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Abstract

The averaging theory of the third order shows that for a 4-dimensional Quartic Polynomial Differential System,
at most 36 limit cycles can bifurcate from one singularity with eigenvalues of the form Fwsi, 0, and 0.
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1. INTRODUCTION

The averaging approach is a well-established and sophisticated technique that enables us to study the behavior of
nonlinear differential systems under periodic stimulation. The extensive history of the averaging method originates
from the classical contributions of Lagrange and Laplace, who offered a rational for the method. In 1928, Fatou
provided the first formalization of this theory [5].Significant practical and theoretical advancements in the field of
averaging theory were accomplished in the 1930s by Bogoliubov and Krylov [7], and in 1945 by Bogoliubov [2]. In
2004, Buica and Llibre utilized the Brouwer degree to expand the application of the averaging theory in the analysis
of periodic orbits in continuous differential systems [3]. For a comprehensive introduction to this theory, we refer to
Sanders, Verhulst, and Murdock’s book [12].

A zero-Hopf equilibrium in R™ with n > 3 is an isolated equilibrium point in the set of all equilibrium points of the
differential system, having the eigenvalues +bi with b # 0 and the eigenvalue 0 with multiplicity n — 2.

In the paper [10] it was proved that 2"~3 periodic solutions can bifurcate from a zero—Hopf equilibrium of a
polynomial differential system in R™ for n > 3 using the averaging theory of first order.

The authors investigated the zero—Hopf bifurcation in polynomial differential systems in R? with quadratic homo-
geneous non-linearities. They utilized the averaging theory of third and second order in their respective studies, as
indicated by references [1] and [8]. It has been demonstrated that a singular point with eigenvalues of the form +bi
and 0 can give rise to a maximum of 10 limit cycles and a minimum of 3 limit cycles through bifurcation.

The authors in [6] investigated the zero-Hopf bifurcation in polynomial differential systems in R* with cubic ho-
mogeneous non-linearities, using the second-order averaging theory. It has been demonstrated that a maximum of 9
limit cycles can emerge from a singular point with eigenvalues in the form of £bi and two zeros.

The authors in [4] examined the zero-Hopf bifurcation of a quadratic polynomial differential system in four di-
mensions using the third-order averaging theory. This paper aims to analyze the quantity of limit cycles that can
bifurcate from a zero-Hopf equilibrium point of a polynomial differential system in R* with quartic homogeneous
non-linearities. The analysis will be conducted using the third-order averaging theory. To be more exact, we are
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examining the differential systems that have the following form
2
&= (are + age® + aze®)x — (b4 bre + bae® + bze®)y + Z erj(a:, Y, 2, W),
j=0
2
§ = (b + bre + boe® 4+ bse®)x + (are + age® + aze®)y + Z eYj(x,y, z,w), (1.1)
j=0
2
2 = (cre + co€® + c3€3) 2 + Z e Zi(x,y,z,w),
j=0
2
w = (dye + doe? + dze®)w + Z Wz, y, z,w),
j=0
where
X,(z,y,z,w) = aj0x4 + ajlxgy + ajga:3z + ajgxgw + aj4x2y2 + aj5a:2z2 + aj6x2w2 + aj7x2yz + ajngyw
+ ajngZw + aijy?’ + aj11x23 + ajuxw3 + ajlgacyQZ + aj14xy2w + aj15xz2y + aj16m22w
+ aj17xw2y + aj18$w22’ + aj19TYZW + aj20y4 + aj21y3z + aj22wy3 + aj23y2z2 + aj24w2y2
+ aj25wy22 + aj26y2’3 + aj27w3y + aj28wy22 + aj29w2yz + aj302’4 + aj31wz3 + aj327~0222
+ Clj33w32 + CLj34w4,
Y(z,y,2,w), Zj(z,y, z,w) and W;(z,y, z, w) have the same expression as X;(z,y, z,w) by replacing a;; by b;;, ¢j; and
dj; for j =0,1,2and i =0,1,...,34, respectively. The coefficients a;;, b;j, ¢ij, dij, a1, az,as,b, b1, ba, b3, c1,c2, c3,d1,da, d3
are real parameters with b # 0. Note that system (1.1) for e = 0 at the origin has eigenvalues +bi,0,0. So for e = 0
the origin is a zero-Hopf equilibrium.
Our main result is the following one.

Theorem 1.1. By applying the averaging theory of the third order system (1.1) has at most 36 periodic solutions
bifurcating from the origin when ¢ = 0, if and only if the following condition is satisfied b((ag13 + 3bo21 + 3ag2 +bo7) 5+
&(ao14 + 3bo2a + 3aps + bos))? # 0.

Theorem 1.1 is proved in section 3 using the averaging theory for computing periodic orbits. A summary of the
results from the averaging theory that we need for proving Theorem 1.1 is presented in section 2. We will use the
Bezout’s theorem. This theorem gives the maximum number of zeros of a system of polynomial functions.

Theorem 1.2. (Bezout’s theorem). Let P; be polynomials in the variables
(y1, -+, Yn) €ER™ of degree d; fori=1, ---, n. Consider the following polynomial system

Pi(yh Y yn)zoa Zzlu e, N
If the number of solutions of this system is finite, then it is bounded by dy X dg X -+ X d,.
See [14] for more details on the Bezout’s theorem.

Corollary 1.3. Consider the system

3
W 3

—aw? —z2d +wt + w2xy —wlzz + wxy2 — Bwzz?

5
i=—x — (S +E+etl)y—
+ x2yz + nyz + xyz2 + y4,
Y= (63 +e e+ Dz — yed + 2wt + wiy + wy® + 3wz + 23y + 2yt — y2® — wiyz + waly + wy2? + 22yz,
41 23
z= —Ze?’z + 222 + w?y? + 22y + 2222 — dwz? + 4wz — 32%w? — 2w + 2wt — XZA (1.2)

+ y4 —at —waz — waZ,

(&)
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6 1331 60 1377
w = —76311) +wy?z 4 22w + v 2% + wy? + T8w222 + z?y? — 7w32 — ﬁx?f
213 5 5 347 4 209 , 705 4 n n
14:1:11) 28wz—|—14w+14z +y +a.

