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Abstract

This study explores an SEIR epidemic model, aiming to achieve rapid stabilization of infectious disease dynam-
ics. The model’s dynamic behavior is analyzed with an emphasis on both local and global stability of equilibria
using a Lyapunov function. The existence and uniqueness of the model are confirmed. The theoretical findings
are validated, and the controller’s effectiveness is illustrated through numerical simulations conducted in MAT-
LAB/Simulink.
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1. INTRODUCTION

Mathematical models are essential for developing preventive and control measures against epidemics. Research
conducted by numerous scholars has established a robust scientific foundation for mitigating disease transmission
through various protective measures, such as timely vaccination, mask-wearing [13], avoiding crowded areas [31], and
voluntary quarantine [10]. By enhancing social awareness and decreasing individual infectivity, the spread of diseases
can be significantly reduced. For example, Julien Arino and colleagues have developed a novel SEIAR model for
influenza control through vaccination and antiviral treatment [4]. Similarly, Abbasi et al. introduced a prototype of
SQEIAR models that focus on disease reduction through quarantine and optimal treatment of infected individuals,
assuming balanced birth and death rates [1].

While complex models can correctly foretell the progression of an epidemic, simpler models are often more effective
for forecasting the early stages of an epidemic. Nonetheless, all these models depend on predetermined factors related
to infectivity during the latent period. In fact, factors like temperature and individual variations introduce random
disturbances [18, 19, 32], which must be considered in disease spread prediction and control. Therefore, applying
fractional order analysis to epidemic models is of significant practical importance. Some researchers have developed
adequate conditions for the existence of global positive solutions by forming suitable Lyapunov functions [9].

This paper mainly aims to define local and global stability at equilibrium points and control the spread of epidemics
under certain conditions. In section 1, a SEIR model is formulated as a fractional-order SEIR model. Section 2 explores
the existence and uniqueness of positive solutions. Section 3 addresses the positivity of the invariant region. Section
4 defines local equilibrium stability and explains the basic reproductive number using the next-generation method.
Section 5 explores global equilibrium stability through the construction of Lyapunov functions. Section 6 delves into
parameter sensitivity. Section 7 explores the PRCC test for parameters. Section 8 outlines numerical schemes and
simulations using MATLAB. The paper concludes with a summary and references.
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2. BACKGROUND MATERIAL
Definition 2.1. The fractional integral of order & for a function Z°(t) in Atangan-Baleanu-Caputo (ABC) sense is
detailed as [3]:

_ 1-% 1 ¢ .
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Definition 2.2. The fractional derivative of order & for a function Z(t) in Atangan-Baleanu-Caputo sense is detailed
as [3]:

) =[5 ]o) [ |- 2220072 g (22)

Consider £ in the semi open interval (0, 1], t in the range t > 0, and t < co, and let Z be a differentiable function
on [0,00) such that 27 € L'(0,00). The Mittag-Leffler function Eg is defined as Eg(t) = Y oo, m The
normalization function ¢(#) satisfies ¢(0) = ¢(1) = 1.

Definition 2.3. When applying the Laplace transform to the derivative of a function .4#'(t) in the Atangana-Baleanu-
Caputo (ABC) sense, it is expressed as follows [3]:

c[ ABCD?M(O)] — (s7(1— 2) + 2) A D)T LN ()] — H(2)s7 (). (2:3)

3. FORMULATION OF MODEL

Assuming lifelong immunity following vaccination and that infected individuals initially transition into a less in-
fectious inactive phase [1, 4, 23], our focus is exclusively on addressing the model, excluding asymptomatic cases.
The epidemiological model is defined as A(t) = {S(t),E(t), Z(t), R(1)}, where S(t), E(t),Z(t) and R(t) are susceptible,
exposed, infected and recovered respectively. The model is detailed below:

S(t) = =SHEEWM) + (1 = d)I(t)s — (m + o) +11,
EM) = [¢€8(1) — (0 + q1 +n2)|E() + S(OZ(Y)(1 — d)s,
Z(t) = (0 + O + @) Z(H) + n (),

R(t) = —oR(t) + n1S(t) + 2 (1) + @2 Z(1).

