneous transition matrices Pt = (Pxy(t)) have the exponential form etQ. In the
limit of continuous time, the transition matrix Q = (qxy) (also known as a transition-rate matrix or an intensity matrix
or an infinitesimal generator matrix) of an infinitesimal time difference is expanded as follows:

Pt = 1 + tQ+ o(t) = lim
ε→0

(1 + εQ)
t
ε = etQ.

If we let π(t) = (πx1(t), πx2(t)....), then π(t+ε) = π(t)(I+εQ)+o(ε). This implies that π(t+ε)−π(t) = επ(t)Q+o(ε)
and then

π′(t) = d
dtπ(t) = lim

ε→0

π(t+ε)−π(t)
ε = lim

ε→0
π(t)Q+ lim

ε→0

o(ε)
ε = π(t)Q,

which has the solution π(t+s) = π(t)eQs where s > 0. Also eQs defined by its Taylor expansion, eQs =
∑∞
k=0

sk

k!Q
k =∑

i e
ηisviw

t
i where ηi are the eigenvalues of Q and vi (wi) are the right (left) eigenvectors of Q. If Q is a irreducible

process (a Markov chain is said to be irreducible if all states communicate with each other, and the similarly, the
infinitesimal generator matrix Q is irreducible, if there is a positive-rate path qxy from any state to any other state),
then the stochastic process is ergodic and there is one eigenvalue equal to 0.

The Chapman-Kolmogorov equation [34] is for a Markov chain with countable E, i.e., for all s, t > 0 and x, y ∈ E,
Pxy(t + s) =

∑
z∈E Pxz(t)Pzy(s) or in matrix form, Pt+s = PtPs, t, s ≥ 0. By taking the derivative w.r.t. s from

both sides of the Chapman-Kolmogorov equation and interchanging the derivative and the sum (due to the finiteness
of E), we have ∂

∂sPxy(t + s) =
∑
z∈E Pxz(t)

∂
∂sPzy(s). Now, take s = 0 and we get ∂

∂sPxy(t) =
∑
z∈E Pxz(t)P

′
zy(0).

By substituting qzy = P ′
zy(0) in the above equation, the Kolmogorov forward equations [34] are obtained as follows

P ′
xy(t) =

∑
z∈E Pxz(t)qzy. In natural sciences, the Kolmogorov forward equations is also known as the master equation

which is mentioned in section 3.
Proving the Kolmogorov backward equation is more difficult, and to obtain it, the following equation [19] must be

derived w.r.t. t: Pxy (t) = δxye
−qxt + qxe

−qxt
∫ t
0
eqxs

(∑
z∈E QxzPzy (s)

)
ds. Hence for all x, y ∈ E s.t. x ̸= y we have

δxy = 0 and thus

P ′
xy(t) = −qxe−qxt

[∫ t

0

eqxs
(∑

z∈E
QxzPzy(s)

)
ds+ qxe

qxt
(∑

z∈E
QxzPzy(t)

)]
= −qx

[
qxe

−qxt
∫ t

0

eqxs
(∑

z∈E
QxzPzy(s)

)
ds−

∑
z∈E

QxzPzy(t)

]
= −qxPxy(t) +

∑
z∈E

qx
qxz

Pzy(t)

= qxPxy(t) +
∑

z∈E
qxPzy(t) =

∑
z∈E

qxPzy(t),

since − qx
qxx

= 1. So, the Kolmogorov backward equation are obtained as follows P ′
xy(t) =

∑
z∈E qxzPzy(t).

By the Chapman-Kolmogorov equation and Taylor expand, we have Pxy(t+ s) =
∑
z∈E Pzy(s) (δxz + tqxz) . After

taking the derivative of t, the above equation is transformed into:

∂
∂tPxy(t) |t=s =

∑
z∈E−{x}

Pzy(s)qxz + Pxy(s)(qxx) =
∑

z∈E−{x}
Pzy(s)qxz − Pxy(s)

∑
z∈E−{x}

qxz.

Hence, we have a partial differential equation of the distribution, based on the transition rate

∂
∂tπx (t) =

∑
y ̸=x

{πy(t) qyx − πx(t) qxy}. (2.1)

The Equation (2.1) is called the master equation. In some texts,
∑
y ̸=x πy(t) qyx is called gain term and

∑
y ̸=x πx(t) qxy

is called loss term. One example from biology is given below:

π′
n (t) = (n− 1)βπn−1 (t)− nβπn (t) , n = 1, 2, ...,

where πa (0) = P (N0 = a) = 1. This equation is applied to model population growth with birth, where n is the
population index, with reference the initial population, β is the birth rate, and finally πn (t) = P (Nt = n), i.e. the
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Figure 1. Simulate the birth and death process from 0 to 1000 step.

probability of achieving a certain population size. The analytical solution is πn (t) = (n− 1)βe−nβt
∫ t
0
πn−1 (s) e

nβsds
or the solution is the negative binomial distribution

πn (t) =

(
n− 1

a− 1

)(
e−βt

)a(
1− e−nβt

)n−a
, n = a, a+ 1, . . . .

The birth and death process are use in modeling many problems. The pure jump Markov stochastic process
{Xt : t ≥ 0} is called the birth and death process, if the infinitesimal parameters are equal to

qxy =


λx, y = x+ 1,

µx, y = x− 1,

0, O.w.

It means that, when the process is in x, we have a birth (death) with rate λ (µ) [34]. With statistical soft-
ware, like R we can simulate the birth and death process. Assume the probability of birth (death) is 0.3 (0.3) and the
start time of the process is 0. In Figure 1, we will simulate the process from 0 to 1000 step with R software as following:

> birth = 0.3

> death = 0.3

> no_event = 1-birth-death

> steps = 1000

> positions = 0

> for(i in 1:steps){

+ if(tail(positions, 1) == 0){

+ move = sample (c(0,1),size = 1, prob =

+ c(no_event/(birth+no_event), birth/(birth+no_event)))

+ positions = c(positions, tail(positions, 1) + move) next }

+ if(tail(positions, 1) > 0){

+ move = sample(c(-1,0,1), size = 1, prob = c(death, no_event, birth))

+ positions = c(positions, tail(positions, 1) + move) } }

> plot(positions, type = "l", main = "birth and death process simulation",

+ xlab = "time", ylab = "position")

As can be seen from Figure 1, when the line goes up, we have the birth and when it comes down, we have the death.
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Figure 2. Simulate the Gambler’s ruin.

One of the famous problems in probability is Gambler’s Ruin. Two players, one and two, are playing a game with
the probability of winning 0 < p < 1 for player one and the probability of winning 0 < q = 1− p < 1 for player two.
Each player has an initial wealth. Both players will play until one of them has lost all their initial wealth and thus
cannot play anymore. In every step of the process, we have the birth or death process. Assume player one (two) has
5 (10) score and the probability of winning is 0.6 (0.4). The process will end when player one reaches 0 or 15. In R
software, we will simulate this process as following:

> ###gambelers ruin

> birth = 0.6

> death = 1 - birth

> positions = 5

> while(T){

+ positions = c(positions, tail(positions, 1) + sample(c(-1, 1),

+ size = 1, prob = c(death, birth)))

+ if(tail(positions, 1) == 0 | tail(positions, 1) == 15) break}

> plot(positions, type = "l", main = "Gambler’s Ruin simula-tion",

+ xlab = "time", ylab = "position", ylim = c(0,16))

> abline(h = 15, col = "blue"); abline(h = 0, col = "red")

> text(15, 15.5, "victory", col = "blue")

> text(15, 0.5, "loss", col = "red")

If we repeat this process 5 times, we observe that 4 results of this process reach to win. We can say the probability
of winning before 60 trials is %80 (Figure 2). One method to calculate the probability of some experience is to simulate
for many times. This result becomes from the Strong Law of Large Numbers (SLLN) [35]. Also, we can simulate
this process with the package ‘gamblers.ruin.gameplay’ in the R software. With this package, we can calculate the
empirical probability of winning and losing for any process as follows:

> library(gamblers.ruin.gameplay)

> t1 = Sys.time()

> n = 10000

> win = 0; loos = 0; r = rep(0, n)
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> for(i in 1:n){

+ a = grp.gameplay(5, 0.6, 15)$data

+ if(tail(a$capital, 1) == 15){

+ win = win + 1

+ r[i] = 1

+ }

+ if(tail(a$capital, 1) == 0)

+ loos = loos + 1

+ }

> t2 = Sys.time()

> difftime(t2, t1)

Time difference of 2.75812 mins

> print(paste(’probability of wining is ’, win/n))

[1] "probability of wining is 0.8727"

> print(paste(’probability of loosing is ’, loos/n))

[1] "probability of loosing is 0.1273"

In the R codes above, first, we repeat this process 10,000 times and observe that the probability of winning is
0.8727 and the probability of losing is 0.1273.

For a fixed Markov chain {Xt : t ≥ 0} with stationary distribution π = (π1, π2, ...) and for all bounded function

γ, which X ∼ π (X has distribution π) we have almost everywhere, limn→∞
γ(X1)+···+γ(Xn)

n = E (γ (X)) where
E (γ (X)) =

∑
j γ (j)πj is an expected value of the random variable γ (X) [17].

One of the applications of the birth and death process is in queuing theory. Assume that customers in a bank comes
to the system with the birth rate 0.5 and exit from the system with the death rate 0.5. We can simulate this system:

> ### bank queue

> birth = 0.3

> death = 0.3

> no_event = 1-birth-death

> steps = 120

> positions = 5

> for(i in 1:steps){

+ if(tail(positions, 1) == 0){

+ move = sample(c(0,1), size = 1, prob = c(no_event/(birth+no_event)

+ ,birth/(birth+no_event)))

+ positions = c(positions, tail(positions, 1) + move) next }

+ if(tail(positions, 1) > 0){

+ move = sample(c(-1, 0, 1), 1 , p = c(death, no_event, birth))

+ positions = c(positions, tail(positions, 1) + move) } }

> plot(positions, type = "l", main = "bank queue in one day", xlab = "time",

+ ylab = "number of customers", ylim = c(0, max(positions)))

> abline(h = max(positions), col = "blue"); abline(h = 0, col = "red")

In Figure 3, suppose that a customer enters in a bank and sees that there are 5 people in the bank. Figure 3, shows
the number of customers in the each step. We observe a queue in the bank for two hours. As we see, there is some
step that the bank is empty.
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Figure 3. Number of customers in bank from 0 to 120.

3. The Kolmogorov forward equations, the master equation and the Ising model

The Kolmogorov forward equation (or the master equation in natural sciences [20]) for a Markov chain is obtained
in the Eq. (2.1). In [18], the way to derivate the master equation is specified through the Chapman-Kolmogorov
equation. Note that, since qxx = −

∑
y ̸=x qxy, we can now rewrite Eq. (2.1) as following

d

dt
πx(t) =

∑
y ̸=x

(
πy(t)qyx − πx(t)qxy

)
=
(∑

y ̸=x
πy(t)qyx

)
+ πx(t)

(
−
∑

y ̸=x
qxy

)
=
(∑

y ̸=x
πy(t)qyx

)
+ πx(t)qxx =

∑
y∈E

πy(t)qyx.

It is obvious that the above formulation can be rewritten as a matrix equation, π′ = πQ. Since πx is stationary
distribution of process, we have global balance equations as following

0 =
∑

y ̸=x
πyqyx − πxqxy. (3.1)

Another proof of Eq. (3.1) using the Kolmogorov forward (backward) equation is as follows. At first, we prove
that, π = (πx) is a stationary distribution for a continuous Markov chain {Xt : t ≥ 0} if and only if it satisfies
πQ = 0 where 0 is a zero matrix. Now we prove this fact. If π is a stationary distribution, then π = πPt.
Differentiating both sides and using matrix form of Kolmogorov backward equation, i.e., P ′

t = QPt, and then we
obtain 0 = d

dt [πPt] = πP ′
t = πQPt. Now, let t = 0 and remember that P0 = I, the identity matrix. We obtain

0 = πQP0 = πQI = πQ.
Conversely, let π be a probability distribution on state space E that satisfies πQ = 0. Then, by multiplying both

sides of Kolmogorov backward equations, P ′
t = QPt by π, we obtain (πPt)

′ = πP ′
t = πQPt = 0 × P = 0. Thus, we

conclude πPt does not depend on t. In particular, for any t ≥ 0, we have πPt = πP0 = πI = π. Therefore, π is a
stationary distribution.