In this system
ag7 = G013 = Qo14 = Qo15 = Gp17 = G020 = Qo34 = b = b1 = by = b3z = bg1 = bor = bog = boz2 = boar = boag = cos =
Co5 = Cp20 = Cp23 = Co24 = doo = dos = dog = do20 = do23 = do24 = dp25 = 1,

az = ag11 = Gg12 = Aoig = bo2s = bo2g = Coo = Co9 = Coa5 = —1,
bo20 = bozs = co31 = 2,

ap16 = Cos = —3,

C033 = —Co31 = 4,

ap3 = *5/3, bos1 = 3, c3 = 741/4, Co30 = 723/4, Co32 = —2, ds = 7206/7, dos = *1377/56,

dos = —213/14, dozo = 705/14, do31 = —347/28, dp3a = 1331/28, dyzz = —60/7,

dozs = 209/14, and for the remaining coefficients, they are all zero. This system has eight periodic solutions bifurcating
from the zero-Hopf equilibrium localized at the origin of coordinates when € = 0. Corollary 1.3 is proved in section 3.

2. THE AVERAGING THEORY

In this section we recall the averaging theory of first, second, and third order as it was developed in [3] and [9].
This will be the main tool for proving Theorem 1.1.

Theorem 2.1. Consider the differential system
2’ (t) = eGi(t,x) + €Ga(t, x) + EG3(t,x) + * R(t, x, €), (2.1)

where G3,G2,G1 :Rx D —R" R:Rx D x (—¢g,er) = R™ are T-periodic in the first variable, continuous functions
and D is an open subset of R™. Assume that the following hypotheses (i) and (i7) hold.

(i) Gi(t,.) € C*(D),Ga(t,.) € CH(D) for all t € R, G3,G2,G1, R, D2G1, DGy are locally lipschitz with respect
to x, and R is twice differentiable with respect to €. We define Gxg : D — R”™ for k=1,2,3 as

1 T
Gio(z) = T/ G4 (s, 2)ds,
0
1 /7

Gool2) = 7 / (DG (5, 2) .1 (5, 2) + Gals, 2)] ds,
0
1t 70%Gy 190G, 9G,
Gso(z) = T/o [591(572) 922 (s,2)y1(s,2) + 5@(&3)2/2(3,2) + @(372)(211(8,2)) + Gs(s, 2)]ds,
where

yl(s,z):/ G4 (t, z)dt,
0

ya(s, z) = /OS [3;;1 (t, 2) /Ot G1(r,z)dr + Ga(t, 2)| dt.

(ii) For I C D an open and bounded set and for each € € (—es,es) \ {0}, there exists a. € I such that Gio(ac) +
EGQO(CLE) + 62G30(a6) =0 and dB(GIO + eGog + 626:3()7 Lae) 7é 0.

Then, for |e| > 0 sufficiently small there exists a T-periodic solution (-, €) of the system (2.1) such that ©(0,€) = a..

The expression dg(G1o+€Gao+€2Gag, I, a.) # 0 means that the Brouwer degree of the function G1p+eGao+€2Gap :
I — R™ at the fixed point a. is not zero. A sufficient condition for the inequality to be true is that the Jacobian of
the function Gig + €Gag + €2G3p at a. is not zero.

If G is not identically zero, then the zeros of Gig + €Gag + €G3 are mainly the zeros of Gy for e sufficiently
small. In this case the previous result provides the averaging theory of first order.
an
Ba
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If G is identically zero and Gag is not identically zero, then the zeros of Gig + €Gag + €2G3o are mainly the zeros
of G for € sufficiently small. In this case the previous result provides the averaging theory of second order.

If G1p and Go is identically zero and Gsg is not identically zero, then the zeros of Gig + €Gap + €2G3p are mainly
the zeros of G3g for € sufficiently small. In this case the previous result provides the averaging theory of third order.

For more information about the averaging theory see [13] and [11].

3. PrROOFS

Proof of Theorem 1.1. For proving Theorem 1.1, we should write system (1.1) into the normal form for applying
the averaging theory of Section 2. First, we rescale the variables, setting (z,y,z,w) = (eX,eY,eZ,eW). Second,
changing to cylindrical coordinates (X,Y,Z, W) = (acosf,asinf, 3,£). Finally, we take the angle 6 as the new
independent variable. Thus in the variables («, 8, &) system (1.1) writes

CclTCey = G (0, 8,8) + €Ga1 (0, a, 8,6) + €Ga1 (0, a, 8,€) + O(e*),
% = eG12(0,a, B,€) + G (0, o, B,€) + G32(0, a, B, €) + O(h), )
% = eG13(0,, B, &) + Ga3(0, a, B, &) + €Ga3(0, a, B, &) + O(e).
where
G1(0,a,8,¢) = % Ga1(0, 0, B, €) = (ba2—b7§1bl)0‘
Gi2(0, 0, ,€) = %, Gao(0, 0, B,€) = W7
Gi3(0,, B,§) = dibg, Go3(0, v, B, €) = W,
Ga1(6, 0, 8,6) = = (~b2a™(aos + bor — doz0 — boro — ago) cos(8)® + ((aon — aoro + boo — bos

b3
+ bozo) sin(6) + (ao2 — bor — ao1s + bo21)B + E(aos — bos — ao1a + bozz))a’b? cos(0)* + (a((aor + boz
— ag21 — bo13) B + &(aos + boz — g2z — bo1a)) sin(0) + (aos + bor — 2a020 — 2bo10)a” + (aos — ag23
— bo15)B% + &(age — aozs — bo19)B + £2(aos — aoz4 — bo17))a?b? cos(8)* + aa((bos + ao1o0 — 2bo20)cr”
+ (bos + ao1s — bo2s) B2 + &(bog + aore — bozs) B + £ (bos + aorr — boza)) sin(8) + ((bor + ao1s — 2bo21)
+ &(bos + ao1a — 2bo22))® + (ao11 — boze) B + &(ao1s — bozs) B + £ (ao1s — boze) B + £ (ao12 — bozr))
b* cos(8)* + ((((ao21 + bo13) B + &(aozz + bora))e” + (aoze + bo11)5° + E(aozs + bors) 8>
+ &% (ao20 + bos) B + £ (aoar + bo12)) sin(6) + (ao20 + boro)er* + ((ao2s + bo1s) B> + E(aozs + bore) B
+ &% (ag2s + bo17))a? + agzaét + ap3z€®B + B2E%agse + B3Eas1 + Braoso)b? cos(8) + b*(a*bozo
+ (B%boas + BEbozs + E7boaa)a” + E*bosa + E2bo3s B + §7bo328” + Ebos1 8 + bosoS*) sin(6)
+ a(((Bbo21 + Ebo2z)a® + E3boar + BE*bosg + B2Eboas + Bboze + asz)b® + (—ai1bs — ashi)b + a1b7)),

