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Abstract ~ N

In this paper, the improved tan (®(£)/2)-expansion method (ITEM) is proposed to obtain the fractional Biswas-
Milovic equation. The exact particular solutions contain four types: hyperbolic function solution, trigonometric
function solution, exponential solution, and rational solution. We obtained further solutions compared with other
methods, such as [2]. Recently, this method has been developed for searching exact travelling wave solutions of
nonlinear partial differential equations. These solutions might play an important role in nonlinear optics and
physics. It is shown that this method, with the help of symbolic computation, provides a straightforward and
powerful mathematical tool for solving problems in nonlinear optics.
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1. INTRODUCTION

In the recent decade, fractional nonlinear differential equations have been demonstrated in numerous applications
seemingly different fields of engineering sciences, physics, finance, applied mathematics, and others [9, 11, 19, 42, 44].
Different researchers worked on nonlinear fractional equations. In this paper, we consider the fractional Biswas-Milovic
equation [2, 7] as follows

iDyq" + AD2°q" + uF(|q*)q" =0, (1.1)

where Ay > 0,0<a<1,0< <1, n>1and g =q(x,t) is a complex valued function. The coefficients A and y
represent the coefficients of group velocity dispersion and nonlinearity, respectively. In Eq. (1.1), F is a real-valued
algebraic function and to satisfy the necessary condition of having smoothness of the complex function F(|q|?)q, the
function F(|g|?)q is considered to be k times continuously differentiable [6, 27]. A real understanding of the dynamics
of optical solitons with a generalized flavor is considered by using the BM equation. Also, the governing equation is
of special interest in the nonlinear fiber optics community [27]. For further information on the dynamics of solitons in
optical fibers, please refer to ([5]-[45]). To solve the BM equation with variable physical properties, different methods
have been proposed by authors ([3, 6, 17, 18, 21, 43]). The nonlinear partial differential equations play a key role in
describing key scientific phenomena. In fact, it has been discovered that many models in mathematics and physics
are described by nonlinear partial differential equations. With the rapid development of nonlinear sciences based on
computer algebraic systems, many effective methods have been presented, such as the homotopy analysis method [13],
the variational iteration method [15], the Adomian decomposition method [20], the homotopy perturbation method
[12], the tanh-coth method [28], the Exp-function method [14, 23, 29], the G’/G-expansion method [32, 33], the
homogeneous balance method [49], the formal linearization method [40], and so on.
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In this paper, we have two goals. First, we introduce a general form of the ITEM [1, 24, 25, 30, 31, 34, 35, 46, 48],
which is a new method. Next, we obtain the exact solutions of the Biswas-Milovic equation for one type of nonlinearity
by the aforementioned method.

Authors of [10] explained the generalized fifth-order KdV-like equation with prime number p = 3 via a generalized bi-
linear differential operator. N-lump was investigated to the variable-coefficient Caudrey-Dodd-Gibbon-Kotera-Sawada
equation [36]. Applications of tan(¢/2)-expansion method for the Biswas-Milovic equation [37], the Gerdjikov-Ivanov
model [38], the Kundu-Eckhaus equation [39], and the fifth-order integrable equations [22] were studied. Lump so-
lutions were analyzed to the fractional generalized CBS-BK equation [47] and the (3+1)-D Burger system [16]. The
approximations of a one-dimensional hyperbolic equation with non-local integral conditions were constructed by the
reduced differential transform method [41]. The generalized Hirota bilinear strategy by the prime number was used
for the (2+41)-dimensional generalized fifth-order KdV-like equation [26]. The traveling wave solutions and analytical
treatment of the simplified MCH equation and the combined KdV-mKdV equations were studied [4].

The outline of this paper is organized as follows:
In section 2, we describe the ITEM. In section 3, we apply the mathematical analysis of the Biswas-Milovic equation.
Section 4 will be further analyzed the Kerr law nonlinearity. Also, the conclusion is given in section 5.