From the above fact, i.e., πQ = π, this important result is obtained:

0 =
∑

y∈E
πy qyx =

(∑
y ̸=x

πy qyx

)
+ πx qxx

=
(∑

y ̸=x
πy qyx

)
− πx

∑
y ̸=x

qxy =
∑

y ̸=x

(
πy qyx − πxqxy

)
,

and relation Eq. (3.1) is obtained. For a continuous-time Markov chain, if πx can be found s.t. for every pair of states
x, y ∈ E,

πyqyx = πxqxy, (3.2)
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holds, then by summing over y, the global balance equations (i.e. Eq. (3.1)) are satisfied and πx is the stationary
distribution of the process. If Eq. (3.1) can be found, the resulting equations are usually much easier than directly
solving Eq. (3.1). Many algorithms, such as the Metropolis-Hastings algorithm and the Glauber dynamics are based
on Eq. (3.2) (see section 4). In MCMC algorithm, we move from the old state x to a new one y, then the acceptance
probability of this move P a (x→ y) is calculated, a random number is generated to decide whether this move is
accepted. As suggested in Eq. (3.2), in all reversible dynamics: πyP

a (y → x) = πxP
a (x→ y) . Based on this

equation, we have the Metropolis dynamics. As P aZ>1, we have P
a

Metro (x→ y) = min
{
1,

πyfX|Y =y(x)

πxfY |X=x(y)

}
where fy|x(y)

is the probability density function of proposing the new state y starting from the state x, which
∫ +∞
−∞ fY |X=x(y)dy = 1.

By choosing fY |X=x(y) and sampling the next state y, high rejection rate can be avoided in the simulations. This
is known as the Metropolis-Hastings algorithm. In case fX|Y=y(x) = fY |X=x(y), we recover the normal Metropolis
algorithm [26].

Note that H(π) = −
∑
x∈E πx lnπx be the entropy of distribution π [35]. The following lemma gives the derivative

of the entropy of a distribution w.r.t. time.

Lemma 3.1. For any distribution π, we have ∂
∂tH (π(t)) = ep(t)− hd(t) s.t.

ep(t) = − 1
2

∑
x∈E

[∑
y ̸=x

{πy(t) qyx − πx(t) qxy}
]
×
[
ln
πy(t) qyx
πx(t) qxy

]
,

hd(t) =
1
2

∑
x∈E

[∑
y ̸=x

{πy(t) qyx − πx(t) qxy}
]
×
[
ln
qyx
qxy

]
.

Proof. By definition of entropy, we have

∂

∂t
H (π(t)) = − ∂

∂t

∑
x∈E

πx(t) ln (πx(t)) = −
∑

x∈E

∂πx(t)

∂t
ln (πx(t))−

∑
x∈E

∂

∂t
πx(t)

= −
∑

x∈E

∂πx(t)

∂t
ln (πx(t))−

∂

∂t

∑
x∈E

πx(t) = −
∑

x∈E

∂πx(t)

∂t
ln (πx(t))−

∂

∂t
1

= −
∑

x∈E

∂πx(t)

∂t
ln (πx(t)) .

By substituting Eq. (2.1) in the above expression, we have

∂
∂tH (π(t)) = −

∑
x∈E

[∑
y ̸=x

{πy(t) qyx − πx(t) qxy}
](

lnπx(t)
)
.

If we exchange the indexes x and y, we can rewrite ∂
∂tH (π(t)) as

∂

∂t
H (π(t)) = −1

2

∑
x∈E

[∑
y ̸=x

(
πy(t)qyx − πx(t)qxy

)]
×
[
ln
πy(t)qyx
πx(t)qxy

]
+

1

2

∑
x∈E

[∑
y ̸=x

(
πy(t)qyx − πx(t)qxy

)]
×
[
ln
qyx
qxy

]
= ep(t)− hq(t).

where ep(t) is the instantaneous entropy production rate and hd(t) is the rate dissipation heat [14].
□

For a birth and death process we got from Eq. (2.1), ∂
∂tπn(t) = λn−1πn−1(t)+µn+1πn+1(t)− [λn+µn]πn(t) which

qn−1,n = λn−1, qn+1,n = µn+1, qn,n+1 = λn and qn,n−1 = µn. Let Jn(t) = µnπn(t) − λn−1πn−1(t). Hence, we can

rewrite Eq. (2.1) as ∂
∂tπn(t) = Jn+1(t)− Jn(t).

In physical research, for equilibrium state that π is stationary state, Equation (3.1) holds. One of the important
stationary distributions in physics is

ξx =
e−βEx∑
y∈E e

−βEy
, (3.3)
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where Ex is energy of state x and the normalization constant β is the reverse temperature characteristic of the heat
baths. The Boltzmann distribution can be used to describe the states of physical particles such as atoms or molecules,
or biological systems. The Boltzmann distribution is based on how the states of the system are filled, depending on
their energy. the probability of the system to be in state x with energy Ex is proportional to e−βEx , where β = 1

kBT
,

T is the temperature which is measured in Kelvin and kB is the Boltzmann constant [6]. After long time, the system
approaches thermal equilibrium and stationary distribution not dependent to time, and equation Eq. (3.1) when
transition rate qxy satisfying in condition qxy = qyxe

−βEy+βEx holds. Because∑
y ̸=x

(ξyqyx − ξxqxy) =
∑

y ̸=x

(
ξyqyx − ξxqyxe

−βEx+βEy
)

=
∑

y ̸=x

(
e−βEy∑
z∈E e

−βEz
qyx −

e−βEx∑
z∈E e

−βEz
qyxe

−βEx+βEy

)
= 0.

The transition rate across (x, z) is given by qxz = eβEx−βEz . The stochastic process is in detailed balance (or time
reversible) i.e., there exists a distribution πx = e−βEx s.t. πyqyx = πxqxy for any edge z with joining a pair of vertices
x and y. Note that, πxqxy is the probability flux across (x, y). Also πyqyx = πxqxy says that the pair of states x and
y are in equilibrium along z [6].

In stationary distributions given by Eq. (3.3), we have

∂
∂tH (ξ(t)) = −

∑
x∈E

[∑
y ̸=x

{ξy(t) qyx − ξx(t) qxy}
](

ln ξx(t)
)
= 0,

and thus, the entropy of stationary distribution given by Eq. (3.3), i.e., H (ξ(t)) does not depend on time. The reason
for entropy becoming zero is the stationarity of distribution given by Eq. (3.3), which is because the distribution of
the stochastic process is the same in all stages, entropy takes zero value.

We can consider the Kullback-Leibler divergence metric (or distance) or relative entropy between two distributions

π and ξ given by D ( π ∥ ξ) =
∑
x∈E πx(t) ln

(
πx(t)
ξx(t)

)
[35].

Theorem 3.2. For fixed arbitrary distribution π and stationary distribution ξ given by Eq. (3.3), we have

∂
∂tD ( π ∥ ξ) = hd(t)− ep(t) + β

∑
x∈E

Ex

[∑
y ̸=x

{πy(t) qyx − πx(t) qxy}
]
,

∂
∂tD ( ξ ∥ π) = −

∑
x∈E e

−βEx
∑
y ̸=x

{
πy(t)
πx(t)

qyx − qxy

}
∑
y∈E e

−βEy
.

Proof. By definition, we have D ( π ∥ ξ) =
∑
x∈E πx(t) ln

(
πx(t)
ξx(t)

)
= −H (π(t)) −

∑
x∈E πx(t) ln (ξx(t)) . Hence by

Lemma 3.1,

∂

∂t
D(π∥ξ) = − ∂

∂t
H(π(t))− ∂

∂t

∑
x∈E

πx(t) ln (ξx(t))

= hd(t)− ep(t)−
∑

x∈E

∂πx(t)

∂t
ln (ξx(t))−

∑
x∈E

∂
∂tξx(t)

ξx(t)
πx(t)

= hd(t)− ep(t)−
∑

x∈E

∂πx(t)

∂t
ln

(
e−βEx∑
y∈E e

−βEy

)
− 0

= hd(t)− ep(t) + β
∑

x∈E
Ex

∂πx(t)

∂t
+
∑

x∈E

∂πx(t)

∂t
ln
(∑

y∈E
e−βEy

)
= hd(t)− ep(t) + β

∑
x∈E

Ex

[∑
y ̸=x

{πy(t) qyx − πx(t) qxy}
]

+ ln
(∑

y∈E
e−βEy

) ∂

∂t

∑
x∈E

πx(t)

= hd(t)− ep(t) + β
∑

x∈E
Ex

[∑
y ̸=x

{πy(t) qyx − πx(t) qxy}
]
,
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Figure 4. The Ising model with random spin in one-dimensional system.

and we conclude similarly that

∂

∂t
D (ξ ∥ π) = ∂

∂t

[∑
x∈E

ξx(t) ln

(
ξx(t)

πx(t)

)]
= − ∂

∂t
H (ξ(t))− ∂

∂t

∑
x∈E

ξx(t) ln (πx(t))

= −
∑

x∈E

∂

∂t
ξx(t) ln (πx(t))−

∑
x∈E

ξx(t)
∂
∂tπx(t)

πx(t)

= −
∑

x∈E

[
e−βEx∑
y∈E e

−βEy

]
×
∑
y ̸=x {πy(t)qyx − πx(t)qxy}

πx(t)

= −

∑
x∈E e

−βEx
∑
y ̸=x

{
πy(t)
πx(t)

qyx − qxy

}
∑
y∈E e

−βEy
.

□

The Ising model is a mathematical model of ferromagnetism in statistical mechanics. Beside in physic, it works
in many branches like machine learning, image processing, and economics. Ernst (Ernest) Ising (1900-1998) had first
shown that no phase transition to a ferromagnetic ordered state occurs in one dimension at any temperature [39].
One good reference that analyzes Ising’s life and works is [12]. In [30], the Ising models in ferromagnetic and other
physical phenomena are reviewed. In the Ising model system, we have two sides, up (down), in the direction of the
field (against the direction of the field) (see Figure 4). Probability of each side showed respectively π+(t) = π1(t) and
π−(t) = π0(t), and a probability of jump to + from – (– from +) at time t is P10(t) (P01(t)), and transition rate from
+ to – (– to +) showed as q+− = q10 = µ (q−+ = q01 = λ). It’s obvious P11(t) = 1− P10(t) and P00(t) = 1− P01(t).
In this memoryless system, the Markov property holds, and in fact, it showed this model is a birth and death process.
By using Eq. (2.1), we got:{

d
dtπ+ = −µπ+ + λπ−,
d
dtπ− = µπ+ − λπ−.

Theorem 3.3. A unique stationary distribution for the Ising model, i.e., π = (π0, π1) satisfies π0 = µ
λ+µ = 1− π1.

Proof. By using the Kolmogorov forward equation, we got

P ′
00(t) =

∑
z∈E

q0zPz0(t) = q00P00(t) + q01P10(t) = −λP00(t) + λP10(t),

P ′
10(t) =

∑
z∈E

q1zPz0(t) = q10P00(t) + q11P10(t) = µP00(t)− µP10(t).

Then, we have two equations as following P ′
00 (t) = −λP00 (t) + λP10 (t), P

′
10 (t) = µP00 (t) − µP10 (t) . By

subtracting the last two equations, we have

f ′(t) = P ′
00(t)− P ′

10(t) = −λP00(t) + λP10(t)− µP00(t) + µP10(t)

= −λ
(
P00(t)− P10(t)

)
− µ

(
P00(t)− P10(t)

)
= −(λ+ µ)

(
P00(t)− P10(t)

)
= −(λ+ µ)f(t).
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where f (t) = P00 (t) − P10 (t). By solving the homogeneous linear differential equation f ′ (t) = − (λ+ µ) f (t)
with initial condition f (0) = P00 (0) − P10 (0) = 1 − 0 = 1, we have f (t) = e−(λ+µ)t or equivalently P00 (t) =
P10 (t) + e−(λ+µ)t. Hence, with substitution this expression to P00 (t) in equation for P ′

10 (t), we have P ′
10 (t) =

µP10 (t) + µe−(λ+µ)t − µP10 (t) = µe−(λ+µ)t. So, with integration from equation and according to initial condition
P10 (0) = 0 , we got P10 (t) = − µ

λ+µe
−(λ+µ)t + c. But 0 = P10 (0) = − µ

λ+µ + c, so c = µ
λ+µ and we have P10 (t) =

µ
λ+µ

(
1− e−(λ+µ)t

)
. Also P00 (t) =

µ
λ+µ

(
1− e−(λ+µ)t

)
+ e−(λ+µ)t = µ

λ+µ + λ
λ+µe

−(λ+µ)t. Then P01 (t) = 1− P00 (t) =
λ

λ+µ

(
1− e−(λ+µ)t

)
, P11 (t) = 1− P10 (t) =

λ
λ+µ + µ

λ+µe
−(λ+µ)t.

Limiting distribution calculated as:

lim
t→0

P (t) = lim
t→0

[
P00(t) P01(t)
P10(t) P11(t)

]
= lim
t→0

[
µ

λ+µ + λ
λ+µe

−(λ+µ)t λ
λ+µ

(
1− e−(λ+µ)t

)
µ

λ+µ

(
1− e−(λ+µ)t

)
λ

λ+µ + µ
λ+µe

−(λ+µ)t

]
=

[
µ

λ+µ
λ

λ+µ
µ

λ+µ
λ

λ+µ

]
,

and the stationary distribution for Markov chain satisfies π0 = µ
λ+µ = 1− π1.

A much simpler way to calculate stationary distribution is to use formula πQ = 0. We have

0 = πQ =
[
π0 π1

] [−λ λ
µ −µ

]
=
[
−λπ0 + µπ1, λπ0 − µπ1

]
.

which results in π1 = λ
µπ0. We also need π0 + π1 = 1. Solving the above equations, we obtain π0 = µ

λ+µ = 1− π1.

