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Abstract

This paper studies the dynamics of a SAIR mathematical model that describes the interaction among susceptible,
asymptomatic, symptomatic, and recovered individuals. Two general incidence functions describing the infection

caused by the asymptomatic and symptomatic individuals are introduced. We also take into account a temporary
immunity, that is, a proportion of the recovered individuals becomes susceptible again. The basic reproduction

number R0 depends on the general incidence functions. The local and global asymptotical stability for each

equilibrium will depend on the basic reproduction number R0. In precise terms, the disease-free equilibrium is
locally and globally asymptotically stable when R0 < 1, while the endemic equilibrium is locally and globally

asymptotic stable when R0 > 1. The numerical simulation is performed for different incidence rate cases, such

as bilinear, Beddington-DeAngelis, Crowley-Martin, and non-monotonic incidence rate functions. The simulation
results are found to agree with the theoretical endings.
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1. Introduction

The coronavirus (COVID-19) pandemic severely affected the human activities and restricted the daily life of the
people to social isolation, wearing of masks, and so on. All the health organizations and the WHO made a desperate
effort to control its rapid spread by organizing several seminars and workshops. The tool of mathematical modelling
played an effective and important role in the study of epidemic diseases such as malaria, smallpox, the plague epidemic
in India, HIV, etc. Kermack and McKendrick [20] introduced the first complete mathematical model in epidemiology
to study a plague epidemic in India in 1906 by using the ideas presented in [17, 30]. The duration of the disease is
an important factor to be taken into account, as a person who remains infected for many days can potentially infect
a large community of individuals. A virus like COVID-19 is more likely to be contagion, but an infected person can
transmit it to many people. One of the important mathematical models in epidemiology is SIR, which consists of
three groups: (S) susceptible, (I) infected, and (R) recovered. Models such as SIS, SEIR, and SIRC are variants of
the SIR model; for details, see [1–3, 8, 11, 19, 22, 23, 28, 29, 32] and the references therein.

It is well known that infections such as COVID-19 experience many asymptomatic cases during its spread. The
main issue is that the easily infect any susceptible person. Additionally, this asymptomatic period can be a longer one
without exposing the real condition of the asymptomatic virus carrier. With the high cost of COVID-19 virus clinical
tests, the asymptomatic individuals remain an important infection transmission factor. Therefore, many mathematical
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models have taken into consideration the asymptomatic compartment to model COVID-19; for example, see the texts
[7, 12, 35].

Therefore, we study the following SAIR model (S (the densities of the population that are susceptible), A (asymp-
tomatic), I (infected) and R (recovered with temporary immunity) with general incidence rates as follows:

dS
dt = λ−F(S,A)− G(S, I)− µS + τR,
dA
dt = F(S,A) + G(S, I)− µA− ϕA,
dI
dt = ϕA− µI − γI,
dR
dt = γI − µR− τR,

(1.1)

where F(S,A) denotes the general incidence rates of contagions produced by asymptomatic persons, G(S, I) represents
general incidence rates of contagions produced by an infected person, and λ is the recruitment rate in the first group,
µ denotes the natural plus disease death rate in each group, γ is the recovery rate, ϕ is the pollution rate, and τ is
the rate at which the recovered population from infection again joins the susceptible class. Also, the total population
size N is the sum of the sizes of these four classes: N(t) = S(t) +A(t) + I(t) +R(t).

It is practically impossible to carry out virus clinical tests on the entire population. Therefore, the asymptomatic
individuals remain free to move within the safe population. This is why we have chosen a general infection force of the
form F(S,A)+G(S, I), which takes into account the infection caused by both asymptomatic and infected individuals.
Moreover, the general infection rate will give us a broader view of the infection spread as demonstrated in the numerical
simulation section.

Many authors studied the mathematical model of COVID-19 with a general incidence rate. For instance, the
stability of the SIR COVID-19 infection model with a general incidence rate was studied in [1]. In [22, 23], the authors
considered a multi-strain SEIR COVID-19 infection with general incidence rates and studied the global stability of each
strain dynamics. Recently, in [31], the authors studied a fractional order differential equation model of SARS-CoV-2
infection.

