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Abstract

An accurate and efficient numerical approach for the nonlinear space-fractional Klein-Gordon-Zakharov (KGZ)

system of equations incorporating the fractional Laplacian operator is proposed in this study. The method is
designed to preserve both mass and energy, which is crucial for accurately solving such complex systems. The

spatial discretization is carried out using the Fourier spectral method. In contrast, temporal discretization is

achieved through the fourth-order exponential time-differencing Runge-Kutta (ETDRK4) technique, ensuring both
efficiency and stability. We prove the convergence of the proposed method, establishing a theoretical foundation for

its application. To assess the efficiency and versatility of the proposed method, we report on a series of numerical
simulations. The outcomes of these simulations are displayed in tables and graphs, illustrating the performance

of the method regarding the approximation error, convergence order, and execution time for various fractional

values.
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1. Introduction

The Zakharov equations, introduced by V.E. Zakharov, are among the most prominent partial differential equa-
tions in plasma physics, particularly in the study of Langmuir wave propagation. Zakharov’s groundbreaking work
demonstrated that Langmuir turbulence in plasma becomes unstable when it reaches a certain intensity, leading to the
formation of low-density regions called “caverns,” which serve as mechanisms for energy dissipation in long-wavelength
Langmuir oscillations. Due to the accuracy of the Zakharov system in describing the coupling between high-frequency
Langmuir waves and low-frequency ion-acoustic waves, it has also found applications in various physical phenomena,
including shallow water waves and nonlinear optics [16, 20].

From a mathematical perspective, the Zakharov equations have been extensively studied, with research focusing
on the existence and uniqueness of different solutions, such as small amplitude and global smooth solutions. Further,
fractional extensions of these equations have been developed, offering deeper insights into their dynamics, both math-
ematically and numerically. These fractional systems retain energy-like conserved quantities, which have motivated
the development of energy-preserving numerical methods. Despite these advancements, research on energy-conserving
schemes remains limited, particularly in the fractional case. Key studies have also examined the well-posedness
and suitable conditions for Zakharov-Kuznetsov systems and related models, further cementing the significance of
Zakharov-type equations in the analysis of nonlinear systems and partial differential equations [8, 13, 14].
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In this paper, we consider the double-fractional Klein-Gordon-Zakharov (KGZ) system
∂2V
∂t2 − ∂γV

∂|x|γ + V +WV + |V|2V +Φ(x, t) = 0, (x, t) ∈ R× (0, tf ], tf > 0,

∂2W
∂t2 − ∂ΛW

∂|x|Λ − ∂Λ(|V|2)
∂|x|Λ +Ψ(x, t) = 0, (x, t) ∈ R× (0, tf ], tf > 0,

V(x, t) = V(x+ 2π, t), x ∈ R, t ∈ (0, tf ],

W(x, t) = W(x+ 2π, t), x ∈ R, t ∈ (0, tf ].

(1.1)

The regarded initial conditions are as follows:

V(x, t) = V(x+ 2π, t) = h0(x), Vt(x, t) = Vt(x+ 2π, t) = h1(x), t = 0, x ∈ R,
W(x, t) = W(x+ 2π, t) = g0(x), Wt(x, t) = Wt(x+ 2π, t) = g1(x), t = 0, x ∈ R.

Here, the space-fractional derivatives ∂γV
∂|x|γ , (1 < γ ≤ 2) and ∂ΛW

∂|x|Λ , (1 < Λ ≤ 2) denote the Riesz fractional derivatives

of order γ and Λ defined as [12, 18]:

∂γV
∂|x|γ

= −0.5 sec(0.5πγ)(RL
a Dγ

xV +RL
x Dγ

b V),

and

∂ΛW
∂|x|Λ

= −0.5 sec(0.5πΛ)(RL
a DΛ

xW +RL
x DΛ

b W),

in which

RL
a Dγ

xV =
1

Γ(2− γ)
∂2
x2

∫ x

a

(x− r)1−γV(r, t)dr,

RL
x Dγ

b V =
1

Γ(2− γ)
∂2
x2

∫ b

x

(x− r)1−γV(r, t)dr,

and

RL
a DΛ

xW =
1

Γ(2− Λ)
∂2
x2

∫ x

b

(x− r)1−ΛW(r, t)dr,

RL
x DΛ

b W =
1

Γ(2− Λ)
∂2
x2

∫ b

x

(x− r)1−ΛW(r, t)dr.