Gs2(0,,8,€) = b%(bzo/l(coo — coa + co0) cos(0)* + aPb?(a(cor — co10) sin() + (co2 — co13) B
+ &(cos — co14)) cos(6)” + (a((cor — co21)B + E(cos — co22)) sin(8) + (cos — 2c020)a” + (cos — co23) B>
+ &(cog — co25)B + &% (cos — co24))a®b? cos(0) + (a(B2co1s + BEcors + acoro + E2cor7) sin(0)
+ (Beors + Ecora)a” + E2cora + E2co1sB + Eco1eB” + co118°)ab® cos(8) + a(Beozn + Ecoze)a”® + 2 cozr

(&)
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+ E2o208 + Ecoas B2 + co268)b? sin(0) + (atcozo + (B%coas + BEcozs + E2coa)a® + Beoso + BEcon
+ B%E%co3a + (E2coss + ¢3) B + E*coza)b® — B(bica + bact )b + Bbicy),

Ga3(0,,5,8) = big(b2a4(d00 — doa + do2o) cos(0)* + a®b? (a(do1 — do1o) sin(8) + &(dos — doi4)
+ B(doz — do13)) cos(0)? + (a(&(dog — doaz) + B(dor — doo1)) sin(8) + (dos — 2dgz0)a® + €2 (dos
— do24) + B(dog — dozs)€ + B (dos — doas))a®b® cos(0)® + (a(B2dors + Bédoro + ’doro + Edo17) sin(6)
+ (Bdois + £dora)o® + E3dorz + dorsBE® + do16B°E + do118*)ab? cos(0) + o (Bdoz1 + Edoza) o’
+ Edozr + Bdo2e&® + Bdoasé + Bdoze)b? sin(8) + (a*dozo + (B%dozs + BEdozs + E2doaa)®
+ &dosa + BE doss + B dosz + (BPdos1 + d3)€ + B dozo)b® — E(bida + badi)b + £bTdy).

System (3.1) is equivalent to system (2.1). By applying the first-order averaging theory to the system (3.1), we have
that g1 = (911, 912, 913), where for i = 1,2,3

1 27
gli(avﬁvg) = 27 Gli(gaaaﬁvg)da‘
T Jo
By performing these computations we get that
aa
gll(O{)ﬁvg) = 717
Be
gi2(e, B,§) = 71 (3.2)
£dy
q13(a, B, ) = B

Since we look for solutions (a*, 8*,£*) of g1(a, 8,€) = 0 with a* > 0, the first averaging function does not provide any
information on the periodic solutions of the differential system (3.1). In order that the second averaging function can
give information on the periodic solutions of the differential system (3.1) the first averaging system must be identically
zero. So we take a; = ¢; = d; = 0, and compute the second averaging function. Then from (3.1) we have that

g2 = (921;9227923) = (921(057576))922(047675)7 923(067675)) is given by

ng(aaﬂ7€) = %7

922(aa ﬂ7 g) = % (33)
923(aa /Bag) = %

Therefore, the second averaging system (3.3) does not provide any information on the limit cycles of the differential

system (3.1). Since the third averaging system can give information on the limit cycles of the differential (3.1), we

(=)=
E)NE
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need the second average system to be identically zero. So we take ay = co = do = 0, we compute the third averaging

function gz = (gs1, g2, 933) = (g31(, B,€), gs2(a, 8,€), gss(a, B,€)) and we obtain

gs1(a, B, ) = é(a(‘lﬂ?’aou + 483026 + 4B%Eaoie + 48%Eboas + 3Ba’any + a1z + Batber + 36a’boa
+4B&%a01s + 4BE%bo2g + 3a%Eaps + a?€agra + a?Ebos + 302 Ebyaz + 4E3ag12 + 4€3bo27 + 8ag)),

g32(@, B,§) = %(8540030 + 833¢cos1 + 467 cos + 4% cozs + 867E% cosa + 4B Ecog + 4Ba*Ecozs
+86&3coss + 3atcoo + atcos + 3atcono + 4a?E%cos + 4022 s + 8 coza + 8fcs),

1
g33(a, B,&) = @(85465030 + 8833&do31 + 4B%a%dos + 4822 dpas + 882E%dysa + 4Ba*Edng + 4BaEdyas

+88&3do33 + 3atdoy + atdos + 3atdong + 4a’E2doe + 402E%dgos + 81 dp3s + 8Ed3).

In order for looking for the limit cycles of system (1.1) by the averaging theory we need to compute the isolated real

roots of the averaged system (3.4) with « > 0.

We isolate o2 from the equationgs; (a, 8,€) = 0, and we substitute it in gs;(«a, 3,€) = 0 for i = 2,3. Then we get

two functions (hsa, haz) = (hs2(5,€), hss(8,£)) given by

h3a = %(Co + C18E% + CoBE° + C3B2E + CuB%EH + C5 8% + CoBPE> + Cr Y% + Cs B¢ + Co % + C10€™ + C11€°),

hss = E(

where

S = b((a013 + 3bo21 + 3ags + b07)ﬂ + §(a014 + 3bg22 + 3ags + bOS))2 #0,
Co = 8a3(3co20 + 3coo + co4),

C1 = ((—4cog — 4co25)ao1a + (—12co9 — 12¢025)bo22 + (—12¢o9 — 12¢025)ans + (—4cog — 4co2s)bos
+ (—4ao13 — 12bg21 — 12a02 — 4bo7)co2a + (—4ao13 — 12bg21 — 12a92 — 4bor)cos
+ 8(3co20 + 3co0 + co4)(@o1s + bo2g))as + c3(aora + 3boza + 3aos + bos)?,