2. DESCRIPTION OF THE ITEM

The ITEM is well-known analytical method which was improved and developed by Manafian.
Step 1. We suppose that the given nonlinear partial differential equation for u(x,t) is in the form

N (U, Uy, Ugy Ugs, Uy -..) = 0, (2.1)
which can be converted to an ODE
Qu, !, —pd " i ...) = 0, (2.2)

by the transformation £ = x — ut is the wave variable. Also, i is constant to be determined later.
Step 2. Suppose the traveling wave solution of Eq. (2.2) can be expressed as follows:

u(€) =S(¢) = > Aplp+tan(¢/2)]", (2.3)

k=—m
where A;(0 < k <m) and A_; = Bi(1 < k < m) are constants to be determined, such that A,, # 0, B,, # 0, and
¢ = (&) satisfy the following ordinary differential equation:

¢/(€) = asin((€)) + beos(4(€)) + c. (2.4)

We will consider the following special solutions of Eq. (2.4):

Family 1: When A =a? +b% —¢? <0 and b — ¢ # 0, then

#(€) =2tan~! [ﬁ — Vb:CA tan (—V;AEH .

Family 2: When A =a? +b> —¢? >0 and b — ¢ # 0, then

$(€) = 2tan! [bic + Y2 tanh (@Z)} :

Family 3: When A =a? +b% —¢? >0, b#0 and ¢ = 0, then ¢(¢) = 2tan™* [% + 7”’2;“2 tanh ( v bQ;r“QE)} )
Family 4: When A =a? +b? —¢2 <0, ¢c#0 and b= 0, then ¢(¢) = 2tan™? {—% + Y CQC_“Q tan ( v 522_“23} .

Family 5: When A =a? +b%—¢2>0,b—c# 0 and a = 0, then ¢(¢) = 2tan~! [ bte tanh (7%7625)} .

b—c

. _q [e2vE_ obE
Family 6: When a = 0 and ¢ = 0, then ¢(¢) = tan™! L%@r}, e22b€+1} .

Family 7: When b =0 and ¢ = 0, then ¢(£) = tan™! { 2¢7¢ EQQE_l} .

e2a6417 20641

Family 8: When a? + b = ¢2, then ¢(¢) = 2tan~! {%} .

Family 9: When a = b = ¢ = ka, then ¢(¢) = 2tan™! {ekag - 1} .
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Family 10: When a = ¢ = ka and b = —ka, then ¢(¢) = —2tan™! [%} .

Family 11: When ¢ = a, then ¢(€) = —2tan~! {W} .

Family 12: When a = ¢, then ¢(¢) = 2tan! [EZT;Z:T} .
ebé—b—a

Family 14: When b = —c, then ¢(¢) = 2tan~! [ﬂ} .

1—ceat

Family 13: When ¢ = —a, then ¢(¢) = 2tan~! [M] .

Family 15: When b = 0 and a = c, then ¢(¢) = —2tan™! [{—%2] )
Family 16: When a = 0 and b = c, then ¢(¢) = 2tan™" [c£] .
Family 17: When a =0 and b = —c, then ¢(¢) = —2tan~! [
Family 18: When a = 0 and b = 0, then ¢(¢§) = c¢§ + C.
Family 19: When b = ¢ then ¢(¢) = 2tan~! [eai_c} , where £ = € + O, p, Ag, Ay, Br(k = 1,2,...,m),a,b and c are
constants to be determined later.

Step 3. Determine m. This, usually, can be accomplished by balancing the linear term(s) of highest order with the
highest-order nonlinear term(s) in Eq. (2.2). However, the positive integer m can be determined by considering the
homogeneous balance between the highest order derivatives and nonlinear terms appearing in Eq. (2.2).

Step 4. Substituting (2.3) into Eq. (2.2) with the value of m obtained in Step 2. Collecting the coefficients of
tan(¢/2)*, cot(¢/2)*(k = 0, 1,2, ...), then setting each coefficient to zero, we can get a set of over-determined equations
for Ay, Ak, Bi(k =1,2,...,m), a,b, ¢, and p with the aid of symbolic computation Maple.

Step 5. Solving the algebraic equations in Step 3, then substituting Ag, A1, By, ..., Am, Bm, i, and p in (2.3).