The flow diagram representing our epidemiological case is illustrated in Figure 1. Here, the infected individuals
are subdivided into two classes; the first represents the asymptomatic infected population, while the second one
presents the symptomatic individuals. Both the subclasses may infect any susceptible individual. For this reason,
the asymptomatic compartment is added to many epidemiological mathematical models, which are known as SAIR
mathematical models [14, 24]. For instance, in [15], the authors explored this new compartment to investigate its
impact on the dengue disease model. In a recent work [4], an SAIR mathematical model describing the COVID-19
pandemic was considered to study the effect of lockdown on reducing the infection severity. In a related work [27], the
authors investigated the different conditions in the SAIR mathematical model to eradicate the malady. The articles
[4, 27] introduced the bilinear incidence function to describe the infection rate. In this paper, we assume both the
infection rates caused by the asymptomatic and symptomatic individuals in their general form. Moreover, we take into
account a temporary immunity for the recovered persons, which means that a proportion of the recovered becomes
again susceptible.

λ
S(t)

µS

F(S,A) + G(S, I)
A(t)

µA

ϕA
I(t)

µI

γI
R(t)

µR

τR

Figure 1. The flowchart of SAIR infection model.

The nonlinear incidence functions F(S,A),G(S, I) ∈ C1(R+ × R+,R+) satisfy the following conditions:
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

(H1) ∀S,A, I > 0, F(S,A),G(S, I) > 0,

(H2) ∀S,A, I ≥ 0, F(S, 0) = F(0, A) = 0, G(s, 0) = G(0, I) = 0,

(H3) ∀S ≥ 0, A, I > 0 ∂F(S,A)
∂S and ∂G(S,I)

∂S are bounded and ∂F(S,A)
∂S , ∂G(S,I)

∂S > 0,

(H4) ∀S,A, I ≥ 0, ∂F(S,A)
∂A > 0, ∂G(S,I)

∂I < 0, ∂F(S,A)
∂A < µ+ ϕ, ∂G(S,I)

∂I < − γτ
µ+τ ,

(H5) ∀S,A, I ≥ 0, A∂F(S,A)
∂A −F(S,A) < 0, I ∂G(S,I)

∂I − G(S, I) < 0.

The incidence rate F(S,A) depends on the densities of susceptible and asymptomatic individuals and may be of the

form θSA
S+A , βSA

1+σA , and θSA
1+ϱ1S+ϱ2A

. The incidence rate G(S, I) is dependent on the densities of susceptible and infected

individuals and may be of the form θS
1+ϱI ,

θS
1+ϱ1S+ϱ2I

, and θS
1+ϱ1S+ϱ2I+ϱ1ϱ2SI . For more details on F ,G, we refer the

readers to [6, 9, 10, 13, 25, 26, 36, 37] and the references therein.
The paper is organized as follows: in the next section, we will perform the stability analysis of our epidemiological

model. Section 3 is devoted to the numerical simulations of our SAIR model. The last section contains the concluding
remarks.

2. Stability analysis

Lemma 2.1. For all non-negative initial data, the solution (S(t), A(t), I(t), R(t)) of system (1.1) exists non-negative
for all t > 0 and remains bounded.

Proof. The existence and uniqueness of the solution of system (1.1) follow form the standard arguments [16]. The
positivity of solutions can be shown by using the method employed in [[21], Lemma 3.1]. Now, we claim that the

solution of (1.1) remains bounded. To this end, let N(t) = S(t)+A(t)+I(t)+R(t) so that Ṅ = Ṡ+Ȧ+ İ+Ṙ = λ−µN .
In consequence, we get

N(t) =
λ

µ
+ (N(0)− λ

µ
e−µt).

Hence, for all t ≥ 0, we have N(t) ≤ λ
µ +N(0). Obviously, N is bounded, and so S, A, I, and R are bounded. □

We now discuss the basic reproduction number and equilibrium points of the system (1.1).
We now obtain the equilibrium points of (2) by calculating solutions of the following system:

λ−F(S,A)− G(S, I)− µS + τR = 0,

F(S,A) + G(S, I)− µA− ϕA = 0,

ϕA− µI − γI = 0,

γI − µR− τR = 0.