The above limiting distribution can also be reached with discretization directly. For this purpose, we consider the
transition probability matrix as following

P =

[
µ

λ+µ
λ

λ+µ
µ

λ+µ
λ

λ+µ

]
.

Now, we calculate the nth power of the matrix P . By the Hamilton-Cayley theorem [28], we have P 2 − tr(P ).P +
det(P ).I = 0 where tr(P ) (trace of a square P ) is defined to be the sum of elements on the main diagonal of P and
det(P ) is called determinant of P . Since tr(P ) = 1 and det(P ) = 0, Hamilton-Cayley theorem [28] is rewritten as
follows 0 = P 2 − P or P 2 = P , i.e., P is an idempotent matrix, and Pn = P. So, limn→∞ Pn = P and after that
π0 = µ

λ+µ = 1− π1. □

Example 3.4. A one-dimensional Ising model is proposed in this example. We consider the Markov Chain {Xt : t ≥ 0}
on state space E = {+1,−1} with transition probability px,y = 1

ψ e
ρxy+θy+φx where we choose φ and ψ so that∑

y px,y = 1 and also, θ and ρ are unknown parameter. Hence for x = 1,−1 we have following equations:

1 = p1,1 + p1,−1 =
1

ψ

(
eρ+θ+φ + e−ρ−θ+φ

)
=

2eφ cosh(ρ+ θ)

ψ
,

1 = p−1,1 + p−1,−1 =
1

ψ

(
e−ρ+θ−φ + eρ−θ−φ

)
=

2e−φ cosh(ρ− θ)

ψ
,

or ψ = 2eφ cosh(ρ + θ) and ψ = 2e−φ cosh(ρ − θ). We divide the above two expressions and get the following result

e2φ = cosh(ρ−θ)
cosh(ρ+θ) . In which case φ = 1

2 ln
(

cosh(ρ−θ)
cosh(ρ+θ)

)
, ψ = 2

√
cosh (ρ+ θ) cosh (ρ− θ).

Therefore, the transition probability matrix is rewritten as below

P =

(
eφeρ+θ

ψ
eφe−ρ−θ

ψ
e−φe−ρ+θ

ψ
e−φeρ−θ

ψ

)
=

(
eρ+θ

2 cosh(ρ+θ)
e−ρ−θ

2 cosh(ρ+θ)
e−ρ+θ

2 cosh(ρ−θ)
eρ−θ

2 cosh(ρ−θ)

)
.

In addition, when ρ = 0, there exist λ, µ > 0 s.t. 2 cosh (θ) = 2 cosh (−θ) =
√

µ
λ +

√
λ
µ . In this special case, we have

P =

(
eρ+θ

2 cosh(ρ+θ)
e−ρ−θ

2 cosh(ρ+θ)
e−ρ+θ

2 cosh(ρ−θ)
eρ−θ

2 cosh(ρ−θ)

)
=

(
eθ

δ
e−θ

δ
eθ

δ
e−θ

δ

)
=

√
µλ−1

δ

√
λµ−1

δ√
µλ−1

δ

√
λµ−1

δ

 =

[
µ

λ+µ
λ

λ+µ
µ

λ+µ
λ

λ+µ

]
,
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Figure 5. Sample configuration x on at the 3× 3 grid.

where δ =
√
µλ−1 +

√
λµ−1 and in this case, the model becomes the classic Ising model presented at the Theorem

3.3.

There is another way to find the transition probability matrix. For ρ = 0, we have φ = 1
2 ln

(
cosh(−θ)
cosh(θ)

)
= 1

2 ln(1) = 0,

ψ = 2
√
cosh(θ) cosh(−θ) = 2 cosh(θ), because cosh (θ) is an even and possitive function. Let 2 cosh (θ) = eθ + e−θ =√

µ
λ +

√
λ
µ = ψ for some λ, µ > 0. Hence ζ2 − ψζ + 1 = 0 s.t. ζ = eθ. By solving this equation in terms of ζ, we have

ζ = eθ =
ψ±
√
µ
λ+

λ
µ+2−4

2 =

√
µ
λ+

√
λ
µ±
(√

µ
λ−
√
λ
µ

)
2 =

√
µ
λ ,
√

λ
µ .

One of the answers, namely ζ = eθ =
√

µ
λ , leads to transition probability matrix corresponding to the classic Ising

model. Because px,y = 1
ψ e

ρxy+θy+φx = 1√
µ
λ+
√

λ
µ

eθy which are the elements of the following matrix

P =

(
p1,1 p1,−1

p−1,1 p−1,−1

)
=

 eθ√
µ
λ+
√

λ
µ

e−θ

√
µ
λ+
√

λ
µ

eθ√
µ
λ+
√

λ
µ

e−θ

√
µ
λ+
√

λ
µ

 =

[
µ

λ+µ
λ

λ+µ
µ

λ+µ
λ

λ+µ

]
.

Example 3.5. We know that the Ising model was used as a magnetism model and image processing in physical
research. Consider a graph G consisting of edges, in which each site i is assigned a spin of +1 or –1. Thus xi = ±1, for

all i. Let a square n×n grid, where each point is connected to four neighbors. Thus, there are k = 2n
2

possible states,
so E = {Ex1

, ..., Exk
}. For each state x ∈ {x1, ..., xk}, the energy is defined as follows Ex = −

∑
i∼j xixj , where the

sum is over all pairs of sites iand j, which are neighbors. For the configuration x in the Figure 5,

Ex = −
∑

i∼j
xixj = −

∑
(m,n)∼(v,w)

amnavw

= −
(
a11a12 + a12a13 + a11a21 + a12a22 + a13a23 + a21a22 + a22a23 + a21a31 + a22a32 + a23a33 + a31a32 + a32a33

)
= −

(
(−1)(−1) + (−1)(1) + (−1)(1) + (−1)(1) + (1)(−1) + (1)(1)

+ (1)(−1) + (1)(−1) + (1)(1) + (−1)(1) + (−1)(1) + (1)(1)
)
= 4.
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where

(xi) = (−1,−1, 1, 1, 1,−1,−1, 1, 1) ≡ Σ = (aij) =

−1 −1 1
1 1 −1
−1 1 1

 .

For the convenience of calculations, we wrote the vector (xi) as matrix Σ = (aij).

We plot this configuration in R software in Figure 5. All 512 states can be calculated from one state (for example,
the state shown in Figure 5) as follows:

(x1, . . . , x9) = (−1,−1, 1, 1, 1,−1,−1, 1, 1)

a1...
a9

 = a3 + a4 + a5 + a8 + a9 − (a1 + a2 + a6 + a7),

where ai = ±1, for all i. In the 3× 3 grid Ising model, there exists 29 = 512 states and we can calculate the energy of
these 512 states as follows:

> ### calculating energy in 3*3 network

> sample_space = c(-1,1)

> total_energy = 0

> for(a1 in sample_space){

+ for(a2 in sample_space){

+ for(a3 in sample_space){

+ for(a4 in sample_space){

+ for(a5 in sample_space){

+ for(a6 in sample_space){

+ for(a7 in sample_space){

+ for(a8 in sample_space){

+ for(a9 in sample_space){

+ network = matrix(c(a1, a2, a3, a4, a5, a6, a7, a8, a9), 3, 3, byrow = T)

+ energy_of_network = (-1)*(network[1, 1]*network[1, 2]

+ +network[1, 1] * network[2, 1]

+ +network[1, 2] * network[1, 3]

+ +network[1, 2] * network[2, 2]

+ +network[1, 3] * network[2, 3]

+ +network[2, 1] * network[2, 2]

+ +network[2, 1] * network[3, 1]

+ +network[2, 2] * network[2, 3]

+ +network[2, 2] * network[3, 2]

+ +network[2, 3] * network[3, 3]

+ +network[3, 1] * network[3, 2]

+ +network[3, 2] * network[3, 3])

+ total_energy = c(total_energy, energy_of_network)}}}}}}}}}

> mat = total_energy[2:513]

> exbar = mean(total_energy); exbar

[1] 0

> plot(total_energy, xlab = ’network’, ylab = ’energy’)

As seen in Figure 6, the average of all energies in the 3× 3 grid Ising model is equal to zero, i.e., 1
512

∑512
i=1Exi = 0.

This is the average of all 512 support points, which is always equal to zero in some Ising models such as the 3 × 3
grid, horizontal and circular models (see Examples 3.10 and 3.11). Now the question is raised, what is the expected
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Figure 6. All possible energies in the 3× 3 grid system containing 9 points.

value for the energy random variable with the corresponding probability function given in Eq. (3.3). This quantity is
calculated as follows:

Eβ (Ex) =

∑
x∈E Exe

−βEx∑
y∈E e

−βEy
.

Similarly, the variance of energies is calculated as follows:

V arβ(Ex) = Eβ(E
2
x)−

(
Eβ(Ex)

)2
=
∑

x∈E
E2
x

e−βEx∑
y∈E e

−βEy
−

(∑
x∈E Exe

−βEx∑
y∈E e

−βEy

)2

.

Note that, the Boltzmann distribution is a mass probability function on E, defined by Eq. (3.3). For β = 0,
the distribution given by 3.3 becomes discrete uniform distribution, DU {1, ..., 512} (see Figure 7), i.e., ξx = 1

512 ,
Ex = Ex1

, ..., Ex512
. We calculate this mass probability function in R software as follows (The output of R codes is

shown in Figure 7):

> beta=0

> s=exp(-beta*total_energy)/sum(exp(-beta*total_energy))

> plot(s,type=’h’,col=’gray50’,xlab=’systems’,ylab=’probabilities’)

> abline(h=1/512,col=’red’)

The probability mass function for some β > 0 (β < 0) is plotted in Figure 8 (Figure 9). These figures show how
the probability changes for the corresponding energies and for different β values using a bar graph.

Given an arbitrary state x, a site i has uniform distribution. The spin at that site is then updated from the
conditional distribution of that site given the other sites of x. Let the sites be 1, . . . ,m and xk be the spin at site
k, and x−k = (x1, ..., xk−1, xk+1, ..., xm) be the other m − 1 sites of the configuration. For fixed k, write x+ =
(x1, ..., xk−1,+1, xk+1, ..., xm) and x− = (x1, ..., xk−1,−1, xk+1, ..., xm). Then,

P (xk = +1 |x−k) =
ξx+

ξx−k

=
ξx+

ξx+ + ξx−
=

e
−βE

x+∑
y e

−βEy

e
−βE

x+∑
y e

−βEy
+ e

−βE
x−∑

y e
−βEy

=
e−βEx+

e−βEx+ + e−βEx−
=

1

1 + eβ(Ex+−Ex−)
.
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Figure 7. The probability mass function ξx for β = 0 in the 3× 3 grid system.
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Figure 8. The probability mass function ξx for some β > 0 in the 3× 3 grid system.

Observe that Ex+ = −
(∑

i∼j
i,j ̸=k

xixj+
∑

i∼k xi

)
.Also Ex− = −

(∑
i∼j
i,j ̸=k

xixj−
∑

i∼k xi

)
. This gives Ex+−Ex− =

−2
∑
i∼k xi and after that we have

dk(β) = P (xk = +1 |x−k) =
1

1 + eβ(Ex+−Ex−)
=

1

1 + e−2β
∑

i∼k xi
.

Also,

d′k(β) = P (xk = −1 |x−k) = 1− P (xk = +1 |x−k)

= 1− 1

1 + e−2β
∑

i∼k xi
=

e−2β
∑

i∼k xi

1 + e−2β
∑

i∼k xi
=

1

1 + e2β
∑

i∼k xi
.

For example, in state given by Figure 5 , we have

d5(β) = P (x5 = +1 |x−5) =
1

1 + e−2β
∑

i∼5 xi
=

1

1 + e−2β
∑

(i,j)∼(2,2) aij
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Figure 9. The probability mass function ξx for some β < 0 in the 3× 3 grid system.

=
1

1 + e−2β(a12+a21+a23+a32)
=

1

1 + e−2β(−1+1−1+1)
=

1

2
,

d′8(β) = P (x8 = −1 |x−8) =
1

1 + e2β
∑

i∼8 xi
=

1

1 + e2β
∑

(i,j)∼(3,2) aij

=
1

1 + e2β(a22+a31+a33)
=

1

1 + e2β(1−1+1)
=

1

1 + e2β
.

Similarly, the conditional probabilities of the rest of the states in Figure 3 will be as follows without calculation:

dk (β) = P (xk = +1 |x−k) =



1
2 , k = 1, 5, 9,

1
1+e−2β , k = 2, 8,

1
1+e2β

, k = 4,
1

1+e−6β , k = 6,
1

1+e4β
, k = 3,

1
1+e−4β , k = 7.

In Figure 10, we plot dk (β) for all possible values k from 1 to 9 and some parameter β for -2 to 2. All dk (β) curves
at the β = 0 have the same value 1

2 , in which case the conditional probabilities at all k points are equal to 1
2 , i.e.

dk(0) = P (xk = +1 | x−k) = 1
2 . The numerical values of the function dk(β) at some points of β are given in Table 1.