L
ce|”

3. MATHEMATICAL ANALYSIS OF THE FRACTIONAL BM EQUATION
In this section, we consider the dimensionless form of the fractional BM equation to be studied in this paper which
is given in
iDq" + AD2’q" + pF(jg*)g" = 0, (3.1)
where \p >0,0<a<1,0< <1, n>1and q=q(x,t)is a complex valued function. The coefficients A and p
represent the coefficients of group velocity dispersion and nonlinearity, respectively. Thus, if n = 1, Eq. (3.1) collapses
to NLSE that arises in nonlinear optics, fluid dynamics, plasma physics, mathematical biology, and several other areas.
In this paper, we search for the stationary solution to (3.1). The starting hypothesis is taken to be
t tP te
P .
INl+a«) r1+p) T'(l+aw

q(z,t) = u(§) exp(if), (3-2)

where « represents the soliton wave number, J is the soliton frequency, and -y is the phase constant. Thus, from (3.1)
D" = nu" " (—nu! + iru)e™?, (3.3)
D¢ = pu" (! + isu)e™?, (3.4)
D2Pg" = nu™2[(n — 1)(u' + isu)? + u(u” + 2isu’ — s2u)]e™?. (3.5)
Inserting (3.3) into (3.5) separating to real and imaginary parts, the results are
Real part:
—n(r 4+ Ans?)u™ + M(n — Du"2(u')? + nu™ " + pF(u?)u™ = 0. (3.6)

Imaginary part:
iu/u" " [—nn + 2dn?s] = 0, =1 = 2\ns. (3.7)

(=)=
E)NE
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4. KERR LAW NONLINEARITY
This section will be further analyzed the Kerr law nonlinearity via tan(¢/2)-expansion method.

4.1. The Case n=1 case for the fractional BME. We start our study by assuming n =1 in (3.6), therefore we
have

—(r 4+ As?)u(€) + A" (€) + pF (u*(€))u(€) = 0. (4.1)
In the presence of perturbation terms, the fractional BME with Kerr law nonlinearity (F(w) = w) is given by
—(r + As?)u(€) + A" (&) + pu’(€) = 0. (4.2)
The next step is to expand the unknowns u(€) in power series in terms of p + tan(¢/2),
w€ = Y Axlp+tan(9(€)/2)]", (4.3)
k=—m

which A_; = Bg. In order to determine value of m, we balance the linear term of the highest order u” with the
highest order nonlinear term u? in Eq. (4.2) we get

u(€) = A (tan(6()/2)™ + ..., (4.4)
u?(€) = AP, (tan(6(€)/2))°" + ..., (4.5)
du(€)  m(c—b) m
=3 A, (tan(p(€)/2)™ T + .., (4.6)
2’LL mim C — 2
Tl - MDA, (tan(o(9)/2)™ + . (4.7)

By considering the homogeneous balance principle between the highest order derivatives v and nonlinear terms u?
we obtain m + 2 = 3m, then m = 1. Suppose that the solutions for Eq. (4.2) can be expressed in the following form

)

u(€) = Y Ax(p+tan(¢/2))", (4.8)

k=-1

Substituting (4.8) and (2.4) into Eq. (4.2) and collecting all terms with the same order of tan (®(£)/2) together, and
setting each coefficient of each polynomial to zero, we derive a set of algebraic equations for a, b, ¢, k, w, Ag, A1, and
Bj as follows:

Coefficients of Y = tan(¢(£)/2)

