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Abstract -

The Heston model is a popular stochastic volatility model used in financial mathematics for option pricing. This
paper focuses on the stochastic Heston model (SHM) with one singular point. In this way, we first consider the
existence, uniqueness, and boundedness of the numerical solution under the global Lipschitz condition and the
linear growth condition. In addition, the stochastic #-scheme is developed to solve the equation numerically, and
we obtain a convergence rate with min{2 — 2, 1 — 23} which depends on the kernel parameters. Moreover, Monte
Carlo (M.C.) simulation is implemented for this kind of problem in the 95 percent confidence interval, which
reveals that it verifies the stochastic #-scheme results. Finally, a numerical example is given to show the validity
and effectiveness of the theoretical results.
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1. INTRODUCTION

The rough Heston model belongs to the broader class of rough volatility models. These models are characterized by
incorporating rough paths or fractional Brownian motion (FBM) to capture the long-term memory and persistence of
volatility in financial markets. The rough Heston model, with its unique set of parameters and characteristics, offers a
distinct framework for modeling and understanding volatility dynamics in financial markets [14, 24, 25]. In this paper,
we consider the following stochastic Heston model (SHM) with one singular point:

dS(t) = S(t)\/ VD)W (¢),
1

V() =Vo+ m/o (t—s)"(w(s) — AV (s))ds + ﬁ/o (t —s)Pv\/V(s)dB(s), te][0,T],

(1.1)

where
o W(t):= (Wi(t), Wa(t),..., Wr(t))T, 0 <t < T be an r-dimensional standard Brownian motion defined on the
complete filtered probability space (2, F, F;, P) with a given 7' > 0.
e 1) € R? is an Fy-measurable random variable such that E(|Vp[?) < +oo and V(s) := lim,4, V (r).

The parameters A\, w, Vy, and v are all positive and v belongs to (%, 1). The stochastic process W (t) is defined as:

W(t) = pB(t) + /1 — p2B*(2), (1.2)
where p € [—1, 1] indicates the correlation coeflicient and (B(t), Bt (t)) represents a two-dimensional fractional Brow-
nian motion.

Stochastic Volterra integral equations (SVIEs) were first proposed in [8, 9], and can be regarded as generalizations
of stochastic differential equations (SDEs) [5-7], or deterministic Volterra integral equations. These kinds of equations
are very popular in several areas of science. For example, they are frequently used for modeling biological mathematics

Received:07 November 2024; Accepted: 19 February 2025.
* Corresponding author. Email: d.ahmadian@tabrizu.ac.ir.

50



CMDE Vol. 14, No. 1, 2026, pp. 50-59 51

[19, 23], financial market [28, 34], control science [1], and medicine [27]. Meanwhile, many researchers focused on the
numerical analyses for SVIEs [3, 4, 18]. An area of particular interest in the study of SVIEs is stochastic numerical
analysis, since the closed-form solution of SVIEs is rarely known and stochastic numerical approximations provide a
robust algorithm for understanding solution behavior. So far, most numerical approximations have been developed
to deal with SVIEs with regular kernels. For example, Xiao et al. [31] introduced a split-step collocation method for
SVIEs. Liang et al. [22] presented the Euler-Maruyama method for linear stochastic Volterra integral equations of
strong convergence with order % Conte et al. [10] introduced the improved stochastic 8-methods for the numerical
integration of stochastic Volterra integral equations.

SIVE with singular kernels, however, appear in the treatment of some problems in the field of stochastic partial
differential equations and in the analysis of fractional Brownian motion [30]. Zhang [33] investigated the convergence
of the EM scheme and large deviations for stochastic Volterra equations with singular kernels. Xiao [32] obtained
the convergence rate of the EM method for SVIEs with Abel-type kernels under global Lipschitz condition and linear
growth condition. Wang [29] established the existence and uniqueness theorem under non-Lipschitz conditions, plus
linear growth conditions as well as certain integrable conditions.