Note that, since

dk(−β) =



1
2 , k = 1, 5, 9,

1
1+e2β

, k = 2, 8,
1

1+e−2β , k = 4,
1

1+e6β
, k = 6,

1
1+e−4β , k = 3,

1
1+e4β

, k = 7,

= 1− dk(β),

we conclude that curve dk (β) has the central symmetry around point (0, 0.5) (also see Figure 10).
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Figure 10. Display conditional probability dk (β) based on different values of k.

Table 1. Values of dk (β) for β = 0, 0.441, 0.75,−1.5 and k = 1, ..., 9.

k/β 0 0.441 0.75 −1.5

1 0.50 0.50 0.50 0.50

2 0.50 0.71 0.82 0.05

3 0.50 0.15 0.05 ≈ 1

4 0.50 0.29 0.18 0.95

5 0.50 0.50 0.50 0.50

6 0.50 0.93 0.99 ≈ 0

7 0.50 0.85 0.95 ≈ 0

8 0.50 0.71 0.82 0.05

9 0.50 0.50 0.50 0.50

In the calculation of conditional probabilities dk (β), considering that the support of the corresponding random
variable has two members {−1,+1}, the conditional mathematical expectation can be calculated as follows:

ek (β) = Eβ (xk |x−k) =
∑

i∈{−1,1}
i× P (xk = i |x−k)

= 1× dk (β) + (−1)× d′k (β) = 1× dk (β) + (−1)× (1− dk (β))

= 2dk (β)− 1 =
2

1 + e−2β
∑

i∼k xi
− 1

=
1− e−2β

∑
i∼k xi

1 + e−2β
∑

i∼k xi
.
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Figure 11. Display conditional mathematical expectation ek (β) based on different values of k.

In other words

ek (β) = Eβ (xk |x−k) =
1− e−2β

∑
i∼k xi

1 + e−2β
∑

i∼k xi
=



0 k = 1, 5, 9
1−e−2β

1+e−2β , k = 2, 8,
1−e2β
1+e2β

, k = 4,
1−e−6β

1+e−6β , k = 6,
1−e4β
1+e4β

, k = 3,
1−e−4β

1+e−4β , k = 7.

In Figure 11, we plot ek (β) = Eβ (xk|x−k) for all possible values k from 1 to 9 and some parameter β for -2 to 2.
Note that, without using the R software, considering that the relation ek (β) = 2dk (β)− 1 is established between

the two functions, we could draw graph ek (β) with the help of graph dk (β). In this way, the behavior of function ek (β)
is the same as the behavior of function dk (β), and the only difference is that function dk (β) is stretched vertically
and translated down. It is easily seen

ek(−β) = 2dk(−β)− 1 = 2 (1− dk(β))− 1 = 1− 2dk(β) = −ek(β),

which shows that the function ek (β) is odd, and in other words, it has central symmetry around the origin (also see
Figure 11).

Similarly, the conditional variance is also calculated. For this purpose, we have

Eβ

(
x2k|x−k

)
=
∑

i∈{−1,1}
i2 × P (xk = i|x−k) = dk (β) + d′k (β) = dk (β) + (1− dk (β)) = 1.
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The result is

vk(β) = V arβ(xk|x−k) = Eβ

(
x2k|x−k

)
− (Eβ (xk|x−k))

2

= 1−
(
1− e−2β

∑
i∼k xi

1 + e−2β
∑

i∼k xi

)2

=
4e−2β

∑
i∼k xi(

1 + e−2β
∑

i∼k xi
)2

=



1 k ∈ {1, 5, 9}
4e−2β

(1+e−2β)2
, k ∈ 2, 8,

4e2β

(1+e2β)2
, k = 4,

4e−6β

(1+e−6β)2
, k = 6,

4e4β

(1+e4β)2
, k = 3,

4e−4β

(1+e−4β)2
, k = 7.

The interesting thing that happens in function vk (β) = V arβ (xk|x−k). To prove this fact, we will show that

h(a) = 4eaβ

(1+eaβ)2
is an even function, so we proceed as follows:

h(a) =
4eaβ

(1 + eaβ)2
=

4eaβ

1 + e2aβ + 2eaβ
=

4e−aβ

e−2aβ + 1 + 2e−aβ
=

4e−aβ

(1 + e−aβ)2
= h(−a).

According to the above identity, we have

v3(β) =
4e4β

(1 + e4β)2
= h(4) = h(−4) =

4e−4β

(1 + e−4β)2
= v7(β),

v4(β) =
4e2β

(1 + e2β)2
= h(2) = h(−2) =

4e−2β

(1 + e−2β)2
= v2(β) = v8(β).

Now we can rewrite function vk (β) = V arβ (xk|x−k) as below:

vk(β) = V arβ (xk|x−k) =


1, k = 1, 5, 9,

4e−2β

(1+e−2β)2
, k = 2, 4, 8,

4e4β

(1+e4β)2
, k = 3, 7,

4e−6β

(1+e−6β)2
, k = 6.

Next, in Figure 12, we plot vk (β) = V arβ (xk|x−k) for all possible values k from 1 to 9 and some parameter β for
-3 to 3. It can be easily observed

vk (−β) = 1− (E−β (xk|x−k))
2
= 1− (ek (−β))2 = 1− (−ek (β))2 = vk (β) ,

which shows that the function ek (β) is even, and in other words, it has axial symmetry around the vertical axis (also
see Figure 12).

An interesting point that is worth noting is that in the case β = 0, the three functions dk (β) = P (xk = +1|x−k),
ek (β) = Eβ (xk|x−k) and vk (β) = V arβ (xk|x−k) do not depend on the parameter β, and exactly this happens
for the cases where k is on the diagonal elements of the 3 × 3 grid matrix, i.e., points 1, 5, and 9. In other words
d1 (0) = d5 (0) = d9 (0) =

1
2 , e1 (0) = e5 (0) = e9 (0) = 0 and v1 (0) = v5 (0) = v9 (0) = 1.

In Figure 13, we simulate the 60 × 60 grid Ising model with some parameter β. The Gibbs sampler was run for
100,000 steps. The state space E has 23600 elements. Simulations B and C are for attractive systems, with β > 0.
Note that β = 0.441 is a critical inverse temperature. In case D, β < 0 and the system is repelling.

In R codes below, we observe how the Metropolis-Hastings algorithm works and how it can simulate the Ising
model. This structure will also be provided by package in section 4.1:



CMDE Vol. 14, No. 1, 2026, pp. 421-469 441

−3 −2 −1 0 1 2 3

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

β

v k
(β

)

k = 1,5,9

k = 2,4,8

k = 6

k = 3,7

Figure 12. Display conditional variance vk (β) based on different values of k.
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Figure 13. Ising simulation on a 60 × 60 grid. Parameter values are: A: β = 0, B: β = 0.441, C:
β = 0.75, D: β = −1.5.

> ### simulation of model ###

> start_time = Sys.time()

> par(mfrow = c(2, 2))

> beta_temp = c(0, 0.441, 0.75, -1.5)

> plot_name = c("A", "B", "C", "D")

> for (L in 1:4) {

+ w = 100

+ beta = beta_temp[L]

+ trial = 100000

+ matr = matrix(sample(c(-1, 1), (w+2)^(2), replace = TRUE), nrow = w + 2)

+ matr[c(1, w + 2), ] = 0

+ matr[ ,c(1, w + 2)] = 0

+ for(K in 1:trial){
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+ Q = sample(2:(w + 1), 1)

+ Y = sample(2:(w+1), 1)

+ degree = matr[Q + 1, Y] + matr[Q - 1, Y] + matr[Q, Y - 1] + matr[Q, Y + 1]

+ probability = (1)/(1 + exp(-beta * 2 * degree))

+ if (runif(1) < probability)

+ {matr[Q, Y] = 1}

+ else

+ {matr[Q, Y] = -1}

+ }

+ at_end = matr[2: (w + 1), 2:(w + 1)]

+ image(at_end, xlab = plot_name[L], col = c(0, ’gray50’))

+ }

> finish_time = Sys.time()

> difftime(finish_time, start_time) Time difference of 6.625356 secs

Now let us compute the entropy of distribution given by Eq. (3.3) . By the definition of entropy, we have

Hβ(ξ) = −
∑

x∈E
ξx ln ξx = −

∑
x∈E

e−βExi∑
y∈E e

−βEy
ln

(
e−βExi∑
y∈E e

−βEy

)

=
∑

x∈E

e−βExi

(
βExi

+ ln
(∑

y∈E e
−βEy

))
∑
y∈E e

−βEy

= β
∑

x∈E

Exi
e−βExi∑

y∈E e
−βEy

+ ln
(∑

y∈E
e−βEy

)∑
x∈E

ξx

= βEβ(Ex) + ln
(∑

y∈E
e−βEy

)
.

In the conclusion section, Hβ(ξ) will be drawn in the 3× 3 grid, horizontal and circular models.
Now the issue arises that the entropy function Hβ(ξ) is convex (or concave) for what values of β. The following

proposition answers this question.

Proposition 3.6. In the Ising model, the entropy of Boltzmann probability given by Eq. (3.3), i.e., Hβ(ξ) is a convex
function w.r.t. β, if βCovβ

(
Ex, E

2
x

)
≥ Varβ (Ex) (2βEβ (Ex) + 1) .

Proof. We know Hβ(ξ) = βEβ (Ex) + ln
(∑

y∈E e
−βEy

)
. Thus, we have

H ′
β(ξ) = β

d

dβ

(
Eβ(Ex)

)
+Eβ(Ex)−Eβ(Ex) = β

d

dβ

(∑
x∈E Exe

−βEx∑
y∈E e

−βEy

)
= −β

(
Eβ

(
E2
x

)
− (Eβ(Ex))

2
)
= −βVarβ (Ex) .

Therefore, the second derivative of Hβ(ξ) w.r.t. β is equal to

H ′′
β(ξ) = −Varβ (Ex) + β

[
− d

dβ

(
Eβ

(
E2
x

) )
+ 2Eβ (Ex)

d

dβ

(
Eβ (Ex)

)]
= −Varβ (Ex)− β

1(∑
y∈E e

−βEy

)2 ×
[
−
(∑

x∈E
E3
xe

−βEx

)(∑
y∈E

e−βEy

)
+
(∑

y∈E
Eye

−βEy

)(∑
x∈E

E2
xe

−βEx

)]
− 2βEβ (Ex)Varβ (Ex)

= −Varβ (Ex) + β
[
Eβ

(
E3
x

)
−Eβ (Ex)Eβ

(
E2
x

)]
− 2βEβ (Ex)Varβ (Ex)
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= βCovβ
(
Ex, E

2
x

)
−Varβ (Ex)

(
2βEβ (Ex) + 1

)
.

Because the function Hβ(ξ) is continuous w.r.t. β, its second derivative is non-negative, if

βCovβ
(
Ex, E

2
x

)
≥ Varβ (Ex) (2βEβ (Ex) + 1) .

Therefore, under this condition, Hβ(ξ) is convex □

The inequality presented in Proposition 3.6 can be written in terms of the third central moment instead of calculating
the covariance between energy and its square.

Proposition 3.7. In the Ising model, the entropy of Boltzmann probability given by Eq. (3.3) , i.e., Hβ(ξ) is a convex

function w.r.t. β, if βEβ

(
Ex −Eβ (Ex)

)3
≥ V arβ (Ex) .

Proof. By Proposition 3.6, we have

H ′′
β (ξ) = βCovβ(Ex, E

2
x)− V arβ(Ex)

(
2βEβ(Ex) + 1

)
= βEβ(E

3
x)− βEβ(E

2
x)Eβ(Ex)− 2βEβ(E

2
x)Eβ(Ex) + 2β

(
Eβ(Ex)

)3
− V arβ(Ex)

= β

[
Eβ(E

3
x)− 3Eβ(E

2
x)Eβ(Ex) + 3Eβ(Ex)

(
Eβ(Ex)

)2
−
(
Eβ(Ex)

)3]
− V arβ(Ex)

= βEβ((Ex −Eβ(Ex))
3)− V arβ(Ex).

Hence, H ′′
β(ξ) ≥ 0 if and only if βEβ

(
(Ex −Eβ (Ex))

3
)
≥ V arβ (Ex) . The continuation of the proof is similar

to the proof of Proposition 3.6. □

Suppose that some distribution in an n-membered set has its own probability masses. In this case, there are n
possible masses of ξ1, . . . , ξn.

Proposition 3.8. The only distribution ξ = (ξ1, . . . , ξn) that has the maximum entropy H(ξ) = −
∑n
i=1 ξi ln ξi under

conditions
∑n
i=1 ξi = 1 and E (Ex) =

∑n
i=1 ξiEi = c is the Boltzmann distribution.

Proof. Consider the Lagrange function as

Ψ (ξ1, . . . , ξn, λ1, λ2) = −
∑n

i=1
ξi ln (ξi) + λ1

(∑n

i=1
ξi − 1

)
+ λ2

(∑n

i=1
ξiEi − c

)
.