YO MNb+ ¢)(B1b — Bipa+ Ayp®a + Bic) + 2(By + A1p* + pAy)
(nATp* + 2uAop® Ay + 2p° By Ay — p°As® — p°r + pAGp® + 2uAgBip + pB7) = 0,
Y1 Ap(2a® + 2 — b?)(A1p® — By) + 3a(A1p? + By)(b+ ¢)] +4p(By + 241p%)(3uB1 Ay — \s? + 3uA? —r)
+ 12pA3p° + 30uAg A2p* + 6 Agp? (A2 — 1 + 6By Ay — As?) + 6uAg B2 = 0,
Y2 —3apA(p?A1b — p*Ajc — Aib+ Bie — Bib — Ajc) + M(—b% 4+ @ + 242) (B + 3A1p°) + 30pAp*
+6Aop(10p* AT + AT — 7+ 6uB1 Ay — As®) + 2(6A1p” + B1)(3uBi Ay + 3uAf — As® — 1) =0,
Y3 pA[AL A (p? + 3) + Ab2 (p* — 3) — 2p* Aybe — Bib* 4 2B1be — Bic® 4 64,4°]
— a\(9A1bp* — 9A cp* — Ajb — Ajc — Bic+ Byb)
+ 8A1p(5uATp? + 3uB1 Ay + 3uAd + \s® — 1) + 240 (nA] + 30pA3p* 4+ 6uB1A; — 1 — \s?) =0,
Y4 3pPAA;(b— ¢)* + ANA1(—9abp + Yacp + 2a* — b* + ¢*) + 30pAlp?
+2A1(3uB1 Ay + 15A1 pAgp + 3uAZ —r — As?) =0,
Y5 —3XA;(b— ¢)(—pb+ pc+a) + 6pA?(2pA; + Ag) = 0,
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YO A1 (2uA? + A + A% — 2Xch) = 0.

(4.9)
Solving the set of algebraic equations using Maple, we get the following results:
Case 1
2,12 2 —A
a = a, b:ba c=¢ p=Dp, A=a"+b —C, Aoz(a+p(b—c)) 2/14’
- A
Ar=(b-0¢ e B; =0, s=s, r= —5(25 +A),  u(§) = A0+ A [p+tan(p(£)/2)]. (4.10)

By using of (4.10) and Families 1, 2, 6, 8, 12, and 15, respectively, can be written as

ui(€) = (a—|—2p(b—c))”;f;\ +1/%: [a— V—Atan (fﬁ)} ) (4.11)
ug(f):(a+2p(b—c))”§—:+1/;—: a+\/ztanh<\/2gg>],
[—\ [—\ 1 2eb(6+0) 26(6+C) _ q
&) =2pb —+b ﬂtan farctan L%(;‘C)—Fl’ ZQ”(’E‘*‘C)—&-J),
us(§) = (a+2p(b—c)) 1/ ”2,u 52;004_2}7
(b+ c)ebE+0) 11
us(€) = (c+2p<b7c>>,/—+< fcu/?u e il
us(€) = (c — 2p0) c(§+0) +2}
P Qu Qu &+0) ’

20 _ 2)\s st A(252+A) ™
where ¢(z,t) = JE=o— 1“(1+ta)’ and 0 = 1“(1t+;3) (21“(1+a))
Case 11
=
a=0, b=b, c¢c=¢ p=0, Ay=0, A;=(b-0¢) o (4.12)
1

A
Bi=0, s=s r=—2QL+P-),  ul@)= Ailp+tan(o(€)/2).
By using of (4.12) and Families 5, 6, 11, and 17, respectively, can be written as

ur(§) = _/\(b;'u_02) tanh <b22_02(£ + C’)) , (4.13)

_ Y . 1 . 2eb(6+0) e2b(6+C) _ q
US(g) - ﬂ an 5 arctan eQb(&"‘C) T 1’ eQb(f"!‘C) + 1 9
— [bebE+C) — 1 -2 1
w© =05 [ y| wl© =2 e

_ 0 ¢ _ 2\st® __stf A(2524b2—c?)t>
where q(z,t) = u(§)e", £ =x — F(1+ta)7 and 0 = F(lt-i-,B) — ST
Case III
—-A
a=a, b=b, c=c, p=p, A=d+b*-c* Ag=(a+pb-2c)) eV A =0, (4.14)
1
[c [m]
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By = —(p*(b—c¢)+2ap—b—c) 2 = r=—%(282+ﬁ>7 w(€) = Ag + By [p+ tan(p(€)/2)] "

By using of (4.14) and Families 1, 2, 6, 8, 12, and 15, respectively, can be written as