Cy = ((—2co9 — 2¢025)a014 + (—6cog9 — 6¢o25)bo22 + (—2a013 — 6bo21 — 6ags — 2bo7)co24
+ (—6cog — 6coas)ans + (—2co9 — 2¢o25)bog + (—2ag13 — 6bo21 — 6ag2 — 2bg7)co6
+ 4(3co20 + 3coo + coa)(aois + bo29))ao12 + ((—2co9 — 2¢025)a014 + (—6cog — 6co25)bo22

+ (—2a013 — 6bo21 — 6ag2 — 2bo7)co24 + (—6co9 — 6co25)a03 + (—2c09 — 2¢025)bos + (—2a013 — 6bo21

— 6aga — 2bo7)cos + 4(3co20 + 3coo + coa)(ao1s + bo2g))bo27 + (ao14 + 3bo22 + 3aos + bos)
(co33a014 + 3co3zboaz + 2(—ao1s — bo2g)co24 + 2(ao13 + 3bo21 + 3aoz + bo7)co34 + 3coszaos

+ bogcoss — 2co6(ao1s + bo29)),

C3 = ((—4cog — 4co2s)ao1s + (—4cozs — 4cos)aora + (—12co9 — 12¢025)bo21 + (—12co23 — 12¢05)bo22
+ (—12co9 — 12¢025)ao2 + (—12co23 — 12c05)aos + (—4cog — 4coas)bor + (—4coas — 4eos)bos

+ 8(3co20 + 3coo + coa)(ao1s + bo2s))as + 2¢3(ao1a + 3bo22 + 3aos + bos)(ao1s + 3bo21 + 3agz + boz),

Cy = ((—2co5 — 2¢23)ao14 + (—6co5 — 6¢o23)bo22 + (—6cos — 6coas)aos + (—2¢o5 — 2¢023)bos

— 2cg9 — 2¢025)a013 + (—6co9 — 6¢o25)bo21 + (—6apz2 — 2bo7)co25 — Bagacog — 2bo7cos + 43¢o20

L (B + E1BE + EoBE° + E3B%E + Eaff2E* + E58° + EgB°E® + ErB¢? + Es 76 + Eo8° + E10€® + E11£°),
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+ 3coo + coa)(ao16 + boas))ao12 + (6coo + 6coz0 + 2coa)adys + ((12¢o20 + 12c00 + 4coa)boze

+ (—2co9 — 2co25)ao14 + (—6cog — 6¢p25)bo2z + (—6cog — 6cozs )aos + (—2cog — 2co25)bos

— 2(co24 + co6) (@013 + 3bo21 + 3aoz + bor))aois + ((—2cos — 2¢23)ao14 + (—6cos — 6co23)bo2e

+ (—=6cos — 6co3)aos + (—2co5 — 2¢023)bos + (—2c09 — 2¢025)a013 + (—6cog — 6co25)bo21

+ (=6ag2 — 2bo7)co2s — 6ao2co9 — 2borcog + 4(3co20 + 3coo + coa) (@016 + bo2s))bo27

6coo + 6co20 + 2¢04)bja0 + ((—2c09 — 2c025)ao1a + (—6cog — 6coas )boaz

—6cgg — 6co25)a0s + (—2co9 — 2¢025)bos — 2(co24 + cos) (@013 + 3boa1 + 3aoz + bor))bozo + Co32a714
6co32a03 + 2a013¢033 + 2bogcozz + 6¢o33bo21 + 6co32b022 + (—2a016 — 2b028)Co24

6ao2 + 2bo7)coss — 2co6(ao1s + boas))ao1a + 9coz2bias + (18cos2a03 + 6agizcoss + 6boscosz + 18co33boar

(
+(
+(
+(
+(
+ (—6ao16 — 6boas)co24 + (18ag2 + 6bor)coss — 6cos(aois + boas))bozz + Icoz2als
+ (6ao13c033 + 6boscosz + 18co3zboz1 + (—6an1s — 6bo2s)coza + (18anz + 6bor)coss — 6cos(aoie + bozs))ao3
+ co32b3s + (2a013c033 + 6c033bo21 + (—2a016 — 2boas)co2a + (6aoz + 2bor)coss
— 2co6(ao16 + bo2s))bos + cosa(aors + 3bo21 + 3aoz + bor)?,
= ((—4co23 — 4cos)ao13 + (—12co23 — 12¢5)bo21 + (—12co23 — 12¢05)aoz + (—4co23 — 4cos )bor
+ 8(3co20 + 3coo + co4)(ao11 + boze))as + (ao13 + 3bo21 + 3aoz + bor)’cs,

(
+ (—2c09 — 2¢025)a014 + (—6co6 — 6co24)bo21 + (—6cog — 6coas)boaz + (—6cos — 6co24)ao2
+ (=6cog — 6co25)ans + (—2cos — 2¢o24)bo7 — 2bos(coo + co25))ao1s + ((12co20 + 12¢o0 + 4co4)bo2s
+ (—2¢9 — 2¢025)a013 + (—2c05 — 2¢023)a014 + (—6co9 — 6¢25)bo21 + (—6cos — 6co23)boe
+ (=6cog — 6coas)aoz2 + (—6cos — 6cozs)aos + (—2co9 — 2co25)bor — 2(cos + co23)bos)ao1s
+ ((12co20 + 12co0 + 4coa)bo2g + (—2¢o6 — 2¢o24)a013 + (—2c09 — 2¢025)ao14 + (—6¢os — 6co24)bo21
+ (—6cog — 6co25)bo2z + (—6cos — 6¢p24)an2 + (—6co9 — 6coas)ans + (—2cos — 2¢024)bo7
— 2bos(co9 + co25))bozs + ((—2co9 — 2¢o25)a01s + (—2co5 — 2¢o23)ao1a + (—6cog — 6co2s)bo21
+ (—6co5 — 6co23)bo2a + (—6co9 — 6coas)aoe + (—6cos — 6coas)aos + (—2cog — 2c025)bor
— 2(co5 + co23)bos )bo2g + 033ad13 + (2¢032a014 + 6c033b021 + Gco32bo2e + 6cozzaos
+ 6co32a03 + 2co33bor + 2boscosz — 2(cos + o23)(ao12 + bozr))ao1s + cozragiy + (6coz2bo21
+ 6co31b022 + 6co32a02 + 6c031a03 + 2¢032b07 + 2b08Co31 — 2(Co24 + Co6) (@011 + bo26)) @014
+ 9c033b501 + (18co32b022 + 18c033a02 + 18co32a03 + 6C033b07 + 6b0scos2 — 6(cos + co23)(ao12
+ boz7))bo21 + 9c031b399 + (18co32a02 + 18co31a03 + 6co32b07 + 6boscozt — 6(coza + co6)(ao11
+ bo2e) )bo2z + 9co3zans + (18coz2a03 + 6co3zbor + 6bogcoza — 6(cos + co23)(an12 + bozr))aos
+ 9cos1ags + (6coszbor + 6boscos1 — 6(cos + cos)(ao11 + boze))aos + cossbyr + (2boscosz
— 2(cos + co23) (@012 + bo27))bor + co31b3s — 2(co24 + cos) (@011 + boze)bos
+4(3co20 + 3coo + coa)(@o11 + bozs) (ao12 + bo2r).