(2.1)

To find disease-free equilibrium, I should be zero in (2.1), and so the system (1.1) has a unique disease-free equilibrium

Θ0 =
(

λ
µ , 0, 0, 0

)
. Now, we find the basic reproduction number R0 of system (1.1) as found in [33]. By the Jacobian

of (1.1) around Θ0, set

F̄ =

 ∂F
∂A

(
λ
µ , 0

)
∂G
∂I

(
λ
µ , 0

)
0

0 0 0
0 0 0

 , V̄ =

 µ+ ϕ 0 0
−ϕ µ+ γ 0
0 −γ µ+ τ

 . (2.2)

So, by calculating F̄ V̄ −1 and its spectral radius, we find R0 given by

R0 =
1

µ+ ϕ

[
∂F(λµ , 0)

∂A
+

ϕ

µ+ γ

∂G(λµ , 0)
∂I

]
. (2.3)

Theorem 2.2. (1) If R0 ≤ 1, then system (1.1) has a unique disease-free equilibrium Θ0 = (λµ , 0, 0, 0).

(2) If R0 > 1, then system (1.1) has a unique endemic equilibrium Θ∗ = (S∗, A∗, I∗, R∗).
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Proof. We obtain the equilibrium points of (1.1) by solving the following system:
dS
dt = λ−F(S,A)− G(S, I)− µS + τR = 0,
dA
dt = F(S,A) + G(S, I)− (µ+ ϕ)A = 0,
dI
dt = ϕA− (µ+ γ)I = 0,
dR
dt = γI − (µ+ τ)R = 0.

(2.4)

Hence, we have

I =
ϕ

µ+ γ
A, R =

γ

µ+ τ
I, (2.5)

S =
λ(µ+ γ)(µ+ τ)− ζ1A

ζ2
, (2.6)

where ζ1 = (µ + ϕ)(µ + γ)(µ + τ) − τγϕ > 0 and ζ2 = µ(µ + γ)(µ + τ) > 0. Note that S ≥ 0 if and only if

E ≤ λ(µ+γ)(µ+τ)
ζ1

. From the second equation of (2.4), we get

F
(
λ(µ+ γ)(µ+ τ)− ζ1A

ζ2
, A

)
+ G

(
λ(µ+ γ)(µ+ τ)− ζ1A

ζ2
,

ϕ

µ+ γ
E

)
− (µ+ ϕ)A = 0.

Define

H(A) := F
(
λ(µ+ γ)(µ+ τ)− ζ1A

ζ2
, A

)
+ G

(
λ(µ+ γ)(µ+ τ)− ζ1A

ζ2
,

ϕ

µ+ γ
A

)
− (µ+ ϕ)A.

By (H2), clearly, H(0) = 0,

H
(
λ(µ+ γ)(µ+ τ)

ζ1

)
= F

(
0,

λ(µ+ γ)(µ+ τ)

ζ1

)
+ G

(
0,

ϕ

µ+ γ
· λ(µ+ γ)(µ+ τ)

ζ1

)
− (µ+ ϕ)

λ(µ+ γ)(µ+ τ)

ζ1

= −λ(µ+ γ)(µ+ τ)(µ+ ϕ)

ζ1
< 0.

Also, by relation ∂G
∂A = ∂G

∂I
∂I
∂A = ϕ

µ+γ
∂G
∂I , we get

H
′
(0) =

∂F(λµ , 0)

∂A
+

∂G(λµ , 0)
∂A

=
∂F(λµ , 0)

∂A
+

ϕ

µ+ γ

∂G(λµ , 0)
∂I

= (µ+ ϕ)(R0 − 1).

This yields

A∗ ∈
(
0,

λ(µ+ γ)(µ+ τ)

ζ1

]
, (2.7)

such thatH(E∗) = 0 ifR0 > 1, which, in turn, implies that (1.1) admits an infection equilibrium Θ∗ = (S∗, A∗, I∗, R∗) ∈
(R+)4. We now show that the infection equilibrium is unique. To this end, by the second equation of (2.4), we have

(µ+ ϕ) =
F(S∗, A∗) + G(S∗, I∗)

A∗ .
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Using I∗ = ϕ
µ+γA

∗, (H3) and (H5), we get

H
′
(A∗) = −ζ1

ζ2

∂F(S∗, A∗)