(€)= (a+plb—0) ;2—<p2<b—c>+2ap—b—c>\/§[p+,,“C—b‘ftan(*/?s)] . )

€)= a-+plb =)y 52 — (0= )+ 2ap = b= )y 5> [p+ VB (‘/Egﬂ |

A, Y 1 2EVEHC) EHC) 1\
(&) =pby[5 0 =07 =Dy o7 {p ten (2 aretan LQb(f-ﬁ-C) T1 20 11 ’

~A -\ a(£+C’)+2}1
=(a+p(— — —(p*(b—c¢)+2ap—b— — —_— ,
wa©) = (@40 - o)y 52 =GP0 —0) + 20 b= 0[5 [ LD
-1
B 5 [=X (b4 ¢)ebE+E) 41
u15(§) = (¢ +p(b —¢)) - (p°(b—c)+2ecp—b—c) M {pﬁL (b= c)eEra) — 1 ;
u16(€) = ¢(1 — p) ;/\Jrc( —1)? /\{ +W]l
16 p 2,[,L p 2M p C(é— + C) )
i - st st A(2s2+A)t”
where q(z,t) = u(&)e?, € =z — 1“2()\14:@)7 and 0 = 1"(1t+,8) — (21"(1+a)) )
Case IV
-2
a=a, b=¢, c¢c=¢, p=p, Ag=a , A1 =0, (4.16)
2p
-2\ A 9 9 1
By = (ap — ) o 8=s 7= —5(2s7+a%),  u(€) = Ao+ Bi[p + tan(6(€)/2)] .
By using of (4.16) and Families 7, 13, and 16, respectively, can be written as
- —92\ 1 2e2(§+C) e2a(6+C) _ 1 -1
ui7(€) = a b + (ap — )4 | o [P + tan (2 arctan [e2a(£+0) 11 2aEro) 1 J )] ) (4.17)
— —2A [eHE+O) 9] —2x 1
= — _ 1 = —
u18(€) C 2# C(p + ) L |: eb(£+c) :| ) u19(€) c wop + C(g ¥ C)7
. St s B 82 2 =
where g(z,t) = u(§)e”, & = v — Fi%5;, and 0 = 55 — MSP(ﬂaa)f :
Case V
[—A
a=a, b:b, c=c, p:—bic7 AQ:O, A1:O, Blz[pQ(b—C)—Fb—FC] ﬂ’ (418)

A _
A=a>+b0* -2 s=s, r:—§(2s2+A), w(€) = By [p+ tan(e(€)/2)] .
By using of (4.14) and Families 1, 2, 6, 8, 12, and 15, respectively, can be written as

u19(€) = —[p?(b—¢) + b+ (] ;—: H cot <\/27A£) , (4.19)
[c[v]
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uz0 (&) = [P*(b—¢) +b+c\/7\/> ( )’
) 9b(E+C)  2b(E+C) _
uz1(§) =b Em cot (2 arctan L2b(g+0) 11 e2b(E+0) 4 1}) ’
o A a | aE+0)+2]7"
UZQ(g)_[p(b_c)+b+6]\/;|:_b—c+(b—C)(£+C):| )
X bt e)ehErO) 417!
uz3(€) = [p*(b—c) + b+ C]\/; {_bic + Eb — 32b(5+c) - 1} ’

. st& s B (2 «
where g(z,t) = u()e”’, & =z — Fa%y, and 0 = ity — 2GRN
Case VI
= = \l Bla ¢ = \/ — Bla p=0n, AOZOa Al 207 (420)
By =By, s=s, —As%, u(€) = Bi[p+ tan($(§)/2)]
By using of (4.20) and Family 16, we can write
By
= — 4.21
R et (421)
i a 8 2,a
where q(z,1) = u(§)e”, & = z = F335y, and 0 = i — Witay
Case VII
a=0, b=b c=c¢, p=0, Ay=0 A =(b-c) -2 By =(b+c) -2 (4.22)
; 3 ; y 0 ; 1 2/14 ) 1 2,LL ) .
A _
s=s,  1=-3(2"+40" =), (€)= Ai[p+tan(6(€)/2)] + Bu[p + tan(4(¢) /2)] '
By using of (4.22) and Families 5, 6, and 11, respectively, can be written as
- V2 — 2
uge (&) = [ 5 o Vb2 — 2 [tanh ( (E + C)> + coth <26(§ + C’)) (4.23)