(3.1)

4. ABC DERIVATIVE FOR SEIR MODEL

This segment is used to transform the non-linear mathematical model (3.1) into an ABC fractional derivative model.
This involves employing the Atangana—Baleanu fractional operator in the Caputo sense to examine the fractional
dynamics of model (3.1):

ABCDIS(t) = —S(H)[sE(L) + (1 — d)Z(t)s — (ny + 0)] + 11,
ABCDYE(t) = [c€S(H) — (0 + q1 + n2)]E(H) + S(HZ(H)(1 — d)s,
ABCDIT(t) = —(0 + O + 2)Z(t) + @i E(Y),

ABCDIR(t) = —oR(t) + n1S(t) + no&(t) + gZ(t).

(4.1)

To begin with, in order to validate the biological relevance of model (4.1), we will first verify the existence and
uniqueness of the solution. Additionally, we will explore the positively invariant region and ensure that the solution
remains non-negative within Ri

¢:={(S,,I,R) e R}|S,&,T,R > 0}. (4.2)

We will utilize this condition in the following three sections.

(&)
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TABLE 1. Explanation of the parameters specified in model (3.1).

| Parameters || Overview

S(0) Total susceptible persons at initial point

£(0) Total exposed persons at initial point

Z(0) Total infection persons at initial point

R(0) Total recovered persons at initial point
II Population growth rate
o Pace of mortality due to natural causes
(C] Coefficient for disease-induced mortality
ni Vaccination pace for susceptible persons
ng Pace of vaccination for exposed persons
S The average rate of contact during infection
13 Factor reducing the rate of inactive infection
d Decrease in infectivity due to quarantine, isolation, and other interventions

EEW)+ (1 —d)Z(t) Count of currently infectious individuals

¢ Transition pace from the inactive state to the infectious state
Q2 Transition pace from the infectious state to the recovered state

5. NONLINEAR FRACTIONAL DES INCLUDING MITTAG-LEFFLER (M-L) NON-SINGULAR KERNELS
Let’s examine a fractional initial-value problem (IVP) described as follows [6]:

{ABCD?u(t) = V(tu(t), 0<t<oo, 0<T<oot<q, 5.1)

u(0) = up.

Given 0 < 1 < 1, and B¢ Du(t) represents the Atangana-Baleanu-Caputo fractional derivative of u(t) represented in
Equation (2.2). Next, we will formulate the existence and uniqueness of solutions for the new fractional differential
equation.

5.1. Existence and Uniqueness. In this section, we will explore the ”existence and uniqueness of the model” defined
by system (4.1). The theorem outlined below will play a crucial role in this analysis.

Theorem 5.1. A distinctive solution for a time-fractional differential equation over Ri is attainable by using the
inverse Laplace transform and the convolution theorem [27],i.e.

ABC Dil(1) = 8(1), (5.2)
is stated as

w(t) = (@(m) ™" [(L—n)é(b) +n(1“(77))_1/015(l)(f—l)"_ldl]- (5.3)

Subsequently, we utilize Theorem 5.1 to derive the Volterra-type integral equation corresponding to (4.1):

=5(0) +S(t) = ﬁ(l - (Fi(t,8)) +1n F(Tl)1¢(71) fot Fi(l,8)(t - l)nil dl,

—E(0) +E() = 5A5(1 = m(Fa(t.€)) + 1| sty | o Fall €)(2 — )" dl, -

—Z(0) + Z(t) = 5551 = M) (F5(4 D) + 1 | w557 | Jo Fs(LD)(E— D"~ dl,

—R(0) + R() = 55 (1 = n)(Fu(t, R)) + 1 {W} Jy Fa(l,R)(t — )7~V dl,
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where
Fi(t,8) = = SH)[€€(t) + (1 = d)Z(t)s — (m +o)] + 11,
Fy(4,€) =[c£8(t) — (0 + g1 + n2)]E() + SO (H)(1 — d)s, 55)
F3(t,7) = — (0 + © 4 q2)Z(t) + 1 £(Y), .
Fy(t, R) = — oR(t) + n1S(t) + na&(t) + ¢ Z(1).
We will demonstrate that the kernels F.,c = 1,2, 3,4 meet the Lipschitz condition. Let S, ,E,&,1,.#,
and R, Z be bounded functions in a manner such that
max{S, S, E, 81,9, R, %} < A.
For Fi(t,S) and F}(t,.7), the following inequality is satisfied:
IF1(t,S) = Fi(t, )| =l = <(§€ + (1 = d)I)(S = ) = (0 +n1)(S = )|
<[ =s€€+ A =d)(S =2+ = (0 +n1)(S =)l (5.:6)

