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Abstract

In this work, we obtain Noether, Lie, and Killing symmetries of the Lagrangian of the Berger metric on a squashed
three-sphere. With the help of the result of Noether’s theorem, we have presented the expressions for conservation
laws corresponding to all Noether symmetries.
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1. INTRODUCTION

In this paper, we are interested in considering a symmetry analysis and conservation laws for the Berger metric of
the squashed sphere. Assuming local coordinate (0, ,t), the Berger metric of the squashed sphere is given (in Euler
coordinates) by [11]:

4ds?® = a*(dt + cos Odip)? + df? + sin? Odi)?. (1.1)

In this expression, the squashing parameter is one, corresponding to the round sphere, where « is the radius of the
sphere, and the angles ¢ and t obey the periodic identifications ¥ — ¥ + 21, t — t + 44), while the range of 6 is [0, ¢].

Today, recent geometric studies have mainly focused on pseudo-Riemannian geometry. Conservation laws of four-
dimensional non-reductive homogeneous spaces were investigated in [6], while conformal Einstein pp-wave as quantum
solutions were considered in [14]. Particular symmetry analysis of conservation laws on pseudo-Reimannian manifolds
was also studied in several cases. Lie symmetries of the wave equation on conformally flat spaces were studied in [2].
Computation of partially invariant solutions for the Einstein Walker manifolds studied in [15]. Symmetry analysis of a
fourth-order nonlinear diffusion and the Buckmaster equation studied through [3, 19]. The invariance of the Perturbed
mKdVKS Equation was investigated in [13]. Conservation laws of a universal KP-like equation in 2 + 1 dimensions
are also considered in [1].

The purpose of this paper is to analyze the Noether, Lie, and Killing symmetries for a class of pseudo-Riemannian
spaces, namely the squashed three-sphere ones equipped with metric (1.1). We give all the possible Noether, Lie, and
Killing symmetries. After the Noether symmetries are determined, we will use a simple and essential way to determine
the conservation laws of the Euler-Lagrange equations through a corollary of the Noether theorem [16]. Of course,
this theorem depends on the availability of a Lagrangian and related Noether symmetries that keep the integral action
invariant. Recently, there has been work [8] in which the relationship of Noether symmetry with the Killing vectors
of some specific spacetimes is mentioned. In [4, 5, 7], Lie point symmetries and conservation laws are calculated. In
another article [21], the authors propose a theorem based on which the Lie symmetries of geodesic equations in a
Riemannian space depends on collineations of the metric. In the article [9], the author tries to analyze the symmetries
of the charged squashed Kaluza-Klein black hole metric.
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This paper is organized in the following way. Section 2 is devoted to obtain data about the isometries of the metric
from a study of the Noether symmetries associated with the corresponding natural Lagrangian. In section 3, we have
collected some results related to Killing vector symmetry on the spaces under consideration. In the last section, we
have presented the expressions for conservation laws corresponding to all Noether symmetries.

2. NOETHER SYMMETRY

Metric (1.1), together with some choices for the different fields of supergravity background, can be coupled to a
manifold of matter multiplets. The squashed 3-sphere appears as the spatial section of the frozen mixmaster universe
and quantum field theory is explored on this space-time [17]. The squashed sphere can be considered as a space of
harmonic spinors (the null space of the Dirac operator) on a manifold. Indeed, it is a good illustration of the fact that
the number of harmonic spinors is not a topological invariant of the manifold, but depends on the particular metric
too [18]. Homogeneously squashed sphere has been widely used in scalar quantum field theory.