∂S
+

∂F(S∗, A∗)

∂A

− ζ1
ζ2

∂G(S∗, ϕ
µ+γA

∗)

∂S
+

ϕ

µ+ γ

∂F(S∗, ϕ
µ+γA

∗)

∂I
− (µ+ ϕ)

= −ζ1
ζ2

∂F(S∗, A∗)

∂S
+

∂F(S∗, A∗)

∂A

− ζ1
ζ2

∂G(S∗, ϕ
µ+γA

∗)

∂S
+

ϕ

µ+ γ

∂F(S∗, ϕ
µ+γA

∗)

∂I
− F(S∗, A∗) + G(S∗, I∗)

A∗

= −ζ1
ζ2

∂F(S∗, A∗)

∂S
− ζ1

ζ2

∂G(S∗, ϕ
µ+γA

∗)

∂S
+

1

A∗

(
A∗ ∂F(S∗, A∗)

∂A
−F(S∗, A∗)

)
+

ϕI∗

µ+ γ

(
I∗

∂G(S∗, I∗)

∂I
− G(S∗, I∗)

)
< 0.

Thus, H is strictly decreasing at every zero. So, when R0 > 1, the system (1.1) has a unique endemic equilibrium A∗.

Otherwise, if there exists another endemic equilibrium Â other than A∗, then H′
(Â) ≥ 0, which is a contradiction.

Also, when R0 < 1, we claim that system (1.1) has no endemic equilibrium. To this end, we know that H′
(0) < 0 when

R0 < 1. Hence, H(A) < 0 for sufficiently A. Finally, we conclude that H′
(A) is negative at any positive equilibrium.

Nevertheless, in order for H to increase to 0 at a point Â, we should get H′
(Â) ≥ 0, which is a contradiction. □

Now, we study the local stability of the equilibrium points of the system (1.1).

Theorem 2.3. If R0 < 1, the disease-free equilibrium Θ0 of the system (1.1) is locally asymptotically stable, while Θ0

is an unstable if R0 > 1.

Proof. The Jacobian matrix of the system (1.1) around Θ0 is

J |Θ0
=



−µ −∂F(λ
µ ,0)

∂A −∂G(λ
µ ,0)

∂I τ

0
∂F(λ

µ ,0)

∂A − (µ+ ϕ)
∂G(λ

µ ,0)

∂I 0

0 ϕ −(µ+ γ) 0

0 0 γ −(τ + µ)


.

The characteristic equation of J |Θ0
is as follows:

P(r) := (−µ− r)(−(τ + µ)− r) det

∂F(λ
µ ,0)

∂A − (µ+ ϕ)− r
∂G(λ

µ ,0)

∂I

ϕ −(µ+ γ)− r

 .

Clearly, λ1 = −µ and λ2 = −(τ + µ) are two eigenvalues of J |Θ0 . To calculate other eigenvalues, we consider the
following matrix

PΘ0
=

∂F(λ
µ ,0)

∂A − (µ+ ϕ)
∂G(λ

µ ,0)

∂I

ϕ −(µ+ γ)

 ,

and so by (H4),

trace(PΘ0
) =

∂F(λµ , 0)

∂A
− (µ+ ϕ)− (µ+ γ) < 0,
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and by R0 < 1,

det(PΘ0
) = (µ+ ϕ)(µ+ γ)[1−R0] < 0.

If R0 < 1, then the eigenvalues of PΘ0 have a negative real part, and then Θ0 is locally asymptotically stable. □

Theorem 2.4. The endemic equilibrium point Θ∗ of the system (1.1) is locally asymptotically stable if R0 > 1.

Proof. The Jacobian matrix of the system (1.1) around Θ∗ is

J |Θ∗ =



−µ− ∂F(S∗,A∗)
∂S − ∂G(S∗,I∗)

∂S −∂F(S∗,A∗)
∂A −∂G(S∗,I∗)

∂I τ

∂F(S∗,A∗)
∂S + ∂G(S∗,I∗)

∂S
∂F(S∗,A∗)

∂A − (µ+ ϕ) ∂G(S∗,I∗)
∂I 0

0 ϕ −(µ+ γ) 0

0 0 γ −(τ + µ)


.