By taking the derivative w.r.t ξi, i = 1, . . . , n, λ1 and λ2 we have

∂Ψ(ξ1, . . . , ξn, λ1, λ2)

∂ξi
= − ln (ξi)− 1 + λ1 + λ2Ei = 0, i = 1, . . . , n,∑n

i=1
ξi = 1,∑n

i=1
ξiEi = c.

Thus, by taking eλ1−1 = k and λ2 = −β, we have ξi = ke−βEi . Since
∑n
i=1 ξi = 1 , the value of k is calculated as

followse k = 1∑n
i=1 e

−βEj
. So ξi =

e−βEi∑n
i=1 e

−βEj
. Therefor the Boltzmann distribution is the distribution that maximize

the entropy H(ξ) = −
∑n
i=1 ξi ln ξi w.r.t. two conditions

∑n
i=1 ξi = 1 and

∑n
i=1 ξiEi = c. □

Now the question arises that in model Eq. (3.3) based on a random sample, MLE and MME for β are the same.

Suppose X1, ...., Xn
i.i.d.∼ fθ(x). Note that, MME involves equating sample moments (X̄ = 1

n

∑n
i=1Xi) with theoretical

moments (Eθ (X) =
∑
x xfθ(x)) [42]. So, we say θ̃ is MME for θ. In general, if, we consider the likelihood function as

follows L (θ) =
∏n
i=1 fθ(x). Thus, θ̂ is a MLE for θ, if θ̂ = argmaxθ L(θ), i.e., L(θ̂) = maxθ L(θ) [42].

In the following theorem, we prove that MLE and MLE calculated based on the first moment for β are equal.

Theorem 3.9. In the Ising model, MLE and MME for β coincide.
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Figure 15. Sample configuration
on the horizontal system.

Proof. Suppose Ex1
, . . . , Exn

i.i.d.∼ ξx = e−βEx∑
y∈E e

−βEy
denote a random sample of size n from Eq. (3.3). It is worth

mentioning, MME is based on matching the first sample moment (Ēx = 1
n

∑n
i=1Exi) with the first population moment

(Eβ (Ex) =
∑
xExξx). In order to get this equality, we must have

Eβ (Ex) =
∑

x∈E
Exξx =

∑
x∈E

Ex
e−βEx∑
y∈E e

−βEy
=

∑
x∈E Exe

−βEx∑
y∈E e

−βEy
= Ēx =

1

n

∑n

i=1
Exi

, (3.4)

which leads to the solution of equation Ēx = Eβ (Ex).
On the other hand, to find MLE, we first calculate the likelihood function as follows

L (β) =

n∏
i=1

ξxi =

n∏
i=1

e−βExi∑
y∈E e

−βEy
=

e−β
∑n

i=1 Exi(∑
y∈E e

−βEy

)n .
For convenience in calculations, we calculate the natural logarithm of the likelihood function as follows:

l (β) = ln (L (β)) = −β
∑n

i=1
Exi

− n ln
(∑

y∈E
e−βEy

)
= −n

[
Ēxβ + ln

(∑
y∈E

e−βEy

)]
.

Thus, taking the derivative w.r.t. β gives

l′ (β) = −n

[
Ēx −

∑
y∈E Eye

−βEy∑
y∈E e

−βEy

]
= −n

(
Ēx −Eβ (Ex)

)
= 0.

which leads to the solution of equation Ēx = Eβ (Ex), which is the same as Equation (3.2). It is noteworthy that,

l′′ (β) = −nV arβ (Ex) ≤ 0. Hence, β̂ = argmaxθL (β), that is, the β̂ obtained from equation Ēx = E (Ex) is a MLE
for β.

This fact shows that MLE and MME coincide, i.e., β̂ = β̃. □

Let r (β) = Eβ (Ex) − Ēx =
∑

y∈E Eye
−βEy∑

y∈E e
−βEy

− Ēx. Therefore, the equation r (β) = Eβ (Ex) − Ēx = 0, whose roots

were impossible to find analytically, was solved numerically. In the conclusion section, this root will be calculated
numerically in the 3× 3 grid, horizontal and circular models.
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Example 3.10. In the continuation of Example 3.5, consider an Ising model on a horizontal line containing n points
where xi = ±1, for all i. Similar before, there are 2n possible states. For n = 9, there exist 29 = 512 states and in
Figure 14, we have calculated the energy of these 512 states by R codes as follows:

> sample_space = c(-1, 1)

> total_energy = 0

> for(a1 in sample_space){

+ for(a2 in sample_space){

+ for(a3 in sample_space){

+ for(a4 in sample_space){

+ for(a5 in sample_space){

+ for(a6 in sample_space){

+ for(a7 in sample_space){

+ for(a8 in sample_space){

+ for(a9 in sample_space){

+ network = c(a1, a2, a3, a4, a5, a6, a7, a8, a9)

+ energy_of_network = (-1) * (network[1] * network[2]+

+ network[2] * network[3]+

+ network[3] * network[4]+

+ network[4] * network[5]+

+ network[5] * network[6]+

+ network[6] * network[7]+

+ network[7] * network[8]+

+ network[8] * network[9])

+ total_energy = c(total_energy, energy_of_network)}}}}}}}}}

> vec = total_energy[2:513]

> exbar = mean(total_energy); exbar

[1] 0

> plot(total_energy, xlab = ’network’, ylab = ’energy’)

For example, the configuration x shown in Figure 15 including states (xi) = (−1,−1, 1, 1, 1,−1,−1, 1, 1) on a horizontal
line has following energy:

Ex = −
∑

i∼j
xixj = −

∑8

i=1
xixi+1

= −
(
(−1)(−1) + (−1)(1) + (1)(1) + (1)(1) + (1)(−1) + (−1)(−1) + (−1)(1) + (1)(1)

)
= −2.

Example 3.11. In the continuation of Example 3.5, consider an Ising model on a circle containing n points where
xi = ±1, for all i. Similar before, there are 2n possible states. For n = 9, there exist 29 = 512 states and in Figure 16,
we have calculated the energy of these 512 states.

For example, the configuration shown in Figure 17 including states

(xi) = (−1,−1, 1, 1, 1,−1,−1, 1, 1) ≡ (σi) =

(
−1 −1 1 1 1 −1 −1 1 1
−1 1 1 1 −1 −1 1 1 −1

)
,

on a circle has following energy:

Ex = −
∑

i∼j
xixj = −

(∑8

i=1
xixi+1 + x9x1

)
= −

(
(−1)(−1) + (−1)(1) + (1)(1) + (1)(1) + (1)(−1) + (−1)(−1) + (−1)(1) + (1)(1) + (1)(−1)

)
= −1.

Note that, (σi) is a symbol to show permutation.
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Figure 16. All possible energy in
the circular system containing 9
points.
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Figure 17. Sample configuration x
on the circular system.

Table 2. The Energy and Boltzmann probability function for four possible configurations in the
Ising model with 2 points.

Label Configuration Energy The Boltzmann Probability Function

1 (x1) = (−1,−1) E1 = −1 ξ1 = eβ

4 cosh(β)

2 (x2) = (1, 1) E2 = −1 ξ2 = eβ

4 cosh(β)

3 (x3) = (1,−1) E3 = 1 ξ3 = e−β

4 cosh(β)

4 (x4) = (−1, 1) E4 = 1 ξ4 = e−β

4 cosh(β)

As you can see in Figure 16, in the circular system, we do not have any state whose energy is equal to zero, But
the average of all energies is equal to zero.

In the Conclusion section, broader comparisons about the 3× 3 grid, horizontal and circular models are presented.

Example 3.12. Now, Consider an Ising model with 2 points where xi = ±1, for all i. Thus, there are 4 possible
states and we can calculate the energy of these 4 states as follows (Table 2).

Vector τ 1 can be referred to as induced probability vector by system energies and it is calculated as follows:

L(β) = τ 1(i) = P (Ex = i) =

{
ξ1 + ξ2 = eβ

2 cosh(β) , i = −1,

ξ3 + ξ4 = e−β

2 cosh(β) , i = 1.

The induced probability function in the Ising model with 2 points is plotted in terms of different β values in Figure
18.

We observe that, only for β = 0 we have τ1 (−1) = τ1 (1) =
1
2 . If the parameter space is equal to Θ = [a, b], where

a < b ∈ R, then the maximum likelihood estimator in terms of observed energy will be as follows:

β̂ =

{
b, if Ex = −1,

a, if Ex = 1,
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Figure 18. The probability function in the Ising model with 2 nudes.
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Figure 19. The probability func-
tion in the Ising model with 3 nudes.
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Figure 20. The induced probabil-
ity function in the Ising model on a
triangle containing 3 nudes.

because functions eβ

2 cosh(β) and e−β

2 cosh(β) are increasing and decreasing w.r.t. β, respectively Similarly, Consider an

Ising model on a horizontal line (or a triangle) containing 3 points where xi = ±1, for all i. Thus, there are 8 possible
states and we can calculate the energy of these 8 states in Table 3.

Based on Table 3 , in the horizontal system, induced probability function is calculated as follows:

L (β) = τ 2(i) = P (Ex = i) =


ξ3 + ξ4 + ξ7 + ξ8 = 1

1+cosh(2β) , i = 0,

ξ5 + ξ6 = e−β

3e−β+e3β
, i = 2,

ξ1 + ξ2 = e3β

3e−β+e3β
, i = −2.

The induced probability function in the Ising model on a horizontal line containing 3 points is plotted in terms of
different β values in Figure 19. Note that for β = 0, we have τ2 (0) = 2τ2 (2) = 2τ2 (−2) = 1

2 . If the parameter space
is equal to Θ = [a, b], where a < b ∈ R, then MLE in terms of observed energy in the Ising model on a horizontal line
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Table 3. The Energy and Boltzmann probability function for eight possible configurations in the
Ising model on a horizontal line (and a triangle) containing 3 points.

Label Configuration Energy Boltzmann probability function
The horizontal system

1 (x1) = (−1,−1,−1) E1 = −2 ξ1 = e2β

4+4 cosh(2β)

2 (x2) = (1, 1, 1) E2 = −2 ξ2 = e2β

4+4 cosh(2β)

3 (x3) = (−1, 1, 1) E3 = 0 ξ3 = 1
4+4 cosh(2β)

4 (x4) = (1, 1,−1) E4 = 0 ξ4 = 1
4+4 cosh(2β)

5 (x5) = (1,−1, 1) E5 = 2 ξ5 = e−2β

4+4 cosh(2β)

6 (x6) = (−1, 1,−1) E6 = 2 ξ6 = e−2β

4+4 cosh(2β)

7 (x7) = (−1,−1, 1) E7 = 0 ξ7 = 1
4+4 cosh(2β)

8 (x8) = (1,−1,−1) E8 = 0 ξ8 = 1
4+4 cosh(2β)

The triangular system

1

(
−1 −1 −1
−1 −1 −1

)
E1 = −3 ξ1 = e3β

6e−β+2e3β

2

(
1 1 1
1 1 1

)
E2 = −3 ξ2 = e3β

6e−β+2e3β

3

(
−1 1 1
1 1 −1

)
E3 = 1 ξ3 = e−β

6e−β+2e3β

4

(
1 1 −1
1 −1 1

)
E4 = 1 ξ4 = e−β

6e−β+2e3β

5

(
1 −1 1
−1 1 1

)
E5 = 1 ξ5 = e−β

6e−β+2e3β

6

(
−1 1 −1
1 −1 −1

)
E6 = 1 ξ6 = e−β

6e−β+2e3β

7

(
−1 −1 1
−1 1 −1

)
E7 = 1 ξ7 = e−β

6e−β+2e3β

8

(
1 −1 −1
−1 −1 1

)
E8 = 1 ξ8 = e−β

6e−β+2e3β

containing 3 points, will be as follows:

β̂ =


b, if Ex = −2 or (Ex = 0, a < b < 0),

0, if Ex = 0, a < 0 < b,

a, if Ex = 2 or (Ex = 0, 0 < a < b),

because 1
1+cosh(2β) is increasing on (0,∞) and decreasing on (−∞, 0), e−β

3e−β+e3β
is decreasing and e3β

3e−β+e3β
is increasing.

Based on Table 3, in triangular system, the induced probability function is calculated as follows:

L (β) = τ3(i) = P (Ex = i) =

{∑8
j=3 ξj =

e−β

e−β+ 1
3 e

3β , i = 1,

ξ1 + ξ2 = e3β

3e−β+e3β
, i = −3.

The induced probability function in the Ising model on a triangle containing 3 points is plotted in terms of different
β values in Figure 20.

We observe that, only for β = 0.2746402 we have, τ3 (1) = τ3 (−3) = 1
2 . If the parameter space is equal to Θ = [a, b],

where a < b ∈ R, then MLE in terms of observed energy in the Ising model on a triangle containing 3 points, will be
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as follows:

β̂ =

{
b, if Ex = −3,

a, if Ex = 1.

because functions e3β

3e−β+e3β
and e−β

e−β+ 1
3 e

3β are increasing and decreasing w.r.t. β, respectively.