Recently, there has been a growing interest in space fractional KGZ systems, which serve as the fractional coun-
terparts of classical KGZ systems and account for long-range interactions. The authors of [4] introduce a numerically
efficient model to approximate solutions of the fractional KGZ system, incorporating Riesz-type fractional derivatives.
This model is specifically designed to preserve energy and employs fractional-order-centered differences for spatial
discretization. They prove the existence, uniqueness, stability, and convergence of the solutions. In [17], the authors
focus on a fractional version of the KGZ equation using the beta-derivative, deriving new solitary wave solutions by
applying the fractional rational sinh-cosh method and the fractional sech method. In [19], the authors propose an
efficient linearly implicit conservative difference solver for the fractional KGZ system. They first derive the system’s
energy conservation property in a discrete setting. Using mathematical induction, they demonstrate that the scheme
is uniquely solvable.

Additionally, they show, through the discrete energy method and a “cut-off” function technique, that the solver
achieves specific convergence rates in L∞- and L2-norms, and is unconditionally stable. In [9], Maćıas-Dı́az assumes
the existence of solutions for a finite-difference model of the fractional KGZ equation; however, this assumption has
been proven to be non-trivial. In [10], the authors investigate a KGZ system involving spatial fractional derivatives.
They propose a finite-difference scheme in the explicit form to obtain the approximation, which preserves the system’s
energy and maintains nonnegative energy quantities under flexible parameter conditions. The authors rigorously
establish the scheme’s boundedness, consistency, stability, and convergence.

This paper presents an efficient and conservative method for solving the double-fractional KGZ system by combining
the Fourier spectral method for space discretization and the exponential time-differencing Runge-Kutta method of
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the fourth-order (ETDRK4) for time discretization. We illustrate the effectiveness of this approach for tackling the
system under periodic boundary conditions, where the fractional Laplacians of different orders are discretized using
the Fourier spectral method. The remainder of this paper is organized as follows: Section 2 introduces a numerical
method for solving the double-fractional KGZ system using the Fourier spectral and ETDRK4 methods. In section 3,
we present numerical results for test examples to validate the theoretical results. Section 4 offers concluding remarks
summarizing the key findings and implications of this research.

2. Numerical method

For s ∈ N and even Z, define τk = kδt for k = 1 : s, and xi = a + iH for i = 0 : Z. Let δt =
tf
s be the step

size in time direction and H = b−a
Z be the step size in space direction. To address the KGZ system (1.1), we utilize a

truncation of the Fourier series defined as ΠZ(V) :=
∑Z

k=−Z V̂ke
ikx, which converges uniformly to V. Let

V̂k =
1

2π

∫ 2π

0

V(x)e−ikxdx. (2.1)

The discrete Fourier transform(FT) is defined as follows [15]:

Ṽk :=
1

Zbk

Z−1∑
j=0

Vje
−ikxj , k = −Z

2
, ...,

Z
2
,

where k represents the Fourier wave number, with bk = 1 for |k| < Z
2 and bk = 2 for |k| = Z

2 . The inverse discrete FT
is expressed as:

Vj :=

Z
2∑

k=−Z
2

Ṽke
ikxj , j = 0, 1, ...,Z − 1.

Additionally, the operator ∂γV
∂|x|γ can be defined as [7]:

∂γV
∂|x|γ

= −
Z
2∑

k=−Z
2

|k|γ Ṽke
ikxj , j = 0, 1, ...,Z − 1.

Consider the space defined as PZ := span{eikx : −Z ≤ k ≤ Z}, and let P = limZ→∞ PZ . The inner product in the
discrete form is defined by

⟨V, U⟩ = 1

Z

Z−1∑
j=0

V(xj , t)Ū(xj , t).

To obtain a function V ∈ P that satisfies the weak formulation of (1.1), the following system must hold for all Υ ∈ P:{
⟨∂

2V(x,t)
∂t2 ,Υ⟩ − ⟨∂

γV(x,t)
∂|x|γ ,Υ⟩+ ⟨V(x, t),Υ⟩+ ⟨V(x, t)W(x, t),Υ⟩+ ⟨|V(x, t)|2V(x, t),Υ⟩+ ⟨Φ(x, t),Υ⟩ = 0,

⟨∂
2W(x,t)
∂t2 ,Υ⟩ − ⟨∂

γV(x,t)
∂|x|γ ,Υ⟩ − ⟨∂

γ |V(x,t)|2
∂|x|γ ,Υ⟩+ ⟨Ψ(x, t),Υ⟩ = 0.