C7 = ((—2co6 — 2¢024)ao13 + (—6cos — 6¢o24)bo21 + (—6cos — 6coaa)aoe + (—2¢os — 2¢024)bor
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+ (—2co9 — 2co25)ao1a + (—6cog — 6co25)bo2z + (—6aos — 2bos)coz2s — 6aozcog — 2boscog
+ 4(ao1s + bo2o ) (3co20 + 3coo + coa))aor1 + (6coo + 6co20 + 2c0a)agys + ((12¢00 + 12020 + 4coa)bos
+ (—2c09 — 2¢025)a013 + (—6cog — 6coas)boar + (—6cog — 6coas)ao + (—2co9 — 2co25)
bo7 — 2(cos + co23)(ao14 + 3bo2z + 3aoz + bos))aoie + ((—2cos — 2¢024)a013
+ (—6cos — 6co24)bo21 + (—6cos — 6co24)anz + (—2co6 — 2¢024)bo7 + (—2c09 — 2c025)a014
(—6co9 — 6co25)bo2z + (—6ao3 — 2bog)cozs — 6aozcoo — 2boscog + 4(ao1s + bozg)(3co20 + 3coo + cos))boz2e
(6coo + 6co20 + 2c04)bgas + ((—2co9 — 2¢025)ao13 + (—6cag — 6coas)boar + (—6cog — Beozs)ao:
(—2co9 — 2c025)bo7 — 2(cos5 + co23) (ao1a + 3bo2a + 3aos + bos))bozs + 0320513
(6coz2a02 + 2co31a014 + 2¢032b07 + 6¢032b021 + 60310022 + (—2a018 — 2b029)C023
+ (6aos + 2bos)coz1 — 2¢o5(ao1s + bo29))ao1s + Icoz2biar + (18cos2ans + 6coziaoia + 6coz2bor
+ 18¢031bo22 + (—6ag1s — 6boag)cozs + (18ags + 6bos)coz1 — 6cos(@o1s + bo2o))boz1 + 9co32a8,
+ (6co31a014 + 6032007 + 18co31b022 + (—6a018 — 6bo29)co23 + (18a0s + 6bos)coz1
— 6cos(ao1s + bozo))aoz + cos2bir + (2co31a014 + 6co31bo22 + (—2a01s — 2boao)cozs + (6aos + 2bos)cos

— 2co5(ao1s + bo2o))bor + co30(ao1a + 3bozz + 3aos + bos)?,

Cs = ((—2co9 — 2co25)a013 + (—6co9 — 6¢co25)bo21 + (—2a014 — 6bo2z2 — 6ags — 2bog)coz3
+ (—=6cog — 6cozs)aoz + (—2co9 — 2¢025)bo7 + (—2a014 — 6bo22 — 6agz — 2bog)cos
+ 4(ao16 + bozs) (3co20 + 3coo + coa))ao11 + ((—2co9 — 2co25)a013 + (—6cog — 6co25)bo21
+ (—2a014 — 6bo22 — 6agz — 2bog)co3 + (—6cog — 6co2s)ao2 + (—2co9 — 2co25)bo7 + (—2a014 — 6bo22 — 6ags
— 2bog ) cos + 4(ao16 + bozs ) (3co20 + 3coo + coa))boze + (co31@013 + 3co31bo21
+ (—2a016 — 2bo28)co23 + (2a014 + 6bo22 + 6ags + 2bos)cozo0 + 3coz1a02 + co31bo7 — 2c05(a016
+ boasg)) (@013 + 3bo21 + 3aoz + bo7),

Cy = (6coo + 6co20 + 2coa)agyy + ((12c00 + 12¢020 + 4coa)bozs — 2(ao13 + 3bo21 + 3aoz + bor)(cos + co23))aot
+ (6coo + 6co20 + 2¢04)bgag — 2(ao13 + 3bo21 + 3ao2 + bor)(cos + co23)bozs
+ (ao13 + 3bo21 + 3ao2 + bor)?coz0,

Cho = —4as((3bo22 + 3aos + bos + ao14)co24 + (3bo22 + 3aps + bos + ao14)cos — 2(ap12
+ bo27)(3co20 + 3coo + Co4))s

Ch1 = (6coz0 + 6coo + 2¢04)agys + ((12¢020 + 12¢00 + 4coa)bozz — (6bozz + 6aos + 2bos + 2a014)(Coza
+ co6))ao12 + (6co20 + 6cgo + 2¢04)b37 — (6bo2a + 6ags + 2bos + 2ao14)(co24 + co6)bo27
+ co34(3bo2a + 3aos + bos + ap14)?,

Eo = 8a3(3doa0 + 3doo + dos),

Eq = ((—4do2a — 4dos)ao1s + (—4dog — 4dozs)ao1a + (—12do2a — 12doe)bo21 + (—12dog — 12do2s)bo2z
80
200
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+ (*12d024 — 12d06)a02 + (*12d09 — 12d025)a03 + (*4d024 — 4d06)b07
+ (—4doy — 4do2s)bos + 8(3do20 + 3doo + doa)(ao1s + bozg))as + 2d3(3aos + bos + ao14 + 3bo22)(ao13
+ 3bg21 + 3ag2 + bor),