Clearly, the characteristics equation of J |Θ∗ is

r4 + η1r
3 + η2r

2 + η3r + η4 = 0, (2.8)

where

η1 = µ+
∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S
− ∂F(S∗, A∗)

∂A
+ (µ+ ϕ) + (µ+ γ) + (τ + µ),

η2 =

(
µ+

∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S

)(
(µ+ ϕ) + (µ+ γ)− ∂F(S∗, A∗)

∂A

)
+ (µ+ γ)(τ + µ) + (τ + µ)

(
µ+

∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S

)
+ (µ+ γ + τ + µ)

(
(µ+ ϕ)− ∂F(S∗, A∗)

∂A

)
− ϕ

G(S∗, I∗)

∂I

+
∂F(S∗, A∗)

∂A

(
∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S

)
,

η3 =

(
µ+

∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S

)(
(µ+ ϕ)− ∂F(S∗, A∗)

∂A

)
((µ+ γ) + (τ + µ))

+ (µ+ γ)(τ + µ)

[
µ+

∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S
+ (µ+ ϕ)− ∂F(S∗, A∗)

∂A

]
− ϕ

G(S∗, I∗)

∂I
(2µ+ τ) +

∂F(S∗, A∗)

∂E

(
∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S

)
(2µ+ γ + τ),

η4 = −
(
∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S

)[
ϕ(τ + µ)

G(S∗, I∗)

∂I
+ γτϕ

]
−
(
µ+

∂F(S∗, A∗)

∂S
+

∂G(S∗, I∗)

∂S

)(
(µ+ ϕ)− ∂F(S∗, A∗)

∂A

)
(µ+ γ)(τ + µ).

By (H3) and (H4), it follows that ηi > 0, i = 1, 2, 3, 4, and η1η2η3 > η21η4+η23 > 0. So, by the Routh-Hurwitz criterion
Θ∗ is locally asymptotically stable if R0 > 1. □

Theorem 2.5. If R0 ≤ 1, then the disease-free equilibrium Θ0 of the system (1.1) is globally asymptotically stable. If
R0 > 1, then the endemic equilibrium Θ∗ of the system (1.1) is globally asymptotically stable.

Proof. By Proposition 2.2 of [18], the solution ξ(t) = (S(t), A(t), I(t), R(t)) of (1.1) has the limit as t → +∞. Set

limt→∞ ξ(t) = (S∞, A∞, I∞, R∞). From (H3) and Lemma 2.1, we have that dξ
dt is uniformly bounded, and so by
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continuity of F and G, we deduce that dξ
dt is uniformly continuous. So, using the Barbalat’s Lemma [5], one can get

limt→∞ ξ̇(t) = (0, 0, 0, 0). By system (1.1), we have
λ−F(S∞, A∞)− G(S∞, I∞)− µS∞ + τR∞ = 0,

F(S∞, A∞) + G(S∞, I∞)− (µ+ ϕ)A∞ = 0,

ϕA∞ − (µ+ γ)I∞ = 0,

γI∞ − (µ+ τ)R∞ = 0,

and so (S∞, A∞, I∞, R∞) is an equilibrium point of the system (1.1). Hence, in view of Theorem 2.2, we get
limt→∞ ξ(t) = Θ∗ or limt→∞ ξ(t) = Θ0. If R0 < 1, then Θ∗ does not exist, thus limt→∞ ξ(t) = Θ0. If R0 = 1,
Θ∗ = Θ0, then limt→∞ ξ(t) = Θ0. If R0 > 1, by Theorem 2.3, Θ0 is unstable, so we conclude limt→∞ ξ(t) = Θ∗. □

Theorem 2.6. The system (1.1) does not have nontrivial periodic orbits.

Proof. Using the vector notationX = (S,A, I,R)T , the model (1.1) can be formulated as (dXdt ) = (f1, f2, f3, f4)
T = (f).

Then, we have

∇ · f = −∂F(S,A)

∂S
− ∂G(S, I)

∂I
− µ+

∂F(S,A)

∂A
− (µ+ ϕ)︸ ︷︷ ︸

<0 (by (H4))

−(µ+ γ)− (τ + µ) < 0.