Define the Markov chain {Xn : n ∈ N} in such a way that Xn represents the state of the process at the nth stage.
In this case, E0 = {−1, 1}, and

Pxx = P (X1 = x | X0 = x) = p, p ̸= 0, 1, x ∈ {−1, 1},
Pxy = P (X1 = y | X0 = x) = q = 1− p, q ̸= 0, 1, x, y ∈ {−1, 1}, x ̸= y.

Therefore, in the Ising model containing 2 points where xi = ±1, for all i, that the values of these two points are
independent of each other, the transition probability matrix will be as follows:

P =


p2 q2 pq pq
q2 p2 pq pq
pq pq p2 q2

pq pq q2 p2

 .

It is worth noting that, the row and column labeling in the above matrix is done as follows (based on Table 3):
Label 1 : (x1) = (−1,−1), Label 2 : (x2) = (1, 1), Label 3 : (x3) = (1,−1) and Label 4 : (x4) = (−1, 1).

A way to calculate a stationary distribution of a Markov chain {Xn : n ∈ N} is to use formula π = πP where
π = (π1, π2, π3, π4), which leads to the solution of the following equations{(

p2 − 1
)
π1 + q2π2 + pq (π3 + π4) = q2π1 +

(
p2 − 1

)
π2 + pq (π3 + π4) = 0,

pq (π1 + π2) +
(
p2 − 1

)
π3 + q2π4 = pq (π1 + π2) + q2π3 +

(
p2 − 1

)
π4 = 0.

The above equation system has solution π1 = π2 and π3 = π4, when p, q ̸= 0, 1. We also need π0 + π1 +
π3 + π4 = 1. Solving the above equations, we obtain π =

(
1
4 ,

1
4 ,

1
4 ,

1
4

)
is an unique stationary distribution for a

Markov chain {Xn : n ∈ N}, because every irreducible Markov chain {Xn : n ∈ N} with a finite state space E1 =
{(−1,−1) , (1, 1) , (1,−1) , (−1, 1)} is positive recurrent and hence has a stationary distribution. By the way, since
{Xn : n ∈ N} is an aperiodic process, we can calculate limiting distribution as follows

lim
n→∞

Pn =


1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

 .

that the columns of the above matrix are the stationary distribution. It should be noted that the vector containing

the Boltzmann probability functions, i.e., ξ = (ξ1, ξ2, ξ3, ξ4) =
(

e2β

4+4 cosh(2β) ,
e2β

4+4 cosh(2β) ,
e−β

4 cosh(β) ,
e−β

4 cosh(β)

)
is not

stationary.
Similarly, in the Ising model containing 3 points, that the values of these two points are independent of each other,

the transition probability matrix will be as follows:

P =



p3 q3 pq2 pq2 pq2 p2q p2q p2q
q3 p3 p2q p2q p2q pq2 pq2 pq2

pq2 p2q p3 pq2 pq2 p2q p2q q3

pq2 p2q pq2 p3 pq2 p2q q3 p2q
pq2 p2q pq2 pq2 p3 q3 p2q p2q
p2q pq2 p2q p2q q3 p3 pq2 pq2

p2q pq2 p2q q3 p2q pq2 p3 pq2

p2q pq2 q3 p2q p2q pq2 pq2 p3


.
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where labeling is according to Table 3. It is easily shown π =
(
1
8 ,

1
8 ,

1
8 ,

1
8 ,

1
8 ,

1
8 ,

1
8 ,

1
8

)
is an unique stationary distribution

for a Markov chain {Xn : n ∈ N}, because every irreducible Markov chain {Xn : n ∈ N} with a finite state space

E2 = {(−1,−1,−1), (1, 1, 1), (−1, 1, 1), (1, 1,−1), (1,−1, 1), (−1, 1,−1), (−1,−1, 1), (1,−1,−1)} .(
E2 =

{(
−1 −1 −1
−1 −1 −1

)
,

(
1 1 1
1 1 1

)
,

(
−1 1 1
1 1 −1

)
,

(
1 1 −1
1 −1 1

)
,(

1 −1 1
−1 1 1

)
,

(
−1 1 −1
1 −1 −1

)
,

(
−1 −1 1
−1 1 −1

)
,

(
1 −1 −1
−1 −1 1

)})
,

in the horizontal (triangular) system, is positive recurrent and hence has a stationary distribution. Also, the vector
containing the Boltzmann probability functions, in the horizontal (triangular) system, i.e.

ξ =

(
e2β

4 + 4 cosh(2β)
,

e2β

4 + 4 cosh(2β)
,

1

4 + 4 cosh(2β)
,

1

4 + 4 cosh(2β)
,

e−2β

4 + 4 cosh(2β)
,

e−2β

4 + 4 cosh(2β)
,

1

4 + 4 cosh(2β)
,

1

4 + 4 cosh(2β)

)
,(

ξ =

(
e3β

6e−β + 2e3β
,

e3β

6e−β + 2e3β
,

e−β

6e−β + 2e3β
,

e−β

6e−β + 2e3β
,

e−β

6e−β + 2e3β
,

e−β

6e−β + 2e3β
,

e−β

6e−β + 2e3β
,

e−β

6e−β + 2e3β

))
,

is not stationary.

4. Simulation of the ISING model in R

4.1. Metropolis-Hastings alghorithm. The most famous application of the MCMCmethod appears in the Metropolis-
Hastings algorithm. The algorithm is named after Nicholas Metropolis [1915,1999], a physicist, who first proposed
this method in 1950, and W.K. Hastings [1930,2016], a Canadian statistician, who extended this algorithm in 1970s.

The algorithm constructs a Markov chain {Xt : t ≥ 0} with state space E and stationary distribution π = (π1, π2, ...).
Suppose P is a transition matrix for some irreducible Markov chain with the state space E. Assume that Xn = i.
The next stage of the process, i.e., Xn+1 is chosen by the following procedure [9]:

1. Choose a new state from P , i.e., choose j with probability Pij ;

2. Let αij =
πjPji

πiPij
.

Assume that Xn = i and U ∼ U (0, 1). Define

Xn+1 =

{
j, if U ≤ αij ,

i, if U > αij .

For example, using random number generator, simulate a standard normal random variable using MCMC with the

probability density function φt =
1√
2π
e

−t2

2 . For the Metropolis-Hastings algorithm, from state s, the process moves

to t, where t has uniform distribution on (s− 1, s+ 1). Hence, Pst =
1
2 , s− 1 ≤ t ≤ s+ 1.

The acceptance function is

αst =
πtPts
πsPst

=

(
1√
2π
e−

t2

2

)
1
2(

1√
2π
e−

s2

2

)
1
2

= e−
t2−s2

2 .

Below, the MCMC sequence is repeated one million times. By the way, the overlaid curve is φt. With the
Kolmogorov-Smirnov goodness of fit test we obtained, the random sample collect from standard normal distribution.

In the Boltzmann probability given by Eq. (3.3), we have
πx
πy

=
qyx
qxy

= e−β(Ex−Ey) = e−β∆E ,
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where ∆E = (Ex − Ey). Let

qxy =

{
e−β∆E , if ∆E > 0,

1, if ∆E < 0.

The following algorithm is suggested:

1. Choose some state i;
2. Calculate differential value ∆E;
3. If ∆E < 0, change the spin. If ∆E > 0, then

a. Generate 0 < r < 1 as a random number from a uniform distribution;
b. if r < e−β∆E , change the spin;

4. Go to the next state and go to 2.

The states are generated with a Boltzmann probability given by Eq. (3.3). In R, we can generate random sample
with package ’bayess’, by command ’isinghm’. In Figure 21, we generate random sample for some β via Metropolis-
Hastings method, and we observe that, when β become larger, the number of clusters become smaller and cluster get
further to each other.

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
4

0.
8

β = 0.25

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
4

0.
8

β = 0.5

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
4

0.
8

β = 0.75

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
4

0.
8

β = 1

Figure 21. Simulating Metropolis-Hastings by β = 0.25, 0.5, 0.75, 1.

4.2. GIBBS SAMPLING. The Gibbs sampling was named by the new researchers in honor of the efforts of the
physicist Josiah Willard Gibbs. In this method, the target distribution π is an m-dimensional joint density π (x) =
π (x1, ..., xm).

We construct a multivariate Markov chain with limiting distribution π. The generated elements from algorithm

are X(0), X(1), ...
(
X

(0)
1 , ..., X

(0)
m

)
,
(
X

(1)
1 , ..., X

(1)
m

)
, ... Clearly, this method is a special case of the Metropolis-Hastings

algorithm [27].
In package ‘bayess’, we can use command ’isingibbs’ to generate a random sample.

4.3. POTTS MODEL. In the Ising model, every particle can spin in two side. What happened if particles can spin
in more than two side?
In this case particles in crystal or topological graph that particles have more than 2 neighbors. The model is named
after Renfrey Potts [1925,2005] [33], who described the model near the end of his PHD in 1951. We just simulate this
model in R.
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Figure 22. Simulating Gibbs by β = 0.25, 0.5, 0.75, 1.

In package ‘bayess’ there is two functions ‘pottsgibbs’ and ‘pottshm’ that respectively simulate Potts model with
Gibbs sampling and Metropolis-Hastings sampling. With Gibbs sampling, we can’t choose number of neighbor in
lattice and sample space is E = {1, 2, 3, 4}, but in Metropolis-Hastings sampling, we can select any member of the
sample space. Potts model with E = {1, 2, 3, 4} shows the fact that we have 4 neighbors. In R, for Potts we have to
use square matrix (at first Gibbs sampling is done):

> library(bayess)

> pots_gibbs = pottsgibbs(niter = 1000, numb = 10, beta = 0)

> table(pots_gibbs); prop.table(table(pots_gibbs))

pots_gibbs

1 2 3 4

22 31 26 21

pots_gibbs

1 2 3 4

0.22 0.31 0.26 0.21

> barplot(table(pots_gibbs), col = ’skyblue’)

> image(pots_gibbs, col = c(’blue’, ’red’, ’green’, ’purple’))

In Figure 22, we generate random sample for some β via Gibbs method, and we observe that, when β become
larger, the number of clusters become smaller and cluster get further to each other.

In Figure 23 we see Potts model simulation for case. As we observe 22 blue shapes. Also, 1, 2, 3, and 4 represent
blue, red, green and purple respectively.

In R software, choose the tenth column of the matrix as the first row in the image, the ninth column of the matrix as
the second row in the image, and the first column of the matrix as the last row in the image. Now we want to simulate
with Metropolis-Hastings sampling. In Metropolis-Hastings method, we can use any matrix (in Gibbs method, we
have to use square matrix) and we can use any set of number for sample space:

> pots_mh = pottshm(ncol = 7, niter = 10, n = 10, m = 10, beta = 0)

> table(pots_mh); prop.table(table(pots_mh))

pots_mh
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Figure 23. Potts model with 4 neighbors (E = {1, 2, 3, 4} ) and bar plot for calculate emprical
probability for β = 0.
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Figure 24. Potts model in 10 × 10 matrix with Metropolis-Hastings and bar plot for calculate
emprical probability for β = 0

1 2 3 4 5 6 7

17 9 26 12 7 14 15

pots_mh

1 2 3 4 5 6 7

0.17 0.09 0.26 0.12 0.07 0.14 0.15

> image(pots_mh, col = rainbow(7))

> barplot(table(pots_mh), col = ’skyblue’)

As we see in Figure 24 , the sample space is E = {1, 2, 3, 4, 5, 6, 7}. Also we can see any parametr of β and any
sample space. In this part, the application of Potts models in image processing was presented
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Table 4. Display frequency table (and probability values) for different energy states (for β = 0), in
the 3× 3 grid system.

energy number probabilities
-12 2 0.00390625
-8 8 0.01562500
-6 32 0.06250000
-4 46 0.08984375
-2 96 0.18750000
0 144 0.28125000
2 96 0.18750000
4 46 0.08984375
6 32 0.06250000
8 8 0.01562500
12 2 0.00390625

5. Statistical comparison of models and discussion

In this section, we make a statistical comparison between the models presented in three Examples: 3.5, 3.10, and
3.12 for some parameters.

First, we discuss the concentration of the probability masses on different energy states in three models. In Table
4, the frequency of different energy states (and probability values for β = 0), in the 3 × 3 grid system is shown. For
notation in the following sections, we will denote the vector of probabilities in Table 4 (for case β = 0) by τ 1. Vector
τ 1 can be referred to as the induced probability vector by system energies. For example, the probability of one of the
states in Table 4 is calculated as follows:

τ 1(−12) = P (Ex = −12) = ξx1
+ ξx2

=
1

512
+

1

512
= 0.00390625,

where

x1 ≡ Σ1 = (aij) =

−1 −1 −1
−1 −1 −1
−1 −1 −1

 , x2 ≡ Σ2 = (aij) =

1 1 1
1 1 1
1 1 1

 .
Note that in both states, x1 and x2 we reach the same energy of -12:

Ex1 = Ex2 = −
∑

i∼j
xixj = −

∑
(m,n)∼(v,w)

amnavw

= −
(
a11a12 + a12a13 + a11a21 + a12a22 + a13a23 + a21a22

+ a22a23 + a21a31 + a22a32 + a23a33 + a31a32 + a32a33
)

= −(12× 1) = −12.