Ey = ((—2dog — 2do25)ao14 + (—6dog — 6do2s)bo2z + (—2a013 — 6bo21 — 6ao2 — 2bo7)do24
+ (—6dog — 6dpas)ans + (—2dog — 2dgas)bos + (—2ag13 — 6bg21 — 6agz — 2bo7)dos + 4(3do20
+ 3doo + doa)(ao1s + bo29))aoi2 + ((—2dog — 2do2s)ap14 + (—6dog — 6do2s)bo2z + (—2ag13 — 6bo21
— 6agz — 2bo7)do24 + (—6dog — 6do2s)aos + (—2dog — 2do2s)bos + (—2ao13 — 6bo21
— 6agz — 2bor)dos + 4(3do2o0 + 3doo + doa)(ao1s + bo2o))boar + (ao1a + 3bo22 + 3aos + bos)(doszaois
+ 3dossboze + 2(—ap1s — boze)doza + 2(a013 + 3bo21 + 3aoz + bor)dosa + 3dossaos
+ bogdoszs — 2dos (ao1s + bozo)),
Es = ((—4dog — 4do2s)ao13 + (—12dog — 12dp2s)bo21 + (—12dgg — 12do2s)aoz + (—4dog — 4dozs )bo7
+ (—4ag14 — 12bo2z2 — 12a03 — 4bog)dozs + (—4ao1a — 12boaz — 12a03 — 4bos)dos
+ 8(ao16 + bozs) (3dozo + 3doo + doa))as + ds(aors + 3bo21 + 3aoz + bor)?,

Ey = ((—2dos — 2do23)ao1a + (—6dos — 6do23)boz2 + (—6dos — 6do23)aos + (—2dos — 2do23)bos
+ (=2dog — 2do25)ao13 + (—6dog — 6do2s)bo21 + (—6ao2 — 2bo7)dozs — 6an2dog — 2bordog
+ 4(ao16 + boas ) (3do2o + 3doo + doa))aoi2 + (6doo + 6do20 + 2dos)ag,s + ((12doo + 12do20
+ 4doa)bo2g + (—2dog — 2do2s)ao14 + (—6dog — 6do2s)bo22 + (—6dog — 6do2s)aos
+ (—2dgg — 2do25)bos — 2(doe + doza)(@o13 + 3bo21 + 3ao2 + bo7))aois + ((—2dos — 2do2s)apia + (—6dos
— 6do23)bo22 + (—6dos — 6do23)aos + (—2dos — 2do23)bos + (—2dog — 2dpas)ao1s + (—6dog
— 6do25)bo21 + (—6ag2 — 2bo7)dozs — 6aoadog — 2bo7dog + 4(a016 + bo2s) (3doz0 + 3doo + dos))bo27
+ (6dno + 6do20 + 2do4)biag + ((—2dog — 2do25)ao1a + (—6dog — 6do2s)boaz + (—6dgg
— 6do2s)ao3 + (—2dog — 2do2s)bos — 2(dos + doz24) (@013 + 3bo21 + 3aoz + bor))bo2o + doz2
a4 + (6dos2aos + 2a013dos3 + 2bogdosa + 6doszboar + 6dozabozz + (—2a016 — 2bo2s)do24
+ (602 + 2bo7)doss — 2dos (ao16 + bozs))aora + 9doz2biay + (18dos2aos + 6ao13doss + 6bosdosz
+ 18do33bo21 + (—6aop16 — 6bo2s)do24 + (18agz + 6bo7)doss — 6dos(ao1s + bozs))bo2z + 9dos2
ags + (6ag1sdoss + 6bosdosz + 18dossboa1 + (—6agis — 6boas)doza + (18ag2 + 6bor)doss
— 6dos(ao1e + bozs))aos + dozabis + (2a013doss + 6dozsboz + (—2ao16 — 2bo2s)do2a + (6ap2
+ 2bor)doss — 2dos(ao16 + bozs))bos + dosa(aors + 3boz1 + 3aoz + bor)?,

Es5 = 4a3((6doop + 6do20 + 2doa)(ao11 + boze) — (aois + 3bo21 + 3aoz + bor)dozs
— (@013 + 3bo21 + 3aoz + bor)dos),

Es = ((12doo + 12dg20 + 4dpa)ao1s + (12doo + 12doa0 + 4doa)boze + (—2doe — 2dp24)a013
+ (—2doy — 2dp25)a014 + (—6dos — 6do24)bo21 + (—6dog — 6do2s)bo2e + (—6dos — 6do24)aoe
80
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+ (=6dog — 6do25)aos + (—2dos — 2do24)bo7 — 2bos(dog + dozs))aoie + ((12doo + 12do20 + 4doa)bozs
+ (=2dog — 2do25)ao13 + (—2dos — 2do23)ao14 + (—6dog — 6do2s)bo21 + (—6dos — 6do23)bo22

+ (—=6dog — 6do2s5)aoz + (—6dos — 6do23)aos + (—2dog — 2do2s)bo7 — 2bos(do23 + dos))ao1s

+ ((12doo + 12do20 + 4doa)bo2g + (—2dos — 2do24)ao13 + (—2dog — 2do2s)ao14

+ (=6doe — 6do24)bo21 + (—6dog — 6do2s)bo22 + (—6do — 6do24)ao2 + (—6dog — 6do25)ao3

+ (—2dos — 2do24)bor — 2bos(dog + do2s))bozs + ((—2dog — 2do2s)ao13 + (—2dos — 2do23)ao14

+ (=6dog — 6do25)bo21 + (—6dos — 6do23)bo2z + (—6dog — 6do2s)aoe + (—6dos — 6dozs)aos + (
— 2dog — 2do25)bor — 2bos(dozs + dos))boze + dossagys + (2dos2a014 + 6dossbozr + 6dos2boas

+ 6dossaoz + 6dos2aos + 2dossbor + 2bosdosz — 2(dozs + dos)(ao12 + boar))ao1s + dos1agyy

+ (6do32bo21 + 6doz1bo22 + 6doz2a02 + 6doz1aos + 2dozabor + 2bosdoz1 — 2(dos + doza)(ao11

+ boze))ao14 + 9dozzbie; + (18dosz2boaz + 18dozzans + 18dozzaos + 6dossbor + 6bogdoss