Therefore, according to Dulac’s criterion [34, Theorem 4.1.2], we have the conclusion. □

3. Numerical simulations of the SAIR model

This section is devoted to the numerical simulation of stability of the disease-free and endemic equilibriums. This
will also confirm our theoretical findings. We will use the fourth order Runge-Kutta (RK4) numerical scheme in order
to solve our mathematical model. For a broader view of the infection dynamics, different incidence functions will be
considered. Indeed, numerical tests will be performed for four different cases:

(i) the first is to study the system (1.1) under the simplest two-bilinear incidence functions F(S,A) = α1SA and
G(S, I) = α2SI;

(ii) Beddington-DeAngelis incidence functions, F(S,A) =
α1S

1 + σ1S + σ2A
and G(S, I) = α2S

1 + σ3S + σ4I
;

(iii) Crowley-Martin functions, F(S,A) =
α1S

1 + ξ1S + ξ2A+ ξ1ξ2SA
and G(S, I) = α2S

1 + ξ3S + ξ4I + ξ3ξ4SI
;

(iv) non-monotonic incidence function F(S,A) = α1SA
1+κ1A2 and G(S, I) = α2SI

1+κ2I2 .

For each numerical test, we will take the fixed initial conditions: S(0) = 4, A(0) = 2, I(0) = 1, and R(0) = 0.
The formula (2.3) for the basic reproduction number is written in its general form in terms of two incidence rates
of general form. For our numerical simulation, the basic reproduction number for the two-bilinear case is equal to
RBL

0 = α1λ
µ2+µϕ + α2λϕ

(µ+γ)(µ2+µϕ) . For two-incidence functions of Beddington-DeAngelis forms, the reproduction number

is RBD
0 =

α1λ

(µ+ ϕ)(µ+ σ1λ)
+

α2λϕ

(µ+ ϕ)(µ+ γ)(µ+ σ3λ)
. For the incidence rates of Crowley-Martin and non-monotonic

forms, the basic reproduction numbers are RCM
0 = α1λ

(µ+ϕ)(µ+ξ1λ)
+ α2λϕ

(µ+ϕ)(µ+γ)(µ+ξ3λ)
and RNM

0 = α1λ
µ2+µϕ+

α2λϕ
(µ+γ)(µ2+µϕ) .

For the four cases under investigation, each basic reproduction number is written as a summation of two numbers:
the first reflects the effect of the first incidence effect while the second represents the effect, of the second incidence
function. Our RK4 approach numerical experiments were conducted with the aid of MATLAB software.

3.1. Disease-free equilibrium stability. In order to illustrate the stability of the disease-free equilibrium, we will
chose the following parameters λ = 1, µ = 0.2, τ = 0.05, ϕ = 0.5, γ = 0.15, α1 = 0.05, α2 = 0.01, σ1 = 0.4, σ2 = 0.85,
σ3 = 4.5, σ4 = 5.8, ξ1 = 2.5, ξ2 = 3, ξ3 = 6.5, ξ4 = 5, κ1 = 2.5, and κ2 = 3. Within these chosen parameters,
Figure 2 shows the behaviour of the dynamics for our SAIR infection model. The figure shows that the susceptible
reach their maximum value for the four different incidence cases; while the other compartments representing the
asymptomatic, symptomatic, and recovered individuals vanish. Precisely, we observe the convergence of the curves
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toward the free-disease equlibrium Θ0 = (5, 0, 0, 0). The basic reproduction numbers for the four incidence cases are as
follows: RBL

0 = 0.459 for the bilinear incidence functions, RBD
0 = 0.123 for Beddington-DeAngelis case, RCM

0 = 0.029
for Crowley-Martin incidences and RNM

0 = 0.459 for non-monotonic incidence functions. For the four different cases
the basic reproduction number is less than unity, which confirms our theoretical results concerning the stability of the
disease-free equilibrium.
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Figure 2. The time evolution of susceptible, (a) the recovered, (b) the asymptomatic infected, (c)
the symptomatic infected individuals, (d) illustrates the stability of the free equilibrium Θ0. The
bilinear incidence functions (blue), Beddington-DeAngelis incidence functions (red), Crowley-Martin
incidence functions (green) and the non-monotone incidence functions (cyan color).