The Lagrangian is practically a function that determines the dynamics (equations of motion) and symmetries of a
dynamical system. The Lagrangian function, L, for a system is defined to be the difference between the kinetic and
potential energies expressed as a function of positions and velocities. Let M is a Riemannian manifold with dimension

n, equipped with the g metric. In a local coordinate x = (z?,...,2™"), the corresponding Lagrangian for metric (1.1)
is obtained using the following formula
L(s,z*,2") = Zgw(a:)g'c”g'c”, v =1 4, (2.1)
W,V

where g, (x) is a smooth function and (g,.(x)) is a positive definite matrix. Hence, the Lagrangian for metric (1.1)
is

1 . . 1. 1 .
L= zaQ(t + cos )% + 192 + i sin 0242, (2.2)
where the dot represents the derivative with respect to arc length s. First, we will determine Lie symmetries, and

then discuss Noether symmetries. The Euler-Lagrange (geodesic) equations associated with the natural Lagrangian
for metric (1.1) are

[

%(—f+ sin 00¢) — cos 1)) = 0,

1 . . . . ..

i(fa2 (t — cos 1)) sin 3 + sinf cos A(x))? — 6) = 0, (2.3)
70,2 . 7&2 . a2 . . .o a2 1 .

—5 cos ot — (T sin @ cos 0 — ?(t — cos 01)) sin 6 + sin 6 cos 01))0 — (? cos® 0 + 3 sin? 0)¢p = 0.

A generator of Lie symmetry as a Lie group of transformation keeps the system invariant. Calculations in the Lie
point symmetries method for (2.3) create a system of partial differential equations which the total number of these
equations is 68. After solving the obtained equations, the basis of Lie point symmetries for squashed three-sphere is
three-dimensional, with the following bases:

vi =0, va = Oy, vy = 0. (2.4)
We show that notifications about metric isometries can be fully recovered by studying the Noether symmetries related
to the corresponding natural Lagrangian, L. In general, in a local coordinate x = (z!, 22, - ,2") assume that
v =¢&(s,x)0s + Z N (s,%x)0pv, (2.5)
v

is a vector field, that belongs to tangent space Tx M. The expression
vil=v + Z (77”8 + 0t — s — 5,39'5“9'5”) Opv, (2.6)
14

(=)=
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is the first prolongation of the vector field (2.5) (see [12]). In this case, v is a Noether symmetry of the Lagrangian L,
if there exists a gauge function, A(s,x), such that

vlUL + (D4¢)L = D, A, (2.7)
where

Dy=0s+ Y it 0. (2.8)

12

Using Eq. (2.8), a system of PDEs is obtained by solving which we determine the coefficients of the infinitesimal
generators (2.5) (see [5]).

In case the squashed sphere of dimension three equipped with metric (1.1), DsA = 0. According to (2.5), the
correspondence vector field of Lagrangian (2.2) is

v= E(sa 97 1/17 t)as + T(Sa 0; 711, t)at + 77(37 03 'l/}a t)aG + C(Sa 03 7/13 t)aw' (29)

The first prolongation of Eq. (2.9) is as
vl = v+ (u + Tyth + 90 + Tt — [55 + Epth + €O + gtt} i) 0;
- (ns + 1yt + 166 + et — [gs + €yt + Eof + Ett} é) ;
¥ (cs G+ Gl + G — [és T ey + ol + sti} w) 9, (2.10)

which is obtained from formula (2.6), then substituting Lagrangian (2.2), and first prolonged vector field (2.10),
into Eq. (2.7) assuming A(s,0*) = 0, we find the following system of 20 partial differential equations:

1 1 1 1 1
_thaz == Zfeaz = —5(1259 cost = —fs = —th = —159
I D Pt 1 g 1 1 1
= 451/1 = 2“ £t cost 4€wa = 2773 fo= 2779 453
1

1 1 1 1 1
=— 2t + 5Ct&2 cos 0 + QaQTt = wa cos? ) — Z&/,aQ cos® 6 — ng,

—

1 1 1 1
=+ -+ 5(1279 + 5{9(12 cosf = —f; + 51127'5 + §C3a2 cos 0

)