As can be seen from Table 4, in 144 states, the energy is zero, and in general, the number of states whose energy
is equal to Ex = 2, 4, 6, 8, 12 is the same as the number of states whose energy is equal to Ex = −2,−4,−6,−8,−12,
respectively. In other words, the concentration of the number of energies is symmetrical around zero (for all β), and
the probability distribution is also symmetrical around zero (for only β = 0). Figures 25, 26, and 27 answer this
question for β = 0, β > 0, and β < 0, respectively, in the 3×3 grid system. The proof of the fact mentioned in section
3 that in the 3× 3 grid system, the average of all energies is zero is written as follows:

1

512

∑512

i=1
Exi

=
1

512

[
2(−12) + 8(−8) + 32(−6) + 46(−4) + 96(−2) + 144(0)

+ 96(2) + 46(4) + 32(6) + 8(8) + 2(12)
]
= 0.
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Figure 25. The probability of obtaining some energies for β = 0 in the 3× 3 grid system.

In case β = 0, the entropy of the random variable with support E = SEx = {0,±2,±4,±6,±8,±12} whose the
probability mass function τ 1 is given in Table 4 is equal to H0(τ 1) = −

∑
i∈SEx

pi ln pi = 1.937360313.

In Figure 25, the symmetry of probabilities is well observed. In Figure 26, (Figure 27) we observe that, for β > 0
(β < 0), the distribution τ 1 corresponding to in the 3× 3 grid model puts more mass on low (high) energy states.
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Figure 26. The probability of obtaining some energies for β > 0 in the 3× 3 grid system

In Table 5, the frequency of different energy states for β = 0, in the horizontal model is shown. For notation in the
following sections, we will denote the vector of probabilities in Table 5 (for β = 0) by τ 2. For example, the probability
of one of the states in Table 5 is calculated as follows:

τ 2(−8) = P (Ex = −8) = ξx1
+ ξx2

= 1
512 + 1

512 = 0.00390625,

where x1 = (−1,−1,−1,−1,−1,−1,−1,−1,−1) and x2 = (1, 1, 1, 1, 1, 1, 1, 1, 1). Note that in both states x1 and x2
we reach the same energy of -8: Ex1 = Ex2 = −

∑
i∼j xixj = −

∑8
i=1 xixi+1 = − (8× 1) = −8. In the horizontal

system, the average of all energies is zero is written as follows:

1
512

∑512

i=1
Exi

= 1
512 [2(−8) + 16 (−6) + 56(−4) + 112(−2) + 140(0) + 112(2) +56(4) + 16(6) + 8(8) ] = 0.
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Figure 27. The probability of obtaining some energies for β < 0 in the 3× 3 grid system.

In case β = 0, the entropy of the random variable with support SEx
= {0,±2,±4,±6,±8} whose the probability

mass function is given in Table 5 is equal to H0(τ 2) = −
∑
i∈SEx

pi ln pi = 1.763993465.

Table 5. Display frequency table (and probability values) for different energy states (for β = 0), in
the horizontal system.

energy number probabilities
-8 2 0.00390625
-6 16 0.03125000
-4 56 0.10937500
-2 112 0.21875000
0 140 0.27343750
2 112 0.21875000
4 56 0.10937500
6 16 0.03125000
8 2 0.00390625

Similar to the 3 × 3 grid system, in the horizontal system, the symmetry of concentration around zero (for only
β = 0) can be seen in Table 5. Figures 28, 29, and 30, show the probability distribution for β = 0, β > 0, and β < 0,
respectively in the horizontal system.

Again, the symmetry of probabilities for β = 0 is well observed (see Figure 28). In Figure 29, (Figure 30) we observe
that, for β > 0 (β < 0), the distribution τ 2 corresponding to in the horizontal model puts more mass on low (high)
energy states.

In Table 6, the frequency of different energy states for β = 0, in the circular system is shown. For notation in the
following sections, we will denote the vector of probabilities in Table 6 (for β = 0) by τ 3. For example, the probability
of one of the states in Table 6 is calculated as follows:

τ 3(−9) = P (Ex = −9) = ξx1
+ ξx2

= 1
512 + 1

512 = 0.00390625,
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Figure 28. The probability of obtaining some energies for β = 0 in the horizontal system.
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Figure 29. The probability of obtaining some energies for β > 0 in the horizontal system.

where

x1 ≡ (σi) =

(
−1 −1 −1 −1 −1 −1 −1 −1 −1
−1 −1 −1 −1 −1 −1 1 −1 −1

)
,

x2 ≡ (σi) =

(
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1

)
.

Note that in both states x1 and x2 we reach the same energy of -9:

Ex1 = Ex2 = −
∑

i∼j
xixj = −

(∑8

i=1
xixi+1 + x9x1

)
= − (9× 1) = −9.

In the circular system, unlike the 3× 3 grid and horizontal systems, symmetry of energy values is not observed (see
the Figure 31), but the average of all energies is zero:

1
512

∑512

i=1
Exi

= 1
512 [2(−9) + 72(−5) + 252(−1) + 168(3) + 18(7)] = 0.
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Figure 30. The probability of obtaining some energies for β < 0 in the horizontal system.

Table 6. Display frequency table (and probability values) for different energy states (for β = 0), in
the circular system

energy number probabilities
-9 2 0.00390625
-5 72 0.14062500
-1 252 0.49218750
3 168 0.32812500
7 18 0.03515625
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Figure 31. The probability of obtaining some energies for β = 0 in the circular system.

In case β = 0, the entropy of the random variable with support SEx = {−9,−5,−1, 3, 7} whose the probability
mass function is given in Table 6 is equal to H0(τ 3) = −

∑
i∈SEx

pi ln pi = 1.129779654.

Figures 31, 32, and 33 show the probability distribution for β = 0, β > 0, and β < 0, respectively in the circular
system. The output of the R codes below is shown in Figure 31:

The entropies of the 3× 3 grid, horizontal and circular models for β = 0 are summarized in Table 7.
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Figure 32. The probability of obtaining some energies for β > 0 in the circular system.
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Figure 33. The probability of obtaining some energies for β < 0 in the circular system.

Table 7. The entropy for the probability mass functions given in Tabels 4, 5, and 6 for β = 0.

System Type Value
grid system 1.93736
horizontal system 1.76399
circular system 1.12978

Note that, by the information given in Table 7, H0(τ 1) > H0(τ 2) > H0(τ 3), i.e., the entropy of induced probability
vector of the 3 × 3 grid, horizontal, and circular models for β = 0 decreases respectively. Figure 35, compares the
entropies of induced probabilities for the general β.
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Figure 34. The expected value, second moment and variance in corresponding system w.r.t β.

In the following, the mathematical expectation e(β) = Eβ (Ex) =
∑

x∈E Exe
−βEx∑

y∈E e
−βEy

, the second moment Eβ

(
E2
x

)
=

∑
x∈E E

2
xe

−βEx∑
y∈E e

−βEy
and the variance V arβ (Ex) =

∑
x∈E

E2
xe

−βEx∑
y∈E e

−βEy
−
(∑

x∈E Exe
−βEx∑

y∈E e
−βEy

)2

of the random variable corre-

sponding to Eq. (3.3) in the 3× 3 grid, horizontal, and circular models are given along with Figure 34.
From the Figure 34, it can be seen that Eβ (Ex) is a decreasing function w.r.t β in the 3 × 3 grid, horizontal and

circular models. By the way, Eβ

(
E2
x

)
is a decreasing (increasing) function w.r.t β for β < 0 (β > 0) in all mentioned

models. Also, according to diagram V arβ (Ex), the dispersion is higher for β’s that are close to zero (almost for
β ∈ [−2, 2]), and the dispersion is lower for β’s that are far from zero on both sides (almost for |β| > 2). By the way,
e(β) = Eβ (Ex) is an odd function in the 3× 3 grid and horizontal models (but not in the circular model). Since, the
concentration of the number of energies in the 3× 3 grid and horizontal models is symmetrical around zero (for all β),
we have

e(−β) = E−β(Ex) =

∑
x∈E Exe

βEx∑
y∈E e

βEy
= −

∑
x∈E Exe

−β(−Ex)∑
y∈E e

−βEy
= −

∑
x∈E Exe

−βEx∑
y∈E e

−βEy
= −e(β). (5.1)

Also e2(β) = Eβ

(
E2
x

)
and v(β) = V arβ (Ex) are even functions in the 3× 3 grid and horizontal models (but not

in the circular model). Since, the concentration of the number of energies in the 3 × 3 grid and horizontal models is
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symmetrical around zero (for all β), we have

e2(−β) = E−β
(
E2
x

)
=

∑
x∈E E

2
xe
βEx∑

y∈E e
βEy

=

∑
x∈E E

2
xe

−β(−Ex)∑
y∈E e

−βEy
=

∑
x∈E E

2
xe

−βEx∑
y∈E e

−βEy
= e2(β),

v(−β) = V ar−β (Ex) = e2(−β)− (e(−β))2 = e2(β)− (e(β))
2
= v(β).

Table 7 calculates the entropy corresponding to τ 1 , τ 2 and τ 3 i.e., the probability distributions given in Tabels 4,
5 and 6 only for case β = 0. Now the question arises, what is the entropy corresponding to Figures 29 to 34 for other
β values. In Figure 35, the entropy diagram is drawn in terms of different β.

As we see in Figure 35, the entropy of the 3×3 grid system is bimodal, i.e., argmaxβ Hβ(τ 1) = −0.2252252, 0.2252252,
H−0.2252252(τ 1) = H0.2252252(τ 1) = 1.952689, the entropies of the 3×3 grid and horizontal systems are symmetric and
the entropy of the circular system is not symmetric. Note that Hβ(τ 1) ≥ Hβ(τ 2) > Hβ(τ 3), for β ∈ [−0.4427, 0.4427],
i.e., the entropy of induced probability vector in the 3×3 grid, horizontal and circular models for |β| ≤ 0.4427 decreases
respectively. Also, the entropy of induced probability vector in the 3 × 3 grid and horizontal models is symmetric
about β = 0, because by Table 4 (similarly Table 5), we have

hτ1(β) = Hβ(τ 1) = −
∑

i∈SEx

τ 1(i) ln (τ 1(i))

= −τ 1(0) ln (τ 1(0))−
∑

i∈{2,4,6,8,12}
τ 1(i) ln (τ 1(i))−

∑
i∈{2,4,6,8,12}

τ 1(−i) ln (τ 1(−i))

= −P (Ex = 0) ln (P (Ex = 0))−
∑

i∈{2,4,6,8,12}

e−βi∑
y∈E e

−βEy
ln

(
e−βi∑

y∈E e
−βEy

)

−
∑

i∈{2,4,6,8,12}

eβi∑
y∈E e

−βEy
ln

(
eβi∑

y∈E e
−βEy

)

=
1∑

y∈E e
−βEy

ln
(∑

y∈E
e−βEy

)
− 1∑

y∈E e
−βEy

∑
i∈{2,4,6,8,12}

e−βi ln
(
e−βi

)
− 1∑

y∈E e
−βEy

∑
i∈{2,4,6,8,12}

eβi ln
(
eβi
)

=
1∑

y∈E e
−βEy

ln
(∑

y∈E
e−βEy

)
+

β∑
y∈E e

−βEy

∑
i∈{2,4,6,8,12}

ie−βi − β∑
y∈E e

−βEy

∑
i∈{2,4,6,8,12}

ieβi

=
1∑

y∈E e
−βEy

ln
(∑

y∈E
e−βEy

)
+

β∑
y∈E e

−βEy

∑
i∈{2,4,6,8,12}

i
(
e−βi − eβi

)
=

1∑
y∈E e

βEy
ln
(∑

y∈E
eβEy

)
− 2∑

y∈E e
−βEy

∑
i∈{2,4,6,8,12}

i (β sinh(βi))

=
1∑

y∈E e
βEy

ln
(∑

y∈E
eβEy

)
− 2∑

y∈E e
−βEy

∑
i∈{2,4,6,8,12}

i (−β sinh(−βi))

= H−β(τ 1) = hτ1(−β).

Hence hτ1(β) = Hβ(τ 1) (and similarly hτ2(β) = Hβ(τ 2)) is an even function in the 3 × 3 grid (and similarly the
horizontal) model (also see Figure 36). Note that in the proof above, the evenness of the function z(β) = β sinh(βi)
was used.

Now, speaking of entropy, it is not bad to have a comparison of energy entropy in the 3 × 3 grid, horizontal and
circular models. First, we present a diagram for the second derivative of entropy as follows:

By Proposition 3.6 and Corollary 3.7, we have

s (β) = H ′′
β(ξ) = βCovβ

(
Ex, E

2
x

)
− V arβ (Ex) (2βEβ (Ex) + 1)

= βEβ

(
(Ex −Eβ (Ex))

3
)
− V arβ (Ex) .
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Figure 35. ComparingHβ(τ i), i =
1, 2, 3 for the distribution given by
Figures 29 to 33.
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Figure 36. The second drivative of entropy.