=c(§ll€lloc + (1 = )||IZ|o)[|S = |
=4 | ‘S - ,5””7
where A1 = ¢(&]|€]|oc + (1 — d)||Z]|o0), ||€]lcc = sup|€|, and ||Z||cc = sup|Z|. Therefore, we will demonstrate that
Fi(t,S) meets the Lipschitz condition as stated in Theorem 5.1. The general Lipschitz condition is described in
Assumption 1 of [7]. Using a similar approach, we will examine the following inequalities to establish this:
1F2(t,8) — Fa(t, &)]| <Aql[€ — &),
[[Fu(t, R) — Fu(t, Z)|| =A4||R — Z]|.
Here Ao = ||S]|ocsé + 0 + q1 + 12, As = 0 + v+ g2, and Ay = 0. Therefore, the Lipschitz condition is also fulfilled
by the kernel F, for ¢ = 2,3,4. In addition, F, for ¢ = 2,3,4 are reduced if 0 < A, < 1, ¢ = 2, 3,4. Additionally, the

existence of a solution to (4.1) is examined using the fixed-point theorem. The recursive form of (5.4) is represented
by the following formulas:

Sp(t) =——= (1 —n)(F1(t,Sp-1)) +1 -/O(f—l)”lFl(l,Spl)dl,

Ep(t) = (1 — ) (Fa(t.Ep1)) + 7 / (= 1) Fy(l, &y )l

Ip(t) =——= (1 =) (Fs(t, Zp-1)) + 7

t
/ (= )" Ry (1, T, )i,

d(mT(n) ] Jo
1 1 ¢ n—1
Rp(t) Zm(l—ﬁ)(Fdf,Rp—l))*'W W]/O(f—l) Fy(l, Rp—1)dl,

The initial conditions for (5.8) are given by Sp(t) = S(0), &(t) = £(0), Zp(t) = Z(0), and Ro(t) = R(0). The
succeeding terms in (5.8) can be expressed as follows:

o(n)

D1p() = =Sp1(t) + 5p(t) = < (1 = 0) (F1(t, Sp-1) = F1(t, Sp-2))

1
o(n)

1 ¢ _— -
i qs(n)r(n)] /0“—0 (P11, 8p-1) = Fi(l, Sp-2))dl,

Do p(t) = &1 () + E(H) = ——=(1 =) (Fa(t, Ep1) — Fa(t Ep2))

1
é(n)
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1 t
| s | [ 0 ) - Fat -t (59)
1
D3, (t) = —Zp1(t) + L, (t) = W(l —n)(F3(t, Zp-1) — F5(t, Zp—2))
. 1 .
+1 ¢(77)F(77)] /0 (t— 0" Y F3(1,Ty—1) — F3(1,Z,—2))dl,
1
Pyp(t) = —Rp-1(H) + Rp(t) = 50 (L= n)(Fa(t, Rp—1) — Fu(t, Rp-2))
- . .
1| s | 6 0 R - Bl Ry
and thus, we have -
P P
)= ®i (1), Ep(t) = Do (V),
;:1 Czl (5.10)
= D3.(1), Rp(t) =) Puc(t).
c=1 c=1
To find the norm of both sides of (5.9), we employ (5.6) and (5.7), yielding the following results:
1 1]
|1, ()] S(l—n)wﬁﬂ\@mflllﬂ? ST Al/o @151 (]| (=" HdL,
1 : ] ¢
|| @2, (4)]] S(lfn)Wn)AzH@z,p—llH?? ST Az/o @251 (D)]|(t = 1) HdL,
1 : ] ¢
|| @35 (4)]] S(lffl)mAgl\@s,p—llHn ST As/O @351 (D)]| (= 1) dL,
1 : ] ¢
|| ®a,p (D] <(1 —U)WMH‘M@AII 1 SeIT A4/O @41 (DIt = )" dl.
Next, we will introduce the following theorem: ]
Theorem 5.2. Model (4.1) possesses a sole outcome if there exists a tyqq such that
Ay A,
l—np)—t ¢ ¢ 1, =1,2,3,4. 5.11
=g + S Gy < € 11

Proof. Assume that S(t), £(t), Z(t), and R(t) are bounded functions. From the previous proof, these functions meet

the Lipschitz condition. Given (5.11) and using the principle of successive approximations, the following inequalities
hold:

D

|<I>1,p(t)|g||50||(( (n))A1+¢(§;7A1 )

02, (¢ |<||50||< — A MZ )