1 1
=— =& — Z§9a2 cos® 0 + ng cos? 0

—

1 1 1
=— —&a%cos? 6 — th — 5‘12&!} cosf + th cos? 0

—

1 1 1 1
=+ 5(1279 cos f — 5@9 cos? 0 + 5(12 cos? 0Co + inw + 5{9
— — fu+ 2a%ry 080+ 5o + 5a%C, cos? § — £, cos? 6
=~ fy + 5a’Tscos 5Gs + 5a7Cs cos 5 Gs cos
1 1 1 1 1 1 1 1
=_ 561255 cosf — 5@ cos® 0 + ijaQ cosf + §na2 sin 6 + §§ta2 cos® 0 + 5@} + §a27't cos 6 + §Twa2
1 1 1 1 1
= — ng + 5@1 - 561277 cosfsinf — 2 cos? 0Cy + 57’,/,(12 cosf
1 1 1 1
—ngaQ cos? 6 + ig’wa2 cos® 0 + 37 cosfsinf + 155 cos?6 = 0.



1120 Y. ARYANEJAD AND M. PADIZ FOUMANI

Solving this system of equations gives us the Noether symmetries Lie group associated with the Berger metric (1.1)
possesses a Lie algebra generated by (2.6), whose coefficients are as the follows:

§=0Cn,

n = Cssiny + Cycos v,
—C3cosy + Cysiny

T:

S +Gs, (2.11)
= Cscosyp — Cysinyp N
tan 6
f=0Cy,

where C; € R, i = 1,...,6. Now, we can find the Noether symmetries of metric (1.1). The infinitesimal generator of
Noether symmetries associated with the Berger metric (1.1) has five dimensions with the following bases

V] = (95,

vy 1= Oy,

V3 1= 8t7

i (2.12)
Vy = —Co.bdjat + Sinwae + M’
sin 6 sin 6
V5 = Sll?wat -+ cos wae + M,
sin 0 sin 6

It should be noted that v is not a Killing vector, and {vs, v3, v4, v5} form the basis of a decomposable four-dimensional
Lie algebra g of isometries as su(2, R) x u(1). There exists a basis {1, -5} of g such that the non-zero Lie brackets
are

[01,03] =04,  [V1,04] = =03, [U3,94] = V1.

Using the Lie algebra structure g, it is possible to study the geometric concepts (such as curvature concepts) of this
space algebraically and independent of the coordinates.

3. KILLING VECTOR SYMMETRY

Let M be an n-dimensional pseudo-Riemannian manifold with metric g. Geodesic equations as local space-time

coordinates § = (',...,0™), construct a system of nonlinear second-order ODEs
6"+ T%.60,6, =0, 1<i<n, (3.1)
3k

in which 1"; i represents the Christoffel elements and “-” shows derivative concerning arc length s. Assume the nonlinear
second-order system of n ODEs (3.1) as follows:

Si(s,0,0M 02 =0, 1<i<n, (3.2)

where (V) 1 < t <2, is the t-th order derivative concerning s. Assume that the action of a one-parameter Lie group
of transformations on the space (s,0) is given as the following relation:

S s+ €(s,0), 0% — 0° + en’(s,0), (3.3)
where 8 =1,2,...,n, with associated infinitesimal generator
v =0(5,0)0:+ Y _ o 0. (3.4)
B
The second-order prolongation of vector field (3.4) is given by
(21 — B 1) B (2)
v —v—i—; [go,(l)(s,ﬁﬁ Vs + Pz (5:0,.,02)0ys |, (3.5)

(=)=
E)NE



CMDE Vol. 13, No. 4, 2025, pp. 1117-1124 1121

TABLE 1. Killing Lie algebra for metric (1.1).

[0;,9;] | 91 2 U3 U
9 0 0 0 n
9% |0 0 0 o0
9% |0 0 0 o0
9. |-0, 0 0 0
where
B _ B B B8 _ B B
¢ ) = Do o) =0 1)Do, ¢l2) = Dy ) =05 Do, (3.6)

are the prolongation coefficients, and w%o) = p(s,0), and D is the total derivative operator.
If the system (3.2) has the invariance condition under the one-parameter Lie group of transformations (3.3) then
we have the invariance criteria [10]. Therefore, the vector field v is a Killing vector symmetry of (3.2) iff

V[Q]Si|3i:0 =0. (3.7)

Solving (3.7), we obtain the determining equations as a system of partial differential equations. If these determining
equations have solutions, then these solutions will be the Killing vector symmetry of (3.2).