(2.2)

We seek VZ ,WZ ∈ PZ such that for every Υ ∈ PZ , the following condition is satisfied:{
⟨ ∂

2VZ (x,t)

∂t2
,Υ⟩ − ⟨ ∂

γVZ (x,t)
∂|x|γ ,Υ⟩+ ⟨VZ(x, t),Υ⟩+ ⟨VZ(x, t)WZ(x, t),Υ⟩+ ⟨|VZ(x, t)|2VZ(x, t),Υ⟩+ ⟨Φ(x, t),Υ⟩ = 0,

⟨ ∂
2WZ (x,t)

∂t2
,Υ⟩ − ⟨ ∂

γVZ (x,t)
∂|x|γ ,Υ⟩ − ⟨ ∂

γ |VZ (x,t)|2
∂|x|γ ,Υ⟩+ ⟨Ψ(x, t),Υ⟩ = 0.

(2.3)

To clarify, we define Ṽ−1
k (t) := F−1(Ṽk(t)). Applying the FT, we can get:{

(Ṽtt)k(t)− (k)γ Ṽk(t) + Ṽk(t) + F
(
Ṽ−1
k (t).W̃−1

k (t)
)
+ F

(
|Ṽ−1

k (t)|2.Ṽ−1
k (t)

)
+ Φ̃k(t) = 0,

(W̃tt)k(t)− (k)γW̃k(t)−F
(
|Ṽ−1

k (t)|2
)
− Ψ̃k(t) = 0,

(2.4)



CMDE Vol. 14, No. 1, 2026, pp. 188-200 191

where k = −Z
2 , ...,

Z
2 , 0 ≤ t ≤ tf , and 1 < γ ≤ 2. The initial conditions are given as:

Ṽk(0) = (Ṽ0)k, (Ṽt)k(0) = (z̃0)k. W̃k(0) = (W̃0)k, (W̃t)k(0) = (w̃0)k.

Let Ṽt = z̃ and W̃t = w̃. Consequently, the fractional KGZ system (2.4) can be expressed in the subsequent manner:
(z̃k)t(t) = Nz(z̃k(t), t),

(Ṽk)t(t) = NV(Ṽk(t), t),

(w̃k)t(t) = Nw(w̃k(t), t),

(W̃k)t(t) = NW(ṽk(t), t),

(2.5)

where 
Nz(z̃k(t), t) = −(k)γ Ṽk(t) + Ṽk(t) + F

(
Ṽ−1
k (t).W̃−1

k (t)
)
+ F

(
|Ṽ−1

k (t)|2.Ṽ−1
k (t)

)
+ Φ̃k(t),

NV(Ṽk(t), t) = z̃k(t),

Nw(w̃k(t), t) = −(k)γ
(
W̃k(t)−F

(
|Ṽ−1

k (t)|2
))

− Ψ̃k(t),

NW(ṽk(t), t) = w̃k(t).

The Equation (2.5) can be addressed using the ETDRK4 method. In the context of the ETDRK4 approach, we
examine the equation:

Vt = Lu+N(V). (2.6)

By multiplying Equation (2.6) by e−Lt and subsequently integrating on [τn, τn+1], we find that (2.6) is equivalent to

Ṽk(τn + δt) = eLδtṼk(τn) + eLδt

∫ δt

0

e−Ls ×N(Ṽk(τn + s), τn + s)ds, (2.7)

in which δt represents step size in time direction. To approximate the integral component of (2.7), the fourth-order
Runge-Kutta (RK4) technique is employed, leading to the formulation of ETDRK4 as follows [2]:

ηn = e
Lδt
2 Ṽk,n + L−1(e

Lδt
2 − 1)N(Ṽk,n, τn),

Vn = e
Lδt
2 Ṽk,n + L−1(e

Lδt
2 − 1)N(ηn, τn + δt

2 ),

ζn = e
Lδt
2 ηk + L−1(e

Lδt
2 − 1)(2N(µn, τn + δt

2 )−N (Ṽk,n, τn)),

Ṽk,n+1 = eLδtṼk,n + δt(ρ1N(Ṽk,n, τn) + 2ρ2(N(ηn, τn + δt
2 ) +N(µn, τn + δt

2 )) + ρ3N(ζn(τn), τn + δt)),

(2.8)

where 
ρ1 = 4ϑ3(Lδt)− 3ϑ2(Lδt) + ϑ1(Lδt),

ρ2 = ϑ2(Lδt)− 2ϑ3(Lδt),

ρ3 = 4ϑ3(Lδt)− ϑ2(Lδt),

(2.9)

and the functions ϑ1, ϑ2, ϑ3 can be derived from

ϑ1(z) =
ez − 1

z
, ϑ2(z) =

ez − 1− z

z2
, ϑ3(z) =

ez − 1− z − z2

2

z3
.