In Figure 37, for values of β where s (β) = H ′′
β(ξ) is positive (negative), Hβ(ξ) is convex (concave). This fact can be

seen in the Figure 37.
We observe that, the entropy values for the horizontal and circular systems are smaller than corresponding values

in the n× n grid. It can be mentioned that the convexity or concavity of Hβ(ξ) can be proved theoretically, and the
corresponding inequality is given in Proposition 3.6 and Corollary 3.7. Also. we can see, in all models, Hβ(ξ) decrease
as |β| become greater. The maximum entropy occurs at β = 0 i.e., argmaxβHβ(ξ) = 0, H0(ξ) = 6.238325. Also, the
entropy function in the 3× 3 grid and horizontal models is symmetric about β = 0, because by (Eq. (5.1)), we have

h(−β) = H−β(ξ) = −βE−β (Ex) + ln
(∑

y∈E
eβEy

)
= −βe(−β) + ln

(∑
y∈E

e−βEy

)
= βe(−β) + ln

(∑
y∈E

e−βEy

)
= βEβ (Ex) + ln

(∑
y∈E

eβEy

)
= Hβ(ξ) = h(β).

Hence h(β) = Hβ(ξ) is an even function in the 3× 3 grid and horizontal model (also see Figure 38).
In Theorem 3.9, we observed that solving equation r (β) = Eβ (Ex)− Ēx = 0 leads to finding MME and MLE for

β. Now we want to solve this equation, which cannot be solved analytically, with numerical methods. For example,
in Figure 38, the root of the equation r (β) = Eβ (Ex)− Ēx = 0 for state case Ēx = 0 is specified in three models.

One of the ways to calculate the root of equation r (β) = Eβ (Ex)− Ēx = 0 is to use regression models. We want
to find this root for in the 3× 3 grid, horizontal and circular models.

The working method is that first some random samples are taken from the distribution of Eq. (3.3), then the
average of these values is calculated as Ēx. After that, by putting these values in equation r (β) = Eβ (Ex)− Ēx = 0,
the root of this equation is found. In fact, with this method, we find several pairs, where the first element is the average
energy and the second element is the corresponding root value in equation r (β) = Eβ (Ex)− Ēx = 0. With the help
of regression models, we consider the average energy as an independent variable and the root value as a dependent
variable and observe that these two variables fit a line. Therefore, using the regression model, the root of equation
r (β) = Eβ (Ex)− Ēx = 0, which is the same as MME and MLE for β is found. Let the sample mean be Ēx = 5. Now,
we want to compare the function r (β) = Eβ (Ex) − 5 presented in Examples 3.5, 3.10, and 3.12. In Figure 39 three
functions r (β) are plotted for the 3× 3 grid, horizontal and circular models. As we expect when the sample mean is
5, we expect the root for r (β). The roots of r (β) are −0.0739403 × 5 = −0.3697015, −0.146003 × 5 = −0.730015,
−0.125151× 5 = −0.625755, respectively.
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Figure 37. The entropy w.r.t β.
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Figure 39. Finding the root for MLE in the 3× 3 grid, horizontal and circular models.
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Table 8. Summary of statistical analysis to estimate linear regression coefficients.

grid horizontal circular

estimate -0.0739403 -0.146003 -0.125151

std.error 0.0006454 0.002061 0.001534

tvalue -114.6 -70.84 -81.61

pvalue <0.0001 <0.0001 <0.0001

From Figure 39, we understand when we collect i.i.d. sample from Boltzmann distribution and calculate the average
of sample, we can find the root of r (β) according to regression equation. You can see for other values of β, but don’t
forget by according the energy of systems, average of sample can’t be arbitrary value. The statistical criteria are
summarized in Table 8.

As can be seen from Figure 40, and Table 8, all models are good to explain the relation between root of r (β) and
the sample mean Ēx. The regression models are calculated as follows:

3× 3 grid model : β̂ = β̃ = −0.0739403Ēx,

horizontal model : β̂ = β̃ = −0.146003Ēx,

circular model : β̂ = β̃ = −0.125151Ēx.
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Figure 40. Linear regression models in the 3×3 grid, horizontal and circular models that shows the
linear relationship between MLE (MME) and Ēx.
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Criterion R2 for the 3 × 3 grid, horizontal and circular models respectively are 0.9978, 0.9943, 0.9957. These
quantities indicate the high degree of linearity of the models.
Finally, we want to calculate the Kullback-Leibler divergence between the two Boltzmann distributions given in Eq.
(3.3) as a function of the parameter β. The first distribution ξ is the Boltzmann distribution for the 3×3 grid model and

the second distribution ξ′ is the Boltzmann distribution for the horizontal model. In other words ξx = e−βEx∑
y∈E e

−βEy
and

ξ′x = e−βE′
x∑

y∈E e
−βE′

y
where Ex energies correspond to the 3× 3 grid system and E′

x energies correspond to the horizontal

model. Hence Kullback-Leibler divergence between ξ and ξ′ is calculated as follows:

Dβ (ξ ∥ ξ′) =
∑

x∈E

e−βEx∑
y∈E e

−βEy
ln

 e−βEx∑
y∈E e

−βEy

e−βE′
x∑

y∈E e
−βE′

y


= −Hβ(ξ)−

∑
x∈E

e−βEx∑
y∈E e

−βEy
ln

(
e−βE

′
x∑

y∈E e
−βE′

y
.

)
.

Similarly

Dβ (ξ
′ ∥ ξ) = −Hβ(ξ

′)−
∑

x∈E

e−βE
′
x∑

y∈E e
−βE′

y
ln

(
e−βEx∑
y∈E e

−βEy

)
.

The symmetric Kullback-Leibler divergence is defined as follows D̄β (ξ, ξ
′) =

Dβ(ξ∥ξ′)+Dβ(ξ′∥ξ)
2 . Therefore

D̄β (ξ, ξ
′) = −Hβ(ξ) +Hβ(ξ

′)

2
− 1

2

[∑
x∈E

e−βEx∑
y∈E e

−βEy
ln
( e−βE

′
x∑

y∈E e
−βE′

y

)
+
∑

x∈E

e−βE
′
x∑

y∈E e
−βE′

y
ln
( e−βEx∑

y∈E e
−βEy

)]
.

By the above formulas or using package ‘seewave’ with function kl.dist, we call plot Kullback-Leibler functions based
on β as follows. The output of the R codes for Kullback-Leibler divergence between the two Boltzmann distributions
in the 3× 3 grid and horizontal systems is shown in Figure 41(a).

In Figure 41(a), we obtain minimum values of Kullback-Leibler function in β = 0 , that means

argmin
β
Dβ(ξ

′ ∥ ξ) = argmin
β
Dβ(ξ ∥ ξ′) = argmin

β
D̄β(ξ, ξ

′) = 0,

D0(ξ
′ ∥ ξ) = D0(ξ ∥ ξ′) = D̄0(ξ, ξ

′) = 0.

It means in β = 0, the 3 × 3 grid and horizontal systems are identically distributed. All functions Dβ (ξ
′ ∥ ξ),

Dβ ( ξ ∥ ξ′) and D̄β ( ξ, ξ
′) are symmetric and bimodal. For example. argmaxβ D̄β(ξ, ξ

′) = {−0.973389734, 0.973389734},
Hence D̄−0.973389734 ( ξ, ξ

′) = D̄0.973389734 ( ξ, ξ
′) = 1.37904349.

Also, Kl1(β) = Dβ (ξ
′ ∥ ξ), Kl2(β) = Dβ ( ξ ∥ ξ′) and Kl3(β) = D̄β ( ξ, ξ

′) are symmetric about β = 0 (also see
Figure 41(a)), because it was shown in this section, the entropy function h(β) = Hβ(ξ) in the 3×3 grid and horizontal
models is symmetric about β = 0, and so

Kl1(−β) = D−β(ξ ∥ ξ′) = −H−β(ξ)−
∑

x∈E

eβEx∑
y∈E e

βEy
ln

(
eβE

′
x∑

y∈E e
βE′

y

)

= −h(−β)−
∑

x∈E

e−β(−Ex)∑
y∈E e

−βEy
ln

(
e−β(−E

′
x)∑

y∈E e
−βE′

y

)

= −h(β)−
∑

x∈E

e−βEx∑
y∈E e

−βEy
ln

(
e−βE

′
x∑

y∈E e
−βE′

y

)
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Figure 41. Comparison Dβ (ξ
′ ∥ ξ), Dβ ( ξ ∥ ξ′) and D̄β ( ξ, ξ

′) based on different β values.

= Dβ(ξ ∥ ξ′) = Kl1(β).

Hence Kl1(β) = Dβ (ξ
′ ∥ ξ) is an even function. Similarly, Kl2(β) = Dβ ( ξ ∥ ξ′) is even. Since Kl3(β) =

Kl1(β)+Kl2(β)
2 is a convex linear combination of even functions Kl1(β) and Kl2(β), it is easy to conclude that Kl3(β) =

D̄β ( ξ, ξ
′) is also even.

The Kullback-Leibler divergence between the two Boltzmann distributions in the 3 × 3 grid and circular systems
are shown in Figure 41(b).

In Figure 41(b), We get the same result as the previous case, i.e.,

argmin
β
Dβ(ξ

′ ∥ ξ) = argmin
β
Dβ(ξ ∥ ξ′) = argmin

β
D̄β(ξ, ξ

′) = 0,

D0(ξ
′ ∥ ξ) = D0(ξ ∥ ξ′) = D̄0(ξ, ξ

′) = 0.
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It means in β = 0, the 3×3 grid and circular systems are identically distributed. All functions Dβ (ξ
′ ∥ ξ), Dβ ( ξ ∥ ξ′)

and D̄β ( ξ, ξ
′) are asymmetric and we have argmaxβ>0D̄β ( ξ, ξ

′) = 0.769676968 and
D̄0.769676968 ( ξ, ξ

′) = 1.1239533.
In Figure 41(c), We get the same result as the previous case, i.e.,

argmin
β
Dβ(ξ

′ ∥ ξ) = argmin
β
Dβ(ξ ∥ ξ′) = argmin

β
D̄β(ξ, ξ

′) = 0,

D0(ξ
′ ∥ ξ) = D0(ξ ∥ ξ′) = D̄0(ξ, ξ

′) = 0.

It means in β = 0, the horizontal and circular systems are identically distributed. All functions Dβ (ξ
′ ∥ ξ),

Dβ ( ξ ∥ ξ′) and D̄β ( ξ, ξ
′) are asymmetric and we have argmaxβ>0D̄β ( ξ, ξ

′) = 1.30813081 and
D̄1.308130818 ( ξ, ξ

′) = 0.402840491.
Figure 41 shows that the necessary and sufficient condition for two distributions ξ and ξ′ to be the same distribution

is that β = 0.

6. Conclusions and Recommendations

Probabilistic models occur in many natural phenomena. One of the ways to model these phenomena is to use a
stochastic process, especially the time-continuous jump process. Meanwhile, the Poisson process, the birth and death
process, and the Markov process are mostly used to model natural phenomena. A method to simulate MCMC is
Metropolis–Hastings and Gibbs sampling, in order to simulate a stochastic process, especially in the Ising model, can
be a solution. In this paper, at first introduce the time-continuous stochastic process, the Poisson process, and the
Chapman-Kolmogorov, simulated the birth and death process by R software with some practical problems. After that,
the master equations were presented and solved by the Kolmogorov forward equation. In the Ising model, the limiting
and stationary distribution were found by using the birth and death process. Also, we presented Metropolis-Hastings
algorithm, Gibbs sampler to simulate for the Ising model. Besides those, we see direct sampling in R software. At
the end, we simulate the Potts model. We advise readers that to use Random graphs for simulating the Potts model,
and use the Bayesian inference to simulate both of them.

The limitations that prevented some statistical inferences from being applied in this paper were experimental
limitations. Therefore, if researchers can overcome these limitations, using appropriate data for the energy of states,
statistical inferences of parameter β such as confidence intervals, statistical hypothesis tests, uniformly minimum
variance unbiased estimator (UMVUE), minimum risk equivariant estimator (MRE) etc. can also be studied. Of
course, in this paper, to find the MLE of β, we came to solve an equation that forced us to use statistical methods,
regression models, and find the root of the equation that leads to finding the MLE. By removing the experimental
limitations and having appropriate data on the energy of the states, this problem is solved and the MLE can be easily
found.

The Boltzmann probability mass function is a stationary distribution that was studied for some concepts such as
Kolmogorov forward equation and also the n× n grid, horizontal, and circular systems. Apart from this distribution,
there are other probability mass functions that can be used to describe the states of physical particles such as atoms or
molecules, or biological systems. Researchers can use these distributions for the purposes of this paper, and they can
even benefit from other well-known nonstationary distribution in physics. Also, with appropriate data for the energy
of these states, they can make statistical inferences about the parameters of the model. By considering the Ising
model on n with different patterns where points take values independently and follow a Markov chain, researchers can
calculate the stationary distribution as well as the Boltzmann probability function, its induced probability function,
and the maximum likelihood estimator for the parametrs.
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