Theorem 3.1. The infinitesimal generators of Killing vector symmetry regarding Eq. (1.1) are four-dimensional, with
the following bases:

’191 :83, 192 = (91/,, 193 = (915, 194 = 385.

Proof. The non-zero elements of the Christoffel symbols regarding to the metric (1.1) are

1
FZ}M} =-T% = =(a®—1)sinf cosb,

oA X (3.8)
T4y = —T = —Thy, = ga’sinf.
Replace the non-zero components (3.8) in (3.1). We earn the folloing geodesic equations for the metric (1.1):
Sy =6 + i(a2 — 1)t sin 0 cos 0 + ia%/}t' sin 6,
Sy =1 — %(aZ —1)04)sinf cos  — icﬁéfi sinf, (3.9)

Sy =t — iazéd} sin 6.
According to (3.4), the infinitesimal generator corresponding to the Killing vector symmetry of the system will be:
v =£&(5,0,0, )05 + 1" (5,0,1,4)05 + n°(5,0,0,1)dy + n° (5, 0,1, 1)0;. (3.10)
Applying the prolongation Equation (3.5) and also, the invariance condition (3.7), we have
§=Cis+Cy, 7' =0, n*=Cy 1°=0Cs

We find Killing vector symmetries. O

The infinitesimal generators of Killing vector symmetry associated with metric (1.1) satisfy the following commu-
tator tables:
oG
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4. CONSERVATION LAW REGARDING TO EqQ. (1.1)
A conservation law corresponding to a given system of differential equations is an expression
Divp =0,
which becomes zero for all solutions u = f(z) of the system. Here Div is divergence and

P = (pl(‘r’u(n))v e 7pm(xau(n)))a

is an m-tuple of smooth functions of 6, u. Let
m q
X = & (x,u)dp + Y b(w,u)dus,
i=1 j=1

is an infinitesimal generator for Noether symmetries and

m

Qa(x7u) = (ba - Z iu?7
i=1
the corresponding characteristic of X. By Noether’s theorem, @ = (Q1,--- ,Qq) is the characteristic of conservation
law for E(L) = 0; namely
Divp = Q.E(L),
is a conservation law for E(L) = 0. Section 2 states Noether symmetries. For arbitrary £, 7,7 and ¢ we have the
following expression for p
1

: 1 . . 1 . 1 . .
p= 5770 +¢ <2a2(t + cos 01) cos 0 + 3 sin 921/1> + 57'@2(15 + cos 6v)

1 .. ) 1.. 1 . 1. . 1 U I .
+€(4a2(t + cos O1))? — 192 + 1 sin 62)% — w(iaQ(t + cos 01)) cos 0 + 5 sin 0¢)) — ita2(t + cos 91&)).

Now, we can obtain the corresponding conservation law for each Noether symmetry. The nonzero conservation laws
for Noether symmetries are as follows:
1) For Noether symmetry infinitesimal generator Js, the expression p is

1 . . 1. 1 . /1 . . 1 . 1. . .
p zzaQ(t + cos By)? — 192 + 1 sin 6%9)? — w(2a2(t + cos 0) cos 0 + 5 sin 92w) — §ta2(t + cos 0v).
Thus, the conservation law is
1, 1,5\, 1,,. TR .
—§wa cosﬁ—iat t+ — 59 (t—l—cos@@ﬁ)smﬁw—&—ismﬁw cosf

. 1 . 1. . . . 1 AN
— w< — 5(12 sin 0 cos  — §a2(t + cos 0) sin 0 + sin Oy COSH) + 5(12 sin 91/Jt>9

1.. .1 1 1 :
— 590 + (— 1/)(5112 cos 0% + 3 sin(92) — 5(12 0059t>¢ =0.
2) For 0y, the expression p is

1 .1 . 1. 1 .
p= §a2 cos 0t + §a2 cos %) + §¢ - §a2¢ cos 6.