When L approaches zero, the ETDRK4 method experiences numerical instability in this configuration. This issue
has been addressed by calculating a contour integral situated away from the origin, as described in [5]. Additionally,
an enhanced ETDRK method proposed in [6] demonstrates certain computational advantages over the traditional
ETDRK method.

To analyze the stability of the ETDRK4 method, we assume the existence of a fixed point V0 for the differential
Equation (2.6), such that LV0+N(V0) = 0. By linearizing around this determined point, if V denotes the perturbation
of V0 and λ = N′(V0), we obtain

Vt = LV + λV. (2.10)
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Figure 1. The Stability regions for s=0.

When the real part of C + λ is negative, the fixed point V0 demonstrates stability. Applying the ETDRK4 method
produces a recurrence relation between Vn and Vn+ 1. By setting x = λδt and y = Lδt, the amplification factor is
derived as:

Vn+1

Vn
= R(x, s) = d0 + d1x+ d2x

2 + d3x
3 + d4x

4,

where di, i = 0, . . . , 4 are calculated in [3]. For instance, let d0 = es. When s is small, the asymptotic expansions for
d1, d2, d3 and d4 are as follows:

d1 = 1 + s+
1

2
s2 +

1

2
s2 +

1

6
s3 +

13

320
s4 +

17

960
s5 +O(s6),

d2 =
1

2
+

1

2
s+

1

4
s2 +

247

2880
s3 +

131

5760
s4 +

479

96768
s5 +O(s6),

d3 =
1

6
+

1

6
s+

61

720
s2 +

1

36
s3 +

1441

241920
s4 +

67

120960
s5 +O(s6),

d4 =
1

24
+

1

32
s+

7

640
s2 +

19

11520
s3 − 25

64512
s4 − 311

860160
s5 +O(s6).

As s → 0, we obtain:

R(x) = 1 + x+
1

2
x2 +

1

6
x3 +

1

24
x4,

which represents the amplification ratio for the RK4 method. When s = 0, the stability region is presented in the
complex plane x in Figure 1.

The following approximation can be derived by employing two differentiation formulas for j = 0, 1, . . . ,Z − 1 [1]:{
V̂(xj , τn+1) = δtz(xj , τn) + V(xj , τn), n ≥ 0,

Ŵ(xj , τn+1) = δtw(xj , τn) +W(xj , τn), n ≥ 0.
(2.11)

To implement the ETDRK4 method for the system described in (2.5), it is necessary to obtain the values of functions
at the midpoint of the intervals. Consequently, we can use the subsequent linear interpolation method:{

V̄(xj , t) = V(xj , τn) +
V(xj ,τn+1)−V(xj ,τn)

τn+1−τn
(t− τn),

W̄(xj , t) = W(xj , τn) +
W(xj ,τn+1)−W(xj ,τn)

τn+1−τn
(t− τn).

(2.12)

For simplification, let us define Ṽ−1
n,k := F−1(Ṽk(τn)). By applying the ETDRK4 method along with Equations (2.11)

and (2.12), we can derive:
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

Nz(τn) = −(k)γ Ṽn,k + Ṽn,k + F
(
Ṽ−1
n,k.W̃

−1
n,k

)
+ F

(̃
|V−1

n,k|2.Ṽ
−1
n,k

)
+ Φ̃n,k,

Nz(τn+ 1
2
) = −(k)γ(Ṽn,k + δt

2 z̃n,k) + Ṽn,k + δt
2 z̃n,k + F

(
(Ṽ−1

n,k + δt
2 z̃n,k).(W̃

−1
n,k + δt

2 w̃n,k)
)

+F
(
|Ṽ−1

n,k + δt
2 z̃n,k|

2.(Ṽ−1
n,k + δt

2 z̃n,k)
)
+ Φ̃n+ 1

2 ,k
= 0,

Nz(τn+1) = −(k)γ(Ṽn,k + δtz̃n,k) + Ṽn,k + δtz̃n,k + F
(
(Ṽ−1

n,k + δtz̃n,k).(W̃−1
n,k + δtw̃n,k)

)
+ F

(
|Ṽ−1

n,k + δtz̃n,k|2.(Ṽ−1
n,k + δtz̃n,k)

)
+ Φ̃n+1,k = 0,

z̃n+1,k = z̃n,k +Ω1Nz(τn) + 4Ω2Nz(τn+ 1
2
) + Ω3Nz(τn+1).