¢ n))A o t"A (5.12)
[t |<||Io|( qj]]) o )
94,0 <||Ro||( i Bay ‘"A“)

(=)=
E)NE
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To establish that (5.4) represents the solution of (4.1), we have demonstrated the existence and smoothness of (5.10)
by ensuring that |®; ,(t)| approches to zero for ¢ =1,2,...,7 as t = t;,45. Let us proceed with the assumption that

=5(0) +S(t) = — Y1,(t) + Sp(1),
—E(0) + E(t) = — Yo, (1) + (1),
—Z(0) + Z(t) = — Y3,(t) + Z(1), (5.13)
R(0) + R(t) = — Ya, () + T, (1).

In this context, Y. ,(t) for ¢ = 1,2, 3,4 denotes the residual expressions of the series solutions. Each residual expression
Y. »(t) is associated with a norm defined as:

1- 1 ¢
Yi,(0)] < Fi(t,S) — Fi(t,S,_ +{} / Fi(1,8) = Fi(l, Sp_1)||(t = 1)"tdl
Y1 (9 < pr )II 1(t,S) — Fi(t, Sp-a)| st ™/ 11 (1, 8) = Fu( DII(t=1)
(5.14)
<lIs = Spaall (1=n+ 577 ) 37
- " L(n)) é(n)
By applying an iterative approach to inequality (5.14), at t = t;ax, we achieve
AnJrlM

i, < -+ m”) —_— 5.15
170l < (1 g+ e ) S5 (5.15)

We establish that || Y7, (t)|| tends to zero as n approches to co. By employing a nearly identical method, we also find
that || Y; »(t)|] tends to 0 for i = 2,3,4. Therefore, functions that satisfy (5.4) are solutions to (4.1), confirming the
uniqueness of the solution for model (4.1). Let S(t), E(t), I(t) and R(t) represent another set of solutions for model
(4.1). Then, the following equation holds:

~S* () +S(1) = mesw+muﬁ>%”Onﬁhnnwm@sw+maﬁmL (5.16)

1—
¢(n) ¢(ml
Applying the ||.|| to both sides of (5.16) using the same method as in (5.10) and (5.12), we obtain

. (1 —U)A1 _ (AVANY .
(1 o(n) ¢(n)F(n)) =8O +sOll <0. (5.17)

We confirm that for t = t,,,,., we have

. (1 — 77)A1 . anl
<1 o) wmnm)>0

According to this theorem, || —S*(t)+S(t)|| = 0, which gives that S(t) = S*(t). Similarly, by following this procedure,
which gives us £(t) = £*(t), Z(t) = Z*(t), and R(t) = R*(t). This concludes the proof of the existence and uniqueness
of the solution (4.1). O

6. REGION OF POSITIVITY INVARIANCE

In this section, our goal is to examine the boundary values of solutions A = (S,€,Z,R) for the set of equations in
(4.1) under non-decreasing preliminary conditions. We will show the existence of a positively invariant feasible region
in Ri concerning model (4.1). To achieve this, we introduce the subsequent theorem:

Theorem 6.1. Let us assume that

FO=E®)+Z(H)+R>EH) +S(1),

_ . 11
g_{A(t)eR+.O<N§U+n1}.

Then the set ¢ is a closed and positively invariant set for (4.1).
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Proof. We have verified that F(t) represents the total population. Computing fractional derivative in ABC sense at
n € (0,1], we acquire:

ABCDIF(t) = I1 — o F(t) — OZ(Y). (6.1)
Implementing Laplace transform [8] to mathematical expression (6.1), the following outcomes are derived:

LI AFCDY(F(1)] = L[~ o F(t) — OZ(1)]

< ‘C[H - U‘F(t)]a
¢(n)s"F(s) T ¢(n)s" ' F(0)
eraf(s)g;er. (6.2)

Rewriting (6.2) about F(s), which is the Laplace transform of { F(t)(s)} and where F(0) denotes preliminary condition,
leads us to the following expression:

s[5 — (" = 1] + 6(n)s"*F(0)

F(s) < o[s" —n(s" = 1)] + s7¢(n)
Therefore,
F(s) < s~ [s" — (s — 1)] ¢(n)s" 1 F(0)

[¢(n) + 1 —nols?+no ~ [¢(n) + 1N —nols? +no

S N
¢(n) —no+o s+ sortote ¢(n) —no+o) 8"+ ot |

Employ the £~ to each side of the above equation, We derive the subsequent set of inequalities:

70 = (e )P (Gt —e) * (srto—e) oo (sardo ) ©9

The Mittag-Lefller function with two variables, where G > 0 and H > 0, is characterized by the following definition:

Y7
Egu(Y)=) GiiH

Laplace transform of this function is
§G—H

t" 1 Eg 7 (019 = :
L] g.F(Ft7] = =

Given that s > |[v|&. Mittag-Leffler function is described by [11] as follows:

1 [Egn-g(Y)I(H—-G)—1
E Y)=— : 6.4
o) = 3| P22l (6.4
The publication [16] outlines the asymptotic characteristics of the Mittag-Leffler function as follows:
: Yy-J : Hm
E Y)Y — 4+ O(Y71), Y] = 00, — < |argY| < . 6.5
w0~ 3 gy + O Y] = 00, 55 < fargY | <7 (65)

Referring to Equations (6.3) and (6.4), and considering the convergence behavior outlined by the Mittag-Leffler
equation (6.5), as t approaches infinity, it becomes apparent that A/(t) is bounded above by % Consequently, the set
¢ can be regarded as positively invariant within the context of system (4.1). |

6.1. Stability characteristics of stable points. Here, we are going to examine the local stability of the stable
points, referencing appropriate sources [15, 20, 24] for stability analysis. To evaluate the stability characteristics of the
stable points, we first need to identify these stable points. The model (4.1) presents two stable points: the infection-free
stable point (IFSP) and the endemic stable point (ESP).

an

BE
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6.2. Infection-free stable point. Setting the R.H.S. of the mathematical expressions given in (4.1) equal to zero,
we obtain the infection-free stable point (Dy), written as follows:

1I 1I
Df = (vagfaIfaRf) = <$,07070'.T> ’

where © = o + ny. By applying the next-generation matrix method [12], we calculated the basic reproductive number
B, for the system defined by the equations in (4.1) as follows:

[—[c€€+ (1 —d)sZ] —<SE —cS +Sd

Fp, = | €€+ (1 —d)Is ¢SE  S(1-4d) |,
i 0 0 0
-O' + ny 0 0

Yp,=1| 0 o+ q1+no 0 ; (6.6)
| 0 -0 o+0+q
-1

1 o+niy (1) 0

7/Df = 0 U+qq11+n2 ? )

L 0 (0+q1+n2)(0+O+q2) 0+O+g2

B, is stated as the maximum eigenvalue of the matrix (p, ngl) and is obtained when

p _ My +a(-d)
T ;L'yz b)

where

r=0+ny, y=0+0+q, z=04q + no.
Lemma 6.2. The infection-free stable point (Dy) exhibits local stability when Ry < 1; otherwise, Dy is unstable.
Proof. Configuring the L.H.S. of the mathematical expression in system (4.1) as

a' =—SH)[EE() + (1 — d)Z(t)s — (n1 + 0)] + 11,

b =[c¢S(t) — (0 + q1 +n2)]E(t) + SOZ(H)(1 — d)s,

d=—(0+0+q)I(t)+qalt).

The Jacobian matrix evaluated at Dy is expressed as

i I IIs(1—d
—(o+mn1) _U:sl _ ;(+n1))
_ , Tg(1—d
Jp; = 0 %*(U+Q1+n2) % ’
| 0 @ —(0+0+q2)
or
(e _Os¢  _Hc(1-d)
_ et * (12 a)
Jop =0 bz ST
L 0 ¢ -y
Let x = 0+ ny,y =0+ 0O+ q2, and 2z = 0 + q1 + nz. To find the eigenvalues, we solve det(A — Jp,) = 0. It is
evident that Ay = —z < 0. The remaining two eigenvalues of the system can be determined by solving det(AI — Jf)f),

as detailed below:

_(me ) _mG-d)
det(X — J;, ) = det A ( E Z> @
—q1 Aty

The characteristic equation for JBf can be expressed as:

A+ KA + Ko =0,
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where
1T
ICI =y +z—= 7§€7
T
IIcq;d  1lg
Ko =yz + % - ?(Ql + &y).