Very often, the singular SVIEs do not admit closed-form solutions, and thus, they require some discretization
techniques. Since the singularity of the integrand kernel leads to greater difficulties both at the point s = 0 and at
the point s = t. In this case, the important It6 formula, which is a powerful and necessary tool in the study of SDEs,
is not available, and we have to look for other tools and techniques. For example, Li et al. [20] investigated the exact
asymptotic separation rate of two distinct solutions of doubly singular stochastic Volterra integral equations with
two different initial values using the Gronwall inequality. Li et al. [21], concerned with the more general nonlinear
stochastic Volterra integral equations with doubly singular kernels, proposed a Galerkin approximation scheme to
solve the equation numerically, and obtained the strong convergence rate for the Galerkin method in the mean square
sense. Dai and Xiao [11] consider Levy noise-driven nonlinear stochastic Volterra integral equations with doubly
weakly singular kernels and uses a fast EM method presented to overcome the low computational efficiency of the EM
method.

To solve the singular SHM (1.1) numerically, one can develop some high-order numerical methods. Unfortunately,
the important Ito formula for Eq. (1.1) is not available. Therefore, this paper will focus mainly on the following two
objectives:

e Under the global Lipschitz and the linear growth conditions, the first target of this paper is to examine the
existence, uniqueness, and boundedness of the numerical solution.

e Propose the stochastic 6-scheme for SHM with one singular point, and figure out the strong convergence order
with min{2 — 2«, 1 — 23} under the global Lipschitz condition and the linear growth condition, and we can
enhance the speed of convergence by changing the parameters 6.

The remainder of the paper is organized as follows. Section 2 presents some necessary notations and assumptions.
Section 3 aims to derive the existence, uniqueness, and boundedness of the numerical solution and strong convergence
properties of the proposed scheme. Section 4 presents numerical experiments showing perfect accordance with the
theoretical results established in section 3. In section 5, there is a brief statement as the conclusion of this paper.

2. MATHEMATICAL PRELIMINARIES

Throughout this paper, we will use | - | as the Euclidean norm on R¢, that is, for V€ R?, then |V| = (Z?:o Vf)%;
and | - || denotes the trace norm of a matrix, that is to say that for A € R || A| = \/trace(ATA). Let (Q,F,P)
be a complete probability space with a filtration {F;};>0 satisfying the usual assumptions (i.e. it is right continuous,
increasing and such that Fy contains all the P-null sets). In addition, the capital letter C' is used to represent a generic
positive constant whose value can change when it appears in several places, but it is always independent of the step
size h.

Assumption 2.1. (Global Lipschitz condition): There erxists a positive constant L, such that for all Vi, Vs € RY, the
following inequality holds:
[f(V1) = fF(V2)]? V [lg(Vi) — g(Va)|I* < L|V1 — Vol (2.1)
an
BE
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Assumption 2.2. (Linear growth condition): There exists a positive constant K, such that for all V € R%, the
following inequality holds:

VPV IgWIP < K@+ [V]?). (2.2)

Definition 2.3. ([13]): Assume that a € (0,1], T € [0,4+0o0) and f : [0,T] — R¢ be a measurable function such that
fOT |f(7)|dT < +00. The Riemann—Liouville fractional integral operator of order « is defined as:

faf(t)zﬁ/o (t—7)° L f(r)dr, Ve[0T, (2.3)

where I'(a) is the Gamma function.

Remark 2.4. If the positive constant « satisfies o € (0, 1), then for all ¢ € [t,, tp+1], n =1,2,--- , N — 1 we have:

t
n B 1 1

_ ade — o 2.4

/0 (tn, —s)"%ds 1 t,, (2.4)

3. CONVERGENCE RATE OF STOCHASTIC §-SCHEME

Since it is difficult to obtain the closed-form solution of the SHM with one singular point (1.1), considering effective
numerical methods becomes particularly necessary.