In this context, z̃n,k = z̃k(τn) and
Ω1 = δt−2L−3

(
− 4− Lδt+ eLδt(4− 3Lδt+ (Lδt)2)

)
,

Ω2 = δt−2L−3
(
2 + Lδt+ eLδt(−2 + (Lδt))

)
,

Ω3 = δt−2L−3
(
− 4− 3Lδt+ eLδt(4− Lδt− (Lδt)2)

)
.

However, since L = 0, we will implement the method proposed in [5]. By performing the inverse FT, we can approxi-
mate the solution for z(xj , τn+1). Given that Nu = z̃n,k, we can express:

Ṽn+1,k = Ṽn,k +Ω1z̃n,k + 2Ω2z̃n,k + (2Ω2 +Ω3)z̃n+1,k. (2.13)

Moreover, since Nw is not dependent on w̃n,k, we can determine w̃n+1,k as below:
Nw(τn) = −(k)γW̃n,k −F

(
|Ṽ−1

n,k(t)|
2
)
− Ψ̃n,k,

Nw(τn+ 1
2
) = −(k)γ(W̃n,k + δt

2
w̃n,k)−F

(
|Ṽ−1

n,k + δt
2
z̃n,k|2

)
− Ψ̃n+ 1

2
,k,

Nw(τn+1) = −(k)γ(W̃n,k + δtw̃n,k)−F
(
|Ṽ−1

n,k + δtz̃n,k|2
)
− Ψ̃n+1,k,

w̃n+1,k = w̃n,k +Ω1Nw(τn) + 4Ω2Nw(τn+ 1
2
) + Ω3Nw(τn+1).

By applying the inverse FT, we can approximate the solution for w(xj , τn+1). Given that Nv = w̃n,k, we can derive:

W̃n+1,k = W̃n,k +Ω1w̃n,k + 2Ω2w̃n,k + (2Ω2 +Ω3)w̃n+1,k.

Ultimately, by using the inverse FT, we can approximate the solution for W(xj , τn+1). For n = 0, the first equation
in (2.11) has been used.

Theorem 2.1. Suppose Ṽk(t), W̃k(t) be the obtained solutions of (2.4) using ETDRK4 method and ˆ̃Vk(t),
ˆ̃Wk(t) be the

approximate solutions of (2.4) given by Equations (2.11) and (2.12). If Ṽk(tn)− ˆ̃Vk(tn) = ẽVn,k and W̃k(tn)− ˆ̃Wk(tn) =

ẽWn,k, then we have

|ẽVn,k| = O(δt2), |ẽWn,k| = O(δt2).

Proof. According to ETDRK4, we have
z̃n+1,k = z̃n,k +Ω1Nz(τn) + 4Ω2Nz(τn+ 1

2
) + Ω3Nz(τn+1).

Ṽn+1,k = Ṽn,k +Ω1z̃n,k + 2Ω2z̃n,k + (2Ω2 +Ω3)z̃n+1,k.

w̃n+1,k = w̃n,k +Ω1Nw(τn) + 4Ω2Nw(τn+ 1
2
) + Ω3Nw(τn+1).

W̃n+1,k = W̃n,k +Ω1w̃n,k + 2Ω2w̃n,k + (2Ω2 +Ω3)w̃n+1,k.
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Since 2Ω2 +Ω3 = O(δt), therefore, we have

z̃n+1,k = z̃n,k + (Ω1 + 4Ω2 +Ω3)((1− (k)γ)Ṽn,k + F
(
Ṽ−1
n,k.W̃

−1
n,k

)
+F

(̃
|V−1

n,k|2.Ṽ
−1
n,k

)
+Ω1Φ̃n,k + 4Ω2Φ̃n+ 1

2 ,k
+Ω3Φ̃n+1,k +O(δt2),

Ṽn+1,k = Ṽn,k +Ω1z̃n,k + 2Ω2z̃n,k + (2Ω2 +Ω3)z̃n+1,k,

w̃n+1,k = w̃n,k + (Ω1 + 4Ω2 +Ω3)(−(k)γW̃n,k −F
(
|Ṽ−1

n,k(t)|2
)

−Ω1Ψ̃n,k + 4Ω2Ψ̃n+ 1
2 ,k

+Ω3Ψ̃n+1,k +O(δt2),

W̃n+1,k = W̃n,k +Ω1w̃n,k + 2Ω2w̃n,k + (2Ω2 +Ω3)w̃n+1,k.