Based on the Routh-Hurwitz criteria (R-H.C) , if Xy > 0 and Ky > 0, then all eigenvalues will possess negative
real parts. Consequently, with K > 0 and Ky > 0, we can ascertain that the infection-free stable point is locally
asymptotically stable when B, < 1, and not stable when B, > 1. This finding concludes the proof. O

6.3. Endemic stable point. If B, > 1, then there will be found an endemic stable point D, such as D, =
(Sp:Eps Ly, Rp), where

11 ny 1 q1 1
Ry =— - = ){1-=].
P U|:I‘BT+Z(n2+ Y B,
Lemma 6.3. The system represented by D), reveals local asymptotic stability whether B, > 1 and not stable if B, < 1.

Proof. The Jacobian matrix computed at D,, is formulated as:

[_zyzB. . _O¢  (A=d)lg
II xB,. zB,.
JDp = %FP" 91;[7];? B (1;]‘;):_[@ ’
i 0 q -y
or
[—J1 — Js —J3 —Jy
Jp, = J1 J3—J5  Ji |,
i 0 Js —J7
where
J1:%BT, ngx, J3=£;§, J4:(1x7_gzng’ J5:Z, Jﬁqu, J7:y.

To determine the eigenvalues, we solve the characteristic equation det(J/p, — AI) = 0, with Jp  representing the
Jacobian matrix. Hence,

A4+ CoN? + CiA+ Cy = 0,

where
_ayzB,  TIgg
Cy = i +xBT+x+y+Zv
2 2 2.2 2¢2
wy’2B, | wyz’B, T Tz  Tegi  Tely Tig¢ A% Tledz  Tsq

C) = - T B, B -

1 =2y +yz+rz+ I + I + a2B,2 + B, + zB, =B, B,  22B,> xRy zB,’

xy%22B, IIg

Co = yT + 2¢q1dyz + xyz — ny (y+a1) — 25q1yz.

Using the R-H.C, when C; > 0, Cy > 0, and C1Cy > (Y, all eigenvalues exhibit negative real parts. With these
conditions satisfied, if B, > 1, then the endemic stable point is deemed locally asymptotically stable, while if B, < 1,
it is unstable. This completes the proof. O

(=)=
E)NE
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6.4. Global stability.
Lemma 6.4. If B, <1, then the infection-free stable point Dy is globally asymptotically stable.

Proof. Taking into account the Lyapunov function [5] defined in Ri, it is expressed as follows:

Lp,(S,&,I,R) = S <“ng —In (;) - 1) +E+ qilz. (6.7)

By implementing the ABC fractional time derivative on each side of the mathematical expression (6.7) yields

S
A DULp,) = (1= 5 ) ADYS) + ADYE) + 2 DY)

Utilize (4.1), we have

S
ABC DLy, ) =T — 28 — gf[n —S(EE+ (1 - d)T) — 28] — %1
1
11s
= 28— L 4 SpeE+(1—a1) - L1
S gl
I1S; Sy Yz
=—a5 - —= B, — =T
T S + xyz ( S ) «
II
< 2555 p VEp
N q1
It is evident that ABCD?(IL p;) < 0. We conclude that the infection-free stable point Dy is globally asymptotically
stable. O

Lemma 6.5. If B, > 1, then the endemic stable point D,, is globally asymptotically stable.

Proof. Let’s examine the Lyapunov function defined on ]Ri:

Lp, =p1 S—Sp—Spln£ + p2 5—5p—5p1n£ + p3 I—If—Ifln£ + pa ’R—Rf—RflnE , (6.8)
! Sp Ep 1y Ry
where
1 B, —1 1 1
PL= "~ P27 y P3 =, P4 =
x z Yy o
The ABC fractional time derivative of (6.8) derived as:

S &
A DULp,) = pr (1= 52) DY) + 2 (1- ) 4 Dice)

T R
o (1-2) 2D + 0 (1- 52 ) 4D1(R)

(6.9)
S &
=p1 (1 - 5{’) (I - ¢S(EE+ (1 —d)T — z8)) + p2 (1 - ;) (cS(EE+ (1 —d)T — 28))
Z, Rp
+p3(1- T (1€ —yI)+ pa 1—% (M1 S +n2€ + 2T — oR).
Exerting the endemic conditions as
I — ¢85, (€& + (1 — d)T,) = xS,
$Sp(€&p + (1 = d)I,) = 2Ep,
‘hgp =y,
n18p + ngé’p + C]QIP = O'Rp.
an
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Sensitivity Analysis

123 456 7 8 910

Parameters

(1 - P) (28, — 8) + <Brz 1) (2, — 2E)

L)
x S
1/ & 1 R,
—I—y(l—g)(yIp—yI)—l—U(l—R)(URP—UR)
Sp

L S-SP €8P, ) @-LP (R-R
N S £ " 7 R '
Clearly, “B¢DJ(L p,) < 0. Therefore, the endemic stable point D), is globally asymptotically stable. O

7. SENSITIVITY ANALYSIS

Conducting sensitivity analysis is crucial for assessing how the variable B,. responds to changes in model parameters.
This analysis helps pinpoint which parameters of B, significantly influence observed outcomes.