3.2. Endemic equilibrium stability. To illustrating the stability of the endemic equilibrium, we take parameters
λ = 1, µ = 0.2, τ = 0.05, ϕ = 0.5, γ = 0.15, α1 = 0.5, α2 = 0.1, σ1 = 0.4, σ2 = 0.85, σ3 = 4.5, σ4 = 5.8, ξ1 = 0.5,
ξ2 = 3, ξ3 = 0.5, ξ4 = 5, κ1 = 2.5, and κ2 = 3. With these chosen parameters, Figure 3 depicts the behaviour
of the dynamics for our SAIR infection model. The figure demonstrates that the susceptible, the asymptomatic,
symptomatic and recovered individuals stay at a strictly positive level which reveal that the infection persists. In
precise terms, the curves converge of the curves toward the endemic equilibrium Θ∗

BL = (1.088, 1.190, 1.700, 1.021) when
both the incidence functions take the bilinear forms, Θ∗

BD = (3.823, 0.358, 0.511, 0.308) when the incidences are under
Beddington-DeAngelis formulation, Θ∗

CM = (4.652, 0.104, 0.150, 0.094) for the incidence rates of Crowley-Martin forms
and finally towards the endemic equilibrium Θ∗

NM = (2.659, 0.701, 1.002, 0.602) for non-monotonic incidence rates.
It is easy to check that the components of each endemic case verify the formulas (2.5)-(2.7). Moreover, calculating
the basic reproduction number for each case are RBL

0 = 4.591 for the bilinear incidence functions, RBD
0 = 1.233

for Beddington-DeAngelis case, RCM
0 = 1.311 for Crowley-Martin incidences and RNM

0 = 4.591 for non-monotonic
incidence functions. For the four different cases the basic reproduction number is greater than unity confirming our
theoretical results concerning the stability of the endemic equilibrium.

3.3. Temporary immunity effect. In this subsection, we will discuss the effect of the temporary immunity on the
infection. Indeed, we consider the same values as in the previous subsection, except for the value of the temporary
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Figure 3. The time evolution of susceptible, (a) the recovered, (b) the asymptomatic infected, (c)
the symptomatic infected individuals, (d) illustrates the stability of the free equilibrium Θ∗. The
bilinear incidence functions (blue), Beddington-DeAngelis incidence functions (red), Crowley-Martin
incidence functions (green) and the non-monotone incidence functions (cyan color).

immunity τ that we will change three times. In fact, we will choose the following parameters λ = 1, µ = 0.2, ϕ = 0.5,
γ = 0.15, α1 = 0.5, α2 = 0.1, and three values of the value of τ as indicated in Figure 4. For the three values of
immunity, we only consider the bilinear incidence rates. The figure clearly shows the effect of the temporary immunity
on both the asymptomatic and symptomatic infected populations. Notice that the increase in the temporary immunity
rate increases the infected population, that is, when a higher rate of the recovered loses its immunity, the infected
population becomes larger. On the contrary, when the temporary immunity rate is increased, the susceptible and the
recovered populations decrease (not shown). This result demonstrates the significance of temporary immunity on the
infection spread, which means that a good vaccine can lead to an efficient immunity to the population and maximizes
the immunity duration and makes the entire population safer for a long period.

4. Conclusion

In this paper, we have studied the dynamics of a SAIR mathematical model that describes the interaction between
susceptible, asymptomatic, symptomatic, and recovered individuals. Two general incidence functions are taken into
account: the first describes the infection caused by asymptomatic persons, while the second stands for the infection
generated by the symptomatic ones. In addition, introducing temporary immunity in our model makes it more realistic.
The basic reproduction number is found depending on the general incidence functions. It was demonstrated that the
disease-free equilibrium exists when the basic reproduction number is less than one. On the other hand, when this
number exceeds unity, the endemic equilibrium exists. The local and global asymptotic stability for each equilibrium
is proved using the basic reproduction number. The numerical simulations are performed for different cases of the
incidence rates, such as bilinear incidence functions, Beddington-DeAngelis incidences, Crowley-Martin functions, and
non-monotonic rates. The numerical simulation confirms our theoretical findings for each case.
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Figure 4. The time evolution of the asymptomatic infected, (a) the symptomatic infected individuals,
(b) for different values of the temporary immunity rate.
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