Let n=0, since ẽW0,k = ẽV0,k = 0 we can conclude that ẽW1,k and ẽV1,k are O(δt2). The proof is concluded by
employing induction. □

Theorem 2.2. Let V(x, t),W(x, t) denote the exact solutions of the system (1.1) while VN (x, t),WN (x, t) represent the
approximate solutions derived from the proposed method. If V(xj , tn)−VN (xj , tn) = en,j and W(xj , tn)−WN (xj , tn) =
En,j, then we have

|en,j | = O(δt2), |En,j | = O(δt2).

Proof. Define VRK
N (xj , tn) =

∑N
2

k=−N
2

Ṽk(tn)e
ikxj , VN (xj , tn) =

∑N
2

k=−N
2

ˆ̃Vk(tn)e
ikxj , and consider Theorem 2.1, then

we have

VRK
N (xj , tn)− VN (xj , tn) =

N
2∑

k=−N
2

ẽn,ke
ikxj = O(δt2).

By applying triangle inequality we have

|V(xj , tn)− VN (xj , tn)| ≤ |V(xj , tn)− VRK
N (xj , tn)|+ |VRK

N (xj , tn)− VN (xj , tn)|.

Given that the ETDRK4 method is of fourth order, the desired results can be attained. □

3. Numerical examples

This section presents several numerical simulations and comparisons to check the efficiency and accuracy of the
studied method. The root mean square errors (RMSE) and maximum absolute errors (MAE) are presented to measure
the accuracy of the proposed method. The examples are solved using various time step values and different fractional
orders. The tables also include the algorithm’s execution time and convergence ratio for different values of time steps.

Example 3.1. Consider a one-dimensional KGZ system as the first example as follwos[11]:
Vtt(x, t)− ∂γV

∂|x|γ (x, t) + V(x, t) +W(x, t)V(x, t) + |V(x, t)|2V(x, t) = 0, (x, t) ∈ R× (0, tf ],

Wtt(x, t)− ∂γW
∂|x|γ (x, t)−

∂γ(|V|2)
∂|x|γ (x, t) = 0, (x, t) ∈ R× (0, tf ],

(V, ϕ)(x, t) = 0, (x, t) ∈ {−∞,∞}× (0, tf ],

(V,Vt,V,Wt)(x, t) = (V0,V1,W0,W1)(x), (x, t) ∈ R× {t = 0}.

(3.1)

Let γ = 2 and

V0 =
√
10−

√
2

2 sech
(√

1+
√
5

2 x
)
.exp

[
i
(√

2
1+

√
5
x
)]

,

Vt =
√
10−

√
2

2 sech
(√

1+
√
5

2 x
)
tanh(

√
1+

√
5

2 x
)
−

√
10−

√
2

2 sech
(√

1+
√
5

2 x
)
.exp

[
i
(√

2
1+

√
5
x
)]

,

W0 = −2sech2
(√

1+
√
5

2 x
)
,

Wt = −4sech2
(√

1+
√
5

2 x
)
tanh(

√
1+

√
5

2 x
)
.

(3.2)
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Table 1. The RMSE and convergence rate with Z = 128 and γ = 2 at tf = 1 (Example 3.1).

V(x, t) W(x, t)
δt RMSE Ratio RMSE Ratio

0.10000 8.2971e−4 − 5.7760e−4 −
0.05000 2.4561e−4 1.7562 1.5636e−4 1.8851
0.02500 6.7219e−5 1.8694 4.1775e−5 1.9042
0.01250 1.7753e−5 1.9208 1.0496e−5 1.9927
0.00625 4.5627e−6 1.96014 2.6247e−6 1.9997

Table 2. The RMSEs and convergence rate with δt = 0.001 and γ = 2 at tf = 1 (Example 3.1).