7.1. Definition (Normalized forward sensitivity index). The normalized forward sensitivity index of B, regards
to the defined parameter II is given by [12],

si= () (7).

In order to assess sensitivity indices, various methodologies can be employed, including the linearization method, Latin
hypercube sampling, and the direct differentiation method. The outcomes from each approach can be analyzed to
understand the system’s sensitivity. In this study, we specifically employed the direct differentiation method. These
sensitivity indices offer insights about which parameters positively or negatively impact the system, which in turn helps
in formulating effective disease management policies. In Table 1, it is observed that ¢, 11, £, and ¢ positively influence
B,., as indicated. Conversely, 0,0, ¢2,d,n1, and no have a negative impact on B,. Changes in these parameter
values lead to either an increase or a decrease in B,. For instance, a 10% increase in these parameters results in
approximately 9.99%, 10%, 0.0523%, 7.1795% increase in B,., as shown in Table 1. Conversely, there is an approximate
decrease of 17.4058%, 0.1408%, 3.5081%, 9.948%, 6.1582%, 10% in the value of B, if adjustments are made to the indices
for parameters Se, Sn,; Snss S, Sqys So-

(=)=
E)NE
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TABLE 2. Sensitivity Results.

Parameters | S.index Values Parameters | S.index Values
S S 0.9984525824 1I St 0.9999999990
13 Se 0.005231744158 o Sy -1.740577486
(C] Se -0.01408450704 q1 Sq, 0.7179594473
Q2 Sga -0.3508133672 d Sy -0.9947682551
ny Sh, -0.6158277582 No Sha 0

FIGURE 1. (a)Behaviour of B, against ¢; and ¢z, (b) Behaviour of B, against ns and ©.

A

FIGURE 2. (a)Behaviour of B, against g2 and ng, (b) Behaviour of B, against © and II.

8. PRCC TEST

To explore the relationships among the parameters of (4.1), Latin hypercube sampling (LHS) is utilized, a method
for creating random parameter sets that comprehensively sample the variable space [2, 22, 28]. We analyzed the
an
BE
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na

FIGURE 3. (a)Behaviour of B, against d and ¢, (b)Behaviour of B, against ns and ¢;.

FIGURE 4. (a) Behaviour of B, against d and ¢o, (b)Behaviour of B, against ¢ and &.

uncertainty in model parameters using LHS sampling in conjunction with partial rank correlation coefficients (PRCCs)
[25].

Each uncertain variable is assumed to follow a uniform distribution whitin a certain range, usually £30% of its
reference point. A LHS analysis was performed by drawing 1000 random samples from these parameter distributions.
Afterwards, PRCCs were computed for each of the specified parameters (I, &, , 0,7, d, q1, g2, n1, n2) in relation to the
outcome variable, the (B,). The direction of the PRCCs signifies whether changes in the input parameters have a
positive or negative impact on the related output variable. The most significant variables are those with PRCC results
satisfying |PRCC| > 0.4, with a negative sign indicating an inverse relationship. A correlation between the output
variable and the input variables is considered moderate if 0.2 < |[PRCC| < 0.4, and weak otherwise [26]. Figure 7
highlights that the parameters “Il, ¢, n1, g1, n2, ¢2” have a major consequence on the outcome function, specifically the
reproduction number (B;).

Conversely, the parameters “¢,d, 0, ©” demonstrate an insignificant impact on B,.. Contagion rate (<) is a principal
factors that contribute to inflation in B,.. Variables that result in a decrease in B, include the proportion of exposed

(=)=
E)NE
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FIGURE 6. (a)Behaviour of B, against ny and ¢, (b)Behaviour of B, against ¢; and .

individuals developing infections (&), the restoration frequency of infectious individuals (g2), the death frequency of
infectious individuals (o), g2 is the rate of transmission moved from infectious position to the recovered position and
vaccination rate for susceptible and exposed are (n1) and (ng), respectively.