-\ L 2eb(€+C) e2b(6+C) _ 1 1 . 2eb(E+C) e2b(6+C) _ 1
ug7(§) =0 E [tan —tan™ L2b(€+c) T 10 oB(E+0) 1 1]) + cot (2 tan L2b(€+c) 11 o(E+0) 1 J)} )

— [b2e 2b(¢4C) +1
U28(£) 2b T |:b262b(§+c) _ 1:|
i0 2\s st? A(252+4(b2 =)t
where g(z,t) = u(¢)e?, £ =z — F(1+ta)7 and 0 = F(lt-i-,B) — X 2F((1+a) i
Case VIII

[ 2 /
a-pAl )l\ll, b:—(A1p2—A1—|—Bl) —%, C:(Apo—FAl—‘rBl) —%, (424)

p=p, Ag=0, A=A,

Bi=Bi, s=s r=2AiBi-\s" u(é)= A [p+rtan(¢(§)/2)] + Bi [p + tan(¢(€)/2)]
(=)=
E)NE
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By using of (4.24) and Families 1 and 2, respectively, can be written as

2 1 2uA{B 1 2uA1B
U29(€)=—7 A, By tan (2 - u/\l 1(€+C)> —% A1 B cot (2\/— u}\l 1(5-!—0)),

22 1 [2uA,B 1 [24A.B
uzo(§) = ;\/—AlBltanh <2 a )\1 1(§+C)> +%\/—A131 cot (2\/ K )\1 1(§+C)>,

i st sth A —Ash)t®
where q(z,t) = u(£)e?, € =z — FQ(AIJ:Q), and 0 = r(1t+ﬁ) + %1(311+0f‘) Ly
Case IX

[ 2p 2 p
=pAj\/ —— b=—(A1p°— A, — B -
a pAq ) ) ( 1P 1 1) 2)\7
1

C:(A1p2+A1_Bl) P=D A0:O7 A1:A1a

~o

Bi=B1, s=s, r=4uAB;—)\s®, (€)= A, [p+tan(6(€)/2)] + By [p+ tan(¢(§)/2)]71 )

By using of (4.26) and Families 1 and 2, respectively, can be written as

2\ 1 /2uAB 1 /2uA{B
U31(€)=—; —A1B; tan (2\/ M/\l 1(§+0)>—2/t\ —A; B cot <2\/ u}\l 1(§+C))7

22 1 [ 2uA.B 1 [ 2.A.B
Usz(ﬁ)zszlBltanh (2 - u; 1(E+C)> +%\/A1B1C0t (2 — M)\l 1(§+C)>,

i s sth 4 Ay By —As?)t®
where q(x,t) = u(¢)e”, £ = x — FQ()\ltha)’ and 0 = r(ﬁﬁ) + T(ita) .
Case X

. [ [ . 1
a 107 2\’ b 07 c 1 2\’ p 2, 0 07 1 2 1,

Bi=Bi, s=s  r=-2uB{ -)s’, u(f)=A[p+tan(¢(£)/2)] + Bi [p + tan(¢(€)/2)] -

By using of (4.28) and Family 1, we can write

s () = —?Bl tan (;R&(g + c>> + gBl cot (;RBl €+ 0)> ,

i st* st? 2uB3+Xs%)t”
where q(z,t) = u(&)e?, € =z — F2(>‘1+ta), and 0 = F(ltJrB) — & F(11+oj)) .
Case XI

/ / 1
a:_iBl _%7 bzoa c:Bl _%7 p:z7 AOZOa A1:_§Bl7

Bi=B), s=sr=-2uB}—\s* u(&)=Ai[p+tan(o(&)/2)]+ Bi[p+ tan(¢(§)/2)}71 .