3.1. Stochastic #-approximation. For every integer N > 1, the stochastic 8-approximation can be given as follows:
t t
V() = Vo + 9/ (t= )" f (VN (s))ds + (1~ 9)/ (t =)~ f(VY(s))ds
0 0

+/ (t—s)Pg(VN(s))dW (s), t e [0,77, (3.1)
0

where VN (s) := VN (tp41) for s € (tn, tns1) and VN (s) := VN(t,) for s € [t, tns1). Here, t, =nh (n=0,1,...,N)
denote the grid points with step size h = T'/N.

3.2. Existence and uniqueness theorem. In this section, we delve into the existence and uniqueness of the proposed
method.

Lemma 3.1. Let the positive constants « and 8 satisfy o € (0,1) and B € (0, %) If the nonlinear functions f and

g satisfy the linear growth condition, then, there exists a positive constant C' independent of N for given T > 0, such
that:

sup E(|[VN(#)]?) v sup E(\VN(t)|2) < sup E([VN(®)]?) < C. (3.2)
0<t<T 0<t<T 0<t<T

Proof. For every integer k > 1, we define the stopping time as follows:

e =T Ainf{t € [0,T) : [VN(t)| > k}, (3.3)
where 74 T T almost surely as k — 4o00. For simplicity, set V¥ (t) = VN(t A7), VN (t) = VN (t A 1), and
VN(t) = VN(t A7) for t € [0,T]. Then, VN (t) satisfies the equation:

VN = Vo + 9/0 b (tATE — S)faf(VkN(S))ds +(1- 9)/0 b (tAT — s)wf(VkN(s))ds

+ / e — )P (T (5)) W (s). (3.4)
0

Now by using the power mean inequality, [t6 isometry, Cauchy-Schwarz’s inequality and the linear growth condition
(2.2), we have:

E(VY ()) §4]E(\V0|2)+492E(/0 Tk(t/\Tk—s)_O‘ds/O "l A = )T (5))Pds)

(=)=
E)NE
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—6)? o Tk — 8) “ds o e — 8) (VN ()2 ds
ca=0PE( [ enm—eds [ am -0 U )Py
FB([ T An— s g7 (o) Pds)

gc(1+/o Tk(t/\Tk—s)_"‘]E(VkN(s)P)ds—&—/O Yt Ay — ) CE(VY (9)P) ds

+/O Tk(t/\Tk—s)*QBIE(WkN(S)F)ds), (3.5)

where the positive constant C' is independent of N and k. For the sake of simplicity, one can claim that there is a pair
of positive constants («, 8) such that o+ 3 < 1 and

sup E(|VkN(r)|2) SC’(1—|— sup /0 (tATE—8)"% sup E(\VkN(n)\z)ds>

0<r<t 0<r<t 0<n<s

= C(l + sup (r A7) /01(1 —u) "% sup E(‘VkN(W)F)d“)

0<r<t 0<n<(rATi)u

1
<C(1 4 (ath) 1—uw) %" sup E(JVY n)|?)du
( ;
0

0<n<tu

:C(l—l—/ot(t—s)_a sup E(|VkN(n)|2)ds). (3.6)

0<n<s

Finally, by letting k — 400 with Fatou’s lemma, complete the proof.

Lemma 3.2. Under the assumptions of Lemma 3.1, there exists a positive constant C independent of h such that for
all t € [ty,tnt1), we have:

E(VN(1) = VN ()P) < Ohmin2e1=20), (37)

Proof. By using the power mean inequality, [t0 isometry and Lemma 3.1 as well as Cauchy-Schwarz’s inequality that:
tn tn
BV (0 = V¥ 0OF) < 6PE( [ 1= 97 = (b= 9)7lds [ It =57 = (b =) SV (5)) )
t t 3
4 692]E</ (t - s)_‘"ds/ (t— )~/ (V™ (s))[ds)
t t

n n

#6007 ([ 1= 97t =)l [N = ()T ) s)
+6(10)2E(/tt(ts)o‘ds/tt(ts)o‘|f(VN(s))|2ds>

n

+6E(/Otn ((t= )77 = (tn = 5)77) Ig(VN (s))[2ds) +6E(/tt(t—s)_2ﬁ|g(f/N(s))st), (3.8)