9. NUMERICAL SCHEME FOR THE SEIR MODEL USING ATANGANA-BALEANU-CAPUTO DERIVATIVE

Let us now examine the scheme utilizing the Atangana-Baleanu-Caputo derivative (Atangana Toufik method) [27].
We will use this scheme for simulating our SEIR fractional derivative model (4.1) as follows:

k n
Spr1=So + ‘Al#(nn)wl(tp, A(ty)) + ABZ(n) ,«Zzo [h 1ip(177(€:,£r) (n=r+k+2)1—r+k)"
—2n—r+24+k)(-r+k)7) - hnwllffg‘i’;r‘l) (—(=r+k)"n—r+1+k)+ (1 —7r+k)")],

(&)
EIE



406

1-—
€p+1—£€0+m

—Cn—r+2+k)(-r+k)"

¢

Values for B
o

TABLE 3. Realistic values of parameters.
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b b b - - . 4
< £ d a ny a, n,

Parameters

4 |
e a,

F1GURE 7. PRCCs test results, demonstrate how the model parameters influence the dependence of B,..

Variables Values variables | Values
o [DFE: 0.9, EE: 0.001] S 0.0139
13 0.001 II 500
d 0.5 nq 0.5
No 0.5 © 0.02
q1 0.54 q2 0.5

Ui

1
Tps1 = To+ s

ABC(’I]) wB(tpa

—@2n—r+24+k)(—r+k)"

Rp+1 = Ro +

—Cn—r+2+k)(-r+k)") -

1—n

BC(a)

A(tp))

baltp, Ap))

Valtys Alty)) + o

W (tr, Ar)

ABC(n) i {

r=0

WMo (te—1, Ara)

I(n+2)

n

I'(n+2)

sty Ay

k
* ABCG) 2= [

r=0

_ hn?/fs (tr—la Ar—l)

I'(n+2)

Ui

T(n+2)

r=0

hnwél(tr—la A’r—l)

b They(ty, Ay)
* ABCG) 2= {

I'(n+2)

T(n+2)

10. CONCLUSIONS

(p=—r+k+2)1—r+k)"

(m—r+k+2)(L—r+k)"

(o B =4 1)+ (L)),

((n—r+k+2)L—r+k)"

(o B = 4 4R+ (L= ),

(—(—=r+ k)" p—r+1+k)+(1 -7+ k)"“)].

(9.1)

This research investigates the utilization of fractional-order derivatives employing the ABC operator, where the
fractional order is confined within the range 0 < n < 1, applied to the SEIR model. We computed the approximate

(=)=
E)NE
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FIGURE 8. Numerical solutions of the system (4.1) using fractional order ABC derivative with Sy =
357.1429, S, = 144.2357. Left: The susceptible profile S(t) for D is shown on the left side using the
ABC fractional derivative, while the susceptible profile S(t) for D,, is displayed on the right side using
the ABC fractional derivative.

Profile of Exposed Individuals Profile of Exposed Individuals
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FIGURE 9. Numerical solutions of system (4.1) utilizing fractional order ABC derivative, with £ = 0
and &£, = 410.8914. Left: The exposed profile £(t) for Dy is depicted on the left side, employing the
ABC fractional derivative, while the exposed profile £(t) for D, is presented on the right side using
the ABC fractional derivative.
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FIGURE 10. Numeric solutions for system (4.1) are obtained using a fractional order ABC derivative
with Zy = 0 and Z, = 425.8759. On the left, the infected profile Z(t) for Dy is shown utilizing the
ABC fractional derivative, while on the right, the infected profile Z(t) for D, is depicted using the
ABC fractional derivative.
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FIGURE 11. Numerical solutions for system (4.1) are obtained using a fractional-order ABC derivative
with Ry = 198.4127 and R, = 4.9050 % 10°. On the left, the recovered profile R(t) for Dy is
depicted utilizing the ABC fractional derivative, while on the right, the recovered profile R(t) for D,
is illustrated using the ABC fractional derivative.

values of B, as 0.4891 in the case of an infection-free scenario and 6.9193 for the endemic scenario. Global stability of
stable points was demonstrated by constructing a Lyapunov function. We established the existence and uniqueness of
global positive solutions. Specifically, we verified both local and global infection-free stable points for B, < 1, and the
condition for an endemic stable point is B, > 1. The utilization of fractional-order derivatives in modeling provides
improved efficiency compared to integer-order derivatives, attributed to the flexibility in selecting derivative orders
that offer an additional degree of freedom.
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