Thus, the conservation law is

1 . 1 . . . . 1 1 1
§a2 cos 6t + ( — §a2 sin 0t — a? sin 1) cos O + sin 1) 0059)9 + (2(12 cos 62 + 373 00592)1p =0.

3) For 0, the expression p is

(=)=
E)NE
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1, .
p= §a2(t + cos 01).
Thus, the conservation law is

1,. 1 o1 ..
—a’t — §a2 sin 010 + §a2 cos 0y = 0.

2
t 0
4) For 7(:0? vo + sin 06 + M, the expression p is
sin 6 sin 6
P=33 7 (sin 0 sin 0 + cos a® cos 0t + cos a? cos 031 + cos Y1 cos O — cos P cos 0 — cospa’t — cos wa®i cos 9) .
sin

Thus, the conservation law is

1 1 .
(2 cosa? cos 0 — 5 cos ¢a2> t

sin 0

1,1 . . .
+ ( - (f sin 10 cos 0 — cos 1) sin fa® cos Of — 3 cos 1 sin a? cos 6%
sinf ‘2 2

— % cos ) sin 6 + § cos Y cos B2 sin 6 + 1 cos a? sin 91/1)

— 192((18111’(/)9811194—*008’1/}(1 coséﬂt—i—;coswa cos 031 + = coswwcosﬁ—fcoswz/)cos@)’
in

1 1 . 1 2
— icoswa t— icoswa 1/)0089) COSH))6‘—|— §smw9+ m(( cos Pl sind — = smt/)a cos 0“t

1 .1 . 1 . 1 .
— isimz/Ja2 cos 034 — fsinwz/}cose—i— §Sin1/)wcose3 + §Sin1/1a t+ §sin¢a wcose)z/))

L 1 1 1 )
+m(( cos pa” cos 0 + 50051&0050—50081/100893—5(;051/)ct200549)1p):07

sin w& sin 1 cos 0y
sin si

5) For + cos 00 + 7 , the expression p is
in

p= ( cos 1 sin § — sin a® cos #%f — sin a® cos 03¢ — sin WL cos

2sin 6
+ sin 1) cos 02 + sin a’t + sin a’e) cos 9) .
Thus, the conservation law is

1 1 .
(—2 sinya? cos 2 + 3 sin 1/}612) t

sin 6

1 1 . . .
+ ( - (fcos 10 cos 6 + sin 1 sin Ha? cos Of + §sini/)siHGaz cos 6%
Sm0 2 2
11 1 .
02(( cospfsinf — 581111/)& cos 0%t
1 , 2 i, L 1, 1
—§smwa cos ¢—fs1n1/zwcosﬁ+fsm¢1/zcos9 smwa t4 = smz/)a Y cosb) cosb))b + icosﬂzﬁ

1
-3 sin 1) sin 6 — § sin 1) cos #% sin 6 — sm pa? sin 1) —

1 1 1 . 1 . 1 .
- (( — fsinwﬂsinﬁ - = cos¢a cos 0%t — = cos a? cos@‘sw — = costp cos O + = cos ) cos 02
sin 6 2 2 2 2 2
1 .1 . . 1 1
+ 3 cos a’t + 3 cos hay cos 0)1/)) + —9(( —3 sin 1a? cos 3
in

1 1 1 ..
— isinwcose+ 581111/)00893 + isinwa cos0)1/)) =0.
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5. CONCLUSION

In this research, we obtained some practical and useful information by finding and analyzing the symmetries of
the Euler-Lagrange equations of the Berger metric on a squashed three-sphere. In this case, the Euler-Lagrange
equations were determined and we observed that we have a 5-dimensional Lie algebra of Noether symmetries. Then
we determined the Lie algebra structure of isometries as su(2,R) x u(1) which provides the possibility to investigate
the geometric concepts (such as curvature concepts) of the Berger metric on a squashed three-sphere algebraically.
For the obtained Noether symmetries, the related conservation laws are also calculated.
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