n

where

/0"\(t—s)—a—(tn—s)—a\ds:/on (e — 5)™ — (t — 5)"*)ds

A%@ng‘wsA%tg‘Ws+L%tﬁ‘w$

n

1 e’ -« /t —«
= (tlTv—¢ + [ d
(tn t)lia ( ) t ( 8) 3

n
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gL/%t—sf“dsgt;“/¢&——$_ads§(ﬂf_% (3.9)
and ’ ’
/0 ' ((t —8) 7P —(t, — s)_5>2ds . ((t —8) Pty — )" =20t —s5)P(t, — s)_ﬂ)ds
<[ ((t— )72 + (tn — 5)"26 — 2(t — )P (t — 5)~7)ds

(tn — )72 — (t —s)"%Pds

tn t t
= (tn—s)fmds—/ (t—s)fwds—t—/ (t —s)"%Pds
0 tn
1 1-28 1-28 ! 28 1-28
= (2 - +/ t— 5)"28ds < Ch1~28, 3.10
1—25( ) ; (t—s) (3.10)

n

which joined with the linear growth condition (2.2) and relations (3.8)-(3.10) can exhibit:
E(JVN®) - VN®)?) <602CK1+E([VY(s)[?)h* 72 +6(1 — 6)>)CK (1 + E(|[VN(s)]?)h2 2
+6CK(1+E([VN(s)[?)h! =28 < opmin{Z=2001-20} (3.11)
Finally, using the fact h = T'/N completes the proof. O

Now, we continue to introduce a modified version of the stochastic #-approximation to avoid simulating extra
stochastic integrals in the actual numerical implementation. To avoid disposing of the singular point of kernel functions,
the stochastic 6-scheme can be introduced as:

|
—

n

Vo =Vo + 9%(% — 1) f Vi) A+ (1 =0) p (tn — ;)" F(ViI)A + Ti(tn — i) Pg(Vi) AW; (3.12)
=0 =0

(=)

7=
where n =1,2,--- N, A:=t;41 —t; and AW; := W(t;y1) —W(;) (i =0,1,--- , N — 1) denote the increments of
Brownian motion. For its convergence analysis, we also introduce a continuous-time version as follows:

V(t) = Vo + 6 / (t— )" F(P(s))ds + (1 - 0) / (t— )7 F(V(s))ds + / (t— ) Pg(V(s)dW(s),  (3.13)

where s := t; for s € [t;, ;1) denotes the left endpoint, § := t;11 for s € (¢;, t;11] denotes the right endpoint, V(s) =V
for s € (t;,tiy1] and V(s) := X, for s € [t;,t;+1) stands for the piecewise constant interpolation of the stochastic 6-
scheme (3.12). Note that V(t,41) = Viy1 and V(t,) = V.

3.3. Convergence rate.

Lemma 3.3. If the positive constant o and satisfies o € (0,1), then there exists a positive constant C' independent of
h such that:

/t |(t— )" — (t —5)"%|ds < Ch' ™. (3.14)
0

Lemma 3.4. If the positive constant [ satisfies 8 € (0, %), then there exists a positive constant C independent of h
such that for allt € [ty,tyi1], n=1,2,--- /N —1:

/ 7 = 8 — (b — 5)ds < OB, (3.15)
and for a(;Ly t €[0,7):

/t |(t —s)"P — (t —5)P|2ds < Ch*=%5, (3.16)
go

(¢
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Lemma 3.5. (/12]) Under the assumptions of Lemma 3.1, there exists a positive constant C independent of h such
that:

sup E(|V(t)]*) vV sup IE(DA/(t)|2) < sup E([V(@t)P’) <C, for given T > 0. (3.17)
0<t<T 0<t<T 0<t<T

Lemma 3.6. Under the assumptions of Lemma 3.1, there exists a positive constant C independent of h such that for
allt €10,T):

E(V(1) = V(0)P) VE(IV(1) — V(1)) < Chmintz-2e1-20), (3.18)

Based on Lemma 3.3, the proofs of Lemmas 3.5 and 3.6 are similar with the proofs of Lemmas 3.1 and 3.2,
respectively. Now, we prove the mean square convergence of the proposed method, which relaxes the integrable
limitations of singular kernels.