V(x, t) W(x, t)
Z RMSE Ratio RMSE Ratio

8 7.2894e−1 − 6.2384e−1 −
16 4.7410e−1 0.6208 3.7546e−1 0.7325
32 1.9999e−1 1.2452 1.5716e−1 1.3194
64 1.0034e−3 4.3169 7.5160e−3 4.3862
128 1.0059e−7 13.2841 2.5411e−7 14.8522

The exact solution to the above problem is as follows:
V(x, t) =

√
10−

√
2

2 sech
(√

1+
√
5

2 x− t
)
.exp

[
i
(√

2
1+

√
5
x− t

)]
,

W(x, t) = −2sech2
(√

1+
√
5

2 x− t
)
.

(3.3)

We solve Equation (3.1) with −10 ≤ x ≤ 10. Second-order accuracy compared to the time step and spectral
accuracy compared to the spatial step can be seen according to the results reported in Tables 1 and 2.

In the absence of the exact solution when 1 < γ < 2 for Example 3.1, we define the error as follows:

error := max
0≤m≤Z

max
0≤n≤s

|Vn,m − V̂n,m̂|,

where V̂ is obtained using a refined temporal using δt/2 as step size in time direction and m̂ = 2m. Tables 3 and 4
report the convergence rates, RMSE, MAE, and CPU times for various values of γ and δt with Z = 128 at tf = 10.
The results show that the convergence rate is close to two.

The numerical solutions of |V(x, t)|, Real(V(x, t)), Im(V(x, t)), andW(x, t) are illustrated in Figure 2 with δt = 0.001
and Z = 128 for Example 3.1 when γ = 2. In Figure 3 the MAE of the approximations of V(x, t) and W(x, t) using
δt = 0.0001 and Z = 128 for γ = 2 at tf = 10 are illustrated. The reported results for this example show the efficiency
and accuracy of the proposed method.

Example 3.2. The following system of nonlinear KGZ equations, which contains the space-fractional operators, is
considered in this example:{

∂2V
∂t2 − ∂γV

∂|x|γ + V +WV + |V|2W = 0, (x, t) ∈ R× (0, tf ], tf > 0,
∂2W
∂t2 − ∂γW

∂|x|γ − ∂γ(|V|2)
∂|x|γ = 0, (x, t) ∈ R× (0, tf ], tf > 0,

in which x ∈ [0, 1], t ∈ [0, 1] and 1 < γ ≤ 2. Let the initial conditions be as follows:

V(x, 0) = sin2πx, Vt(x, 0) = sin2πx, W(x, 0) = 0, Wt(x, 0) = cos2πx, 0 ≤ x ≤ 1.
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Table 3. The MAE, RMSE, convergence rate, and CPU time for V(x, t) with Z = 128 and various
δt at tf = 10 (Example 3.1).

γ δt MAE Ratio RMSE CPU(s)

1.1 0.0100 7.40085856e−5 − 2.26274564e−6 16.0292
0.0050 1.74139881e−5 2.0874 8.21207837e−7 63.0353
0.0025 4.27651124e−6 2.0257 2.39504362e−7 218.0736

1.2 0.0100 7.36041148e−5 − 2.26218284e−6 16.0211
0.0050 1.72249137e−5 2.1011 8.11758336e−7 57.0.0361
0.0025 4.22291887e−6 2.0282 2.34450326e−7 179.0.0712

1.4 0.0100 7.36038528e−5 − 2.26023864e−6 15.0182
0.0050 1.67409487e−5 2.1364 7.87501943e−7 53.0393
0.0025 4.08597762e−6 2.0346 2.21599438e−7 167.0688

Table 4. The MAE, RMSE, convergence rate, and CPU time for W(x, t) with Z = 128 and various
δt at tf = 10 (Example 3.1).

γ δt MAE Ratio RMSE CPU(s)

1.3 0.0100 8.23508246e−5 − 3.82163209e−6 17.9435
0.0050 2.06574161e−5 1.9951 9.55532297e−6 65.3441
0.0025 5.16989692e−6 1.9984 2.38885969e−6 220.5129

1.5 0.0100 8.17614598e−5 − 3.92563726e−6 17.8803
0.0050 2.04772663e−5 1.9973 9.81341291e−7 58.3542
0.0025 5.11994448−6 1.9998 2.44444164e−7 181.8493

1.8 0.0100 8.06021163e−5 − 3.29586129e−6 5.2969
0.0050 2.01376636e−5 2.0009 8.21399245e−7 19.1197
0.0025 4.99682644e−6 2.0108 2.03787225e−7 67.1354

This example has the following exact solutions

V(x, t) = etsin2πx,W(x, t) = (t2 + t)cos2πx.