— 6(do2s + dos ) (ao12 + bozr))bo21 + 9doz1b3a; + (18dosaaoz + 18dos1aos + 6dos2bor + 6bosdost

— 6(dog + doz4) (ao11 + boze))bo2z + 9doszady + (18dosaaos + 6dossbor + 6bosdosz — 6(dozs+
dos ) (ao12 + bozr))aoz + 9dosiags + (6dos2bor + 6bosdost — 6(dos + doza)(ao11 + boze))aos

+ dossbgy + (2bosdosz — 2(dozs + dos)(ao12 + boar))bor + dos1bis — 2(dos + doz4)(ao11 + boze)bos
+ 4(ao12 + boz27)(ao11 + boze) (3doz0 + 3doo + doa),

E7 = ((—2dos — 2do24)a013 + (—6dos — 6do24)bo21 + (—6dos — 6do24)ao2 + (—2dos — 2do24)bor
+ (=2dog — 2do25)ao14 + (—6dog — 6do2s)bo2z + (—6aoz — 2bos)dozs — 6dogaos — 2dogbos
+ 4(3do20 + 3doo + dos)(ao1s + bo2o))ao11 + (6doo + 6do20 + 2dos)ag, + ((12doo + 12do20
+ 4doa)bo2s + (—2dog — 2do2s)ao13 + (—6dog — 6do2s)bo21 + (—6dog — 6do2s)aoz + (—2dog — 2do2s)bor
— 2(do2s + dos ) (@014 + 3bo22 + 3aos + bos))aois + ((—2dos — 2do24)ao1s + (—6dos — 6do24)bo21
+ (=6doe — 6do24)ao2 + (—2dos — 2do24)bo7 + (—2dog — 2do25)ao14 + (—6dog — 6do2s)bo22
+ (—6ao3 — 2bog)do2s — 6dogans — 2dogbos + 4(3do20 + 3doo + doa)(ao1s + bo2o))boz2e
+ (6doo + 6do20 + 2doa)bGas + ((—2doo — 2doas)aois + (—6dog — 6dozs)bo21 + (—6dog — 6do2s)ao2
+ (—2dg9 — 2do25)bor — 2(doas + dos) (ao14 + 3bo22 + 3aos + bos))bozs + doz2ags
+ (6doz2a02 + 2dosz1ao14 + 2do32bo7 + 6do32bo21 + 6doz1bo22 + (—2a01s8 — 2bo29)do23
+ (603 + 2bos)doz1 — 2dos (ao1s + boze))aots + 9doz2bge; + (18dos2anz + 6doz1aota
+ 6do32b07 + 18do31b022 + (—6ag1s — 6bo2g)do23 + (18ags + 6bog)dos1 — 6dos(ao1s + boze))bo21
+ 9do32a8, + (6doz1ao1s + 6dozabor + 18doz1boaz + (—6agis — 6bo2e)do2s + (18ag3 + 6bos)doa
— 6dos(ao1s + boze))aoz + dos2bi; + (2dos1aora + 6doz1bozz + (—2a01s — 2b029)do23
+ (603 + 2bos)doz1 — 2dos (ao1s + bo2e))bor + doso(ao1a + 3bozz + 3aes + bos)?,

Eg = ((—2dog — 2do25)ao13 + (—6dog — 6do2s)bo21 + (—2a014 — 6bo2a — 6ag3 — 2bos)do2s
+ (=6dog — 6do25)ao2 + (—2dog — 2do25)bo7 + (—2a014 — 6bo22 — 6ags — 2bos)dos + 4(ao16
+ bo2s) (3do20 + 3doo + doa))aor1 + ((—2dog — 2do2s)ao1s + (—6dog — 6do25)bo21 + (—2ao14
— 6bg22 — 6ags — 2bos)do2s + (—6dog — 6doas)aoe + (—2dog — 2do2s)bor + (—2a014 — 6bo22
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— 6agz — 2bog)dos + 4(aoie + bos)(3dozo0 + 3doo + doa))bo2e + (ao13 + 3bo21 + 3ag2 + bor)(dos1ao013
+ 3dos1bo21 + (—2ap16 — 2bo2s)do2s + (2a014 + 6bo22 + 6a0s + 2bos)doso + 3dos1aoz
+ do31bo7 — 2dos(aois + bozs)),

Eg = (6doo + 6doao + 2doa)ady; + ((12doo + 12do2o + 4doa)bozs — 2(ao13 + 3bo21 + 3aoz + bor)(do2s
+ dos))ao11 + (6doo + 6do20 + 2doa)biag — 2(ao13 + 3boz1 + 3aoz + bor)(dozs + dos)boz2e
+ (ao13 + 3bo21 + 3ap2 + bo7)2do30,

E1o = ((—4do24 — 4dos)aoia + (—12do2a — 12dos )bo22 + (—12do2a — 12dog)aos + (—4doza — 4dos)bos
+ 8(3d020 + 3d00 + d04)(a012 + b027))a3 + (a014 + 3b022 + 3@03 + b08)2d3,

Eq1 = (6doo + 6do20 + 2doa)ags + ((12doo + 12do20 + 4doa)bozr — 2(ao1a + 3bo2z + 3aos + bos ) (dos
+ d024))(1012 + (6d00 + 6d020 + 2d04)b%27 — 2((1014 + 3b022 + 3@03 + bos)(doﬁ + d024)b027
+ (@014 + 3boaz + 3ao3 + bosg)?dosa.

Hence, it is easy to verify that the system (hsa2(53,&), hss(5,€)) = (0,0) has at most 36 real solutions by Bezout’s
theorem. So, the coefficients of system (3.4) can be taken in such a way that this system has 36 real solutions different

from zero for o« > 0.