Theorem 3.7. Under the assumptions of Lemma 3.2, there exists a positive constant C independent of h, such that
for allt € [0,T] we have:
1

(BE(V(H) - v@lR))" < cpmintized=al, (3.19)

Proof. By adding some auxiliary terms, it follows from the SHM (1.1) and the stochastic #-scheme (3.13) that:

E(V(0) = V)?) < 60PE( [ (1= (1(V(s) = F0(s))ds)

2

roE( [ (-9 -9 ss)’

2

+o1-025( [ (-5 (- ) Fe)ds)”

2

2

=S +Jo+Js+Js+ Js + Js. (3.20)

Now by using Cauchy-Schwarz’s inequality for J; — Jy, It6 isometry for J; and Jg and linear growth condition, we can
obtain:

7y < 60%E( / (o s)ds / (£ 5 (V) - FV()ds)

2Ll*‘”‘tfsfo‘ s) = V(s)? s) = V(s)|]? )ds
<61t =t [ =7 (BIV() = V)R + BIV(s) = V(s))d

l1—«

_o /0 (t— )7 (BIV(5) ~ V) + EV(s) — V(s)]? ) s, (3.21)

T <6 [ 10— = (=7l [ (=57 = (1= Y00 )
<6K0*(1+E[V(s)|?)h* 2 = Coh* 2, (3.22)

5 <60 =078 ( [ (=170 [ (6= (V) - 700" s)
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1
< 6L(1 — 6)* :

—

t—a/o (t—5)"*(EIV(s) = V(s) + E[V(s) — P(s)]?)ds
:03/0 (t—s)’a(EW(s)fV(s)|2+IE|V(s)ff/(s)|2)ds, (3.23)

Ja < 6(1— 0)%E /|t—s O‘—(t—§)_o‘|ds/0 (6= 5)™ = (= 5) | F(V(s)]ds)
<6K(1—0)*(1+E[V(s)|*)h* 2> = Cyh* >, (3.24)

7 < 6B ( [0 otao) ~ 99(5) ")

0

< 61;/0 (t—5)7 (EIV () ~ V(s)” + E[V(s) — P(s)]?)ds
- 05/0 (t—5)~28 (E|V(s) V()2 +E[V(s) — f)(s)|2)ds, (3.25)
Jo < GIE(/O (L= 5)" — (¢ — £)7°) g(V(s))ds) < 6K (1 -+ E[V(s)P) '~ = Coh' >, (3.26)

then we have:

B(V() - V)P) < O [ (=97 (BIVE) - Vo) + EVG) - V)R )ds

2)d$

+ [t= 97 BV -V +EVE) - )

t
+ / (t—s)~28 <E|V(s) —V(s)]2 +EV(s) — v(s)F)ds R 4 h1‘25}, (3.27)
0
which with Lemma 3.6 we can obtain:
t
E(JV () - VH)P) < c( / (t— )" B(|V(s) — V(s)|*)ds + hmin@—?a*l—?ﬂ}). (3.28)
0
Then, it holds by a similar deducing process for the estimate (3.6) that:
t
sup E(|V(r) = V(r)]?) < C’(/ (t—s)"* sup E(|V(r) = V(r)]*)ds + hmin{2_2“’1_26}). (3.29)
0<r<t 0 0<r<s
Finally, using weakly singular Gronwall’s inequality and arbitrariness of ¢ € [0,T] completes the proof. O

4. NUMERICAL ILLUSTRATIONS

This section is devoted to presenting an example to illustrate our numerical results for the stochastic #-scheme
(3.13). In this section, we will implement the proposed method to investigate its actual results for the given example
and to verify the theoretical results in section 3. In a similar way to [11], we use the sample average to approximate the
expectation. More precisely, we measure the mean square error of numerical solutions at the terminal time ty =T =1
by:

1

ftrons ( Z'V(l ) V(z')(tN)‘fz)?’ (4.1)

where V® (tx) and V¥ (ty) are the exact solution and the numerical solution, respectively, in the ith sample path.
In all error estimations, we use the numerical solution of the stochastic 6-scheme with step size h* = 27!* as a good
approximation of the exact solution. We also compute numerical solutions using step sizes h = 16h*, 32h*, 64h* and

(=)=
E)NE
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TaBLE 1. Convergence orders and CPU time of the numerical solution with e = 10712 for Eq. (1.1).

h 6=0.2 0=05 0=0.8 CPU time
2= 7 0.2390 0.2496 0.2783 1.08
2-8 0.1639 0.1804 0.2026 3.69
279 0.1168 0.1329 0.1476 13.56
2~ 10 0.0868 0.1008 0.1155 26.20
order 0.0824 0.0989 0.1105 59.43
0
10 10°
< ¥
S 5 A
S 5 e
5 . = e
[} - 1
© ST % 10
=] .- >
3 - g
510" S
= —-9=0.1 = --9=0.1
—-<—0=0.9 —<-0=0.9
- - -Ref.slope=0.3 ‘ ‘ = -Ref.slope=0.3
510 29 >8 o7 510 59 58 o7
Stepsize Stepsize

FIGURE 1. Mean square errors of numerical solution for Eq. (4.2)(left: case I; right: case II).

TABLE 2. European call option prices with T'=1, r = 0.3, h = 2719 and 10* number of paths.

K a=[=0.6 (M.C. %95 simulation) a=L=0.75(M.C. %95 simulation) a=[=09 (M.C. %95 simulation)
80 11.7631 (11.7411,11.7831) 12.1617 (12.1322,12.2073) 12.5093 (12.4831,12.5317)
100 7.4941 (7.4115,7.5253) 7.7640 (7.7323,7.8061) 8.1814 (8.1392,8.2163)

120 3.3088 (3.2711,3.3241) 3.8115 (3.7846, 3.8359) 4.2410 (4.2175,4.2806)

128h* on the same Brownian path and obtain the corresponding errors. We generate M = 5000 different discretized
Brownian paths over [0,7] and calculate the mean square errors at the endpoint 7. To visualize the experimental
results, we plot error eztf;,fmg against h in log-log scale.

Now, we consider the following stochastic rough Heston model with one singular point:

dSy = Sp/VedWy,

= L e (e P S AR R
Vi VO+F(7)/O(t )2 H(w(s) — AVs)d +F(7)/O(t V=l VdB,, te0,1].

where the positive arguments o and 3 take the following two cases:

e Case I: a =0.4 and 8 = 0.1,
e CaseII: « =0.6 and 5 =0.2.

The drift and diffusion functions satisfy the assumptions of Theorems 3.7. To verify the convergence rates, we choose
Vo =004, p=—-04, A=v=0.2, a=0.5, 5 =0.8 and w = 0.03 for the proposed scheme. The numerical results are
displayed in Tables 1 and 2.

Monte Carlo (M.C.) simulations are a powerful tool for solving SDEs, especially when dealing with singularities or
complex systems. M.C. used to generate correlated random variables by the relation (1.2). We generate a large number
of random samples 10* simulations, to approximate the solution of the SDE, which typically includes computing the
average of the results from the random paths to approximate the solution [6, 26].

(4.2)

(&)
EIE
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5. CONCLUSION

In this paper, we examine the existence and uniqueness of the numerical solution for the stochastic Heston model
with a singular point under the global Lipschitz condition and the linear growth condition. In addition, we succeed
in extracting the convergence ratio by the stochastic calculus, which depends on the values of a and 5. We tabulate
some numerical results for the convergence analysis for different step size values and several theta values. Also, we
could evaluate their correspondence option values with different kinds of strike prices. The results show that our
implementation is rough for the proposed problem.
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