In Tables 5 and 6, the MAE, RMSE, convergence rates, and CPU time for the approximate solutions of V(x, t)
and W(x, t) with Z = 32 and various values of γ and δt at tf = 1 are reported. These results clearly indicate that
the convergence rates are nearly two. The absolute errors of the approximate solutions of V(x, t) and W(x, t) for
Example 3.2 with δt = 0.001, Z = 64 and various values of γ at tf = 1 are illustrated in Figures 4.

4. Conclusion

This paper presented an efficient and accurate numerical method for solving the nonlinear space-fractional Klein-
Gordon-Zakharov system, effectively incorporating the fractional Laplacian operator. This method contributed signifi-
cantly to the field by preserving mass and energy, which are essential requirements for analyzing such complex systems.
By employing the Fourier spectral method for spatial discretization of the problem, the approach leverages the ad-
vantages of spectral techniques, which are known for their high accuracy and rapid convergence. Additionally, the
incorporation of the ETDRK4 technique for temporal discretization enhances the overall stability and efficiency of the
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Figure 2. The graph of the numerical solutions of |V(x, t)|, Real(V(x, t)), Im(V(x, t)), and W(x, t)
with γ = 2, δt = 0.001, and Z = 128 for Example 3.1.

Figure 3. Errors of V(x, t) (left) and W(x, t) (right) with δt = 0.001, Z = 128 for γ = 2 at tf = 10
(Example 3.1).

numerical solution. The convergence proof and detailed numerical experiments demonstrated the method’s accuracy
and reliability in addressing related problems. The results obtained provided a solid foundation for future research in
solving nonlinear space-fractional systems and enhanced the understanding of the behavior of these systems.
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(a) γ = 1.3. (b) γ = 1.3.

(c) γ = 1.6. (d) γ = 1.6.

(e) γ = 1.9 (f) γ = 1.9.

Figure 4. Errors of V(x, t) (left) and W(x, t) (right) with δt = 0.001, Z = 64, and various values of
γ at tf = 1 (Example 3.2).
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Table 5. The MAE, RMSE, convergence rate, and CPU time for V(x, t) with Z = 32 at tf = 1
(Example 3.2).

γ δt MAE Ratio RMSE CPU(s)

1.1 0.0050 5.99352482e−6 − 4.49339246e−6 0.2645
0.0025 1.50824461e−6 1.9905 1.13185572e−6 0.4074
0.0013 3.78292923e−7 1.9953 2.84014636e−7 0.8001
0.0006 9.47271434e−8 1.9977 7.11342126e−8 1.8750

1.5 0.0050 6.25846369e−6 − 4.32817331e−6 0.2548
0.0025 1.56503079e−6 1.9996 1.08054487e−6 0.3875
0.0013 3.91310257e−7 1.9998 2.69946981e−7 0.7875
0.0006 9.78342518e−8 1.9999 6.74630185e−8 1.8804

1.7 0.0050 5.93529585e−6 − 3.60428265e−6 0.2044
0.0025 1.48166903e−6 2.0021 8.95765713e−7 0.3749
0.0013 3.70169144e−7 2.0010 2.23307687e−7 0.7770
0.0006 9.25128276e−7 2.0005 5.57495892e−8 1.8663

Table 6. The MAE, RMSE, convergence rate, and CPU time for W(x, t) with Z = 32 at tf = 1
(Example 3.2).

γ δt MAE Ratio RMSE CPU(s)

1.2 0.0050 1.15688677e−5 − 5.75519899e−6 0.2942
0.0025 2.86516161e−6 2.0136 1.45246744e−6 0.3951
0.0013 7.12952959e−7 2.0067 3.64943180e−7 0.7994
0.0006 1.77823683e−7 2.0034 9.1471128e−8 1.8804

1.4 0.0050 1.55280043e−5 − 7.91802332e−6 0.2325
0.0025 3.87984413e−6 2.0008 1.98940529e−7 0.4008
0.0013 9.69607719e−7 2.0005 4.98471719e−7 0.7813
0.0006 2.42352675e−7 2.0003 1.24750618e−8 1.8608

1.8 0.0050 1.57488073e−5 − 4.74756546e−6 0.1939
0.0025 3.9266560e−6 2.0039 1.22225566e−6 0.3679
0.0013 9.80459556e−7 2.0018 3.09952643e−7 0.7583
0.0006 2.44973106e−7 2.0008 7.80335720e−8 1.8564
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