Let (a,,&) be a solution of system (3.4). In order to have a limit cycle according to the averaging theory in

Section 2, we must have

0g31  Ogs1  0gs1

aaa a&ﬁ 885

_ 3 =z 932 932 932
D(a, 8,€) = det __#0. 3.5
(@ 5,¢) da 9B O (.B8,6)=(a, ,5)7é 39

O0gss  Ogsz  0gs3

Oa op o€

In short, we deduce that system (1.1) has at most 36 limit cycles in a zero-Hopf bifurcation at the origin, using the
averaging theory of third order. This completes the proof of Theorem 1.1. O

Proof of Corollary 3. By doing the change of variables (z,y, z,w) = (eX, €Y, eZ, eW) system (1.2) becomes

. 5
X = ( — SXOW L YZX? - XWP L YXW? — ZXW? + Y2 XW - 82°XW +Y?ZX

+YZ2X—Z3X—X+W4+Y4—Y)63—YeQ—eY—Y,

Y = QWA+ W3Y — WY Z+WX2Y + WY? + WY Z2 +3WZ3 + X3y + X2V Z + 2v*
~YZ2 4+ X -Y)3 4+ X 4+ X + X,

7 = <Y2Z2 +W2Y2 £ X2Y2 4+ X222 —AZPW 4+ 4W3Z — 3X?W?2 — 2W?% 22 + oW

2 41
- Z?’Z4 Y- X - 2 WYz - XQZW) e,
. 1331 1
W = (WYQZ +X2ZW + Y222 + W2Y2 + %WQZQ + X2%y? - ?WSZ - %XQZQ
213 347 206 209 705
S X W - W Wt — 2 vt X4) 3.
14 28 A VU VI R &
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We write this system in the cylindrical coordinates (X,Y, Z, W) = («cos(0), asin(f), 8,£) and we get

3
+ 3(a(B? — 4a” + %) sin(0) — 46B° + 2023 — 2€%) a cos(6)?
+ 3(a* + &%) cos(0) + 3(3B%¢ + 2a* + 26*) sin(0)

+3a(—B + B2 — B + a*E+ & — 1)) %,

= 1 <2a3(3a sin(f) — 38 — 4€) cos(6)* + 3a° (B sin(f) — a) cos(d)’

3a
- 3a3(—2a sin(0) + B) (:05(9)2 + (a(1252§ —38a% + 653) sin(9) + 6a*

o L ((6 cos(8)°a* + 3 cos(0)Ba’ + ((8¢ + 68)arsin(8) + 362 + 357 — 12a%)a? cos(6)®

— (38% +3¢%)a” + 6" + 9¢8°) cos(0) — 3(a” + £*)sin() + 3a) e 4 3ae® + 3ae + 3a,

B = ej( — 40’ cos(0)* — 4a’ cos(0)? — 1602 cos(0)?¢? — 236* — 16¢33

+40°8% — 86257 — 40”56 + 1675 + da* + 4¢6%a% 4 8¢* — 416) :
£= ;Z<56a4 cos(6)* + (—14338%a% — 56a* — 908a2¢?) cos(0)? + 56a*
4 56(8% 4 BE + £2)a? + 28208 — 694 8% 4- 266262 5% — 4803 5 4 836¢* — 16485).

We change the independent variable from ¢ to 6, and denoting the derivative with respect to 6 by a dot, then we get
the system

&= § (2043(304 sin(f) — 38 — 4€) cos(0)* + (3a>Bsin(0) — 3a*) cos(6)?
— 3(—a(B? — 4a® + €?)sin(0) + 26 + 4¢B% — 20 B)acos(0)?
+ (3a* + 3¢%) cos(0) + (983¢ + 60t + 6¢*) sin(h)

T 3a(—f + 8% — BE + ol + €0 1)) Lo,

B = ej( —4a cos(0)* + (—4a* — 16a2€2) cos(h)? — 238 — 16¢33

+ (40® — 86%) 4% + (—4a’€E +16€% — 41)3 + 8¢* + 4202 + 4a4> + O(e"),

3
= ;—6 (56044 cos(0)* — 143302 cos(6)? 5% — 56 cos(6)%a* — 908a? cos()?¢>

1 28208% — 694433 + 5602 5% + 26626232 + 56£a” 3 — 480£3 3

3

+56a* + 56£202 + 836¢* — 16485) + O(eh).
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Now we apply the averaging theory of third order and we get that the third averaging function gs(«,3,€) =
(931(a;575)7932(a757§)7933(a75,§)) is

2
m = ()5 - -1)a
a0 5,8) = 0% — €02 4" 2G4 4E%0 g%+ gt = - gt 42,

209¢*  60&3 532432 — T9602)£2 —138833 + 112 — 3296
gl ) — 20961 60€°5 ﬁm a?)g? | (13885 +H2ﬁa 13

1 7
7058 1321a%p° N 7ot
14 112 8’

In order to look for the limit cycles of system (1.2) by the averaging theory we need to compute the isolated real
roots of the averaged system (3.6) with a > 0.

We isolate a? from the equation gs1(a, 3,€&) = 0, and we substitute it in gs;(a, 3,&) = 0 for i = 2,3. Then we get
two functions (hsa, hsz) = (hs2(5,€), hss(8,£)) given by

B8 —98% +8
h32 - T)
B
h 48135 — 772B°¢ + 502B4€2 — 1408363 + 14B2¢4 — 53783 + 72%¢ — 12B€2% + 392
33 — )

2832

o _ 4B+ B+ BE + 1)

where o° =
B

Solving the system (hs2(5,€), hssz(5,€)) = (0,0) for (a, 8,€) with 5 # 0, we obtain the following eight real solutions
{(4,1,1), (4v2,1,2), (2V14,1,3), (2v22,1,4), (\ﬁ,z,:s) (V114,2, ) (V158,2,5), (13v/2,2,8)}. We can easily
verify that these solutions are roots of the averaged system (3.6).

Since the determinants (3.5) at these eight solutions are {126, —84, 147, —693, (—4095/2), 1197, (—4977/2), 53235},
respectively and thus non-zero, so the system (1.2) has eight limit cycle bifurcating from the origin provided by the
averaging theory of third order. This completes the proof of Corollary 1.3. (|

4. CONCLUSIONS

First, we identified the system we are working on, which is a polynomial differential system in R* with quartic
homogeneous nonlinearities. We proved that this system can exhibit at most 36 limit cycles bifurcating from a
singularity with eigenvalues of the form +wse, 0, and 0, using third-order averaging theory and Bezout’s theorem.
Finally, we applied an example to this case and obtained a system containing eight periodic solutions bifurcating from
the zero-Hopf equilibrium localized at the origin of coordinates when € = 0, as demonstrated in the proof of Corollary
3.
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