By using of (4.30) and Family 1, we can write

usa(€) = gBl tan (;RBl(g‘ + C)) + gBl cot (;RBl(g + C)> ,

; st 8 2_ 3 g2) 4
where q(z,t) = u(&)e?, € =z — %, and 0§ = F(sltJrB) + (“i1(1+a))t .

1415

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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(a)

(b)

q,(x.t)

FIGURE 1. Panels ((a), (c¢)) and ((b), (d)) show the real and imaginary values respectively of (4.11), by
considering the valuesa =2,b=2,¢=3,p=1,A=2,u=3,s =2, =0.5,8=0.1.

(a) (b)
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FIGURE 2. Panels ((a), (¢)) and (

(b), (d)) show the real and imaginary values respectively of (4.11), b
considering the values a = 2,b = 2, 3,

=3, p=1L,A=2,p=3,5=2,a=10.99,8 = 0.99.
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FIGURE 3. Panels ((a), (c¢)) and ((b), (d)) show the real and imaginary values respectively of (4.11), by
considering the valuesa =2,b=3,¢c=3,p=1,A=2,u=3,s=2,=0.5,8=0.1.

)

FIGURE 4. Panels ((a), (c)) and ((b), (d)) show the real and imaginary values respectively of (4.11), b
c p=1,A=2,u=3,s=2,aa=0.99,5 = 0.99.

considering the values a =2,b = 3,¢c = 3,
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FIGURE 5. Panels ((a), (c¢)) and ((b), (d)) show the real and imaginary values respectively of (4.11), by
considering the values a =3,b=4,¢c=5,p=1,A=2,u=3,s=2,a=0.5,8=0.1.
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-15
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FIGURE 6. Panels ((a), (¢)) and ((b), (d)) show the real and imaginary values respectively of (4.11), by
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a,0x)

1.292

1.2915

1.291

1.2905

(b)

1.29
0

considering the values a =3,b=4,c=5,p=1,A=2, 0 =3,s =2, =0.99, 5 = 0.99.



FIGURE 7. Panels ((a), (c¢)) and ((b), (d)) show the real and imaginary values respectively of (4.11), by
considering the values a =3,b=5,¢c=3,p=1,A=2,u=3,s=2,=0.5,8=0.1.

q5(x.t)

og(x)

FIGURE 8. Panels ((a), (¢)) and ((b), (d)) show the real and imaginary values respectively of (4.11), by
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considering the values a =3,b=5,c=3,p=1,A=2, 0 =3,s =2, =0.99, 5 = 0.99.
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Remark 4.1. In Figures 1-8, we plot two dimensional and three dimensional graphics of absolute values of (4.11),
which denote the dynamics of solutions with appropriate parametric selections. We plot two and three dimensional
graphics of Figs 1-4 when —4 < z < 4,—4 < t < 4. Moreover, we plot two and three dimensional graphics of Figs 5-8
when 0 < z < 8,0 < t < 8. To the best of our knowledge, these optical soliton solutions have not been submitted to
literature in advance. Figures 1 and 2 show periodic wave solutions, Figure 3 and 4 present soliton wave solutions.
Also, Figures 5 and 6 show rational wave solutions. Moreover, Figures 7 and 8 present exponential wave solutions.
We test our results based on different a and S.

4.2. The Case n > 2 case for the fractional BME. Now, we close this work by assuming n > 2 in (3.6), therefore,
we have

x4 mAU(E) + n(n — DA (€))? + nAu(€)u’(€) + pF (u?(€))u(€) = 0. (432)
In the presence of perturbation terms, the fractional BME with Kerr law nonlinearity (F(w) = w) is given by
x4+ mA?)u2(€) + nn — DAW (€))% + nhu()u” (€) + pu(€) = 0. (4.33)

In order to determine value of m, we balance the linear term of the highest order uu” with the highest order nonlinear
term u* in Eq. (4.33) we get

u(§) = Ap (tan(¢(§)/2))™ + ..., (4.34)
ut(€) = A}, (tan(6(€)/2))"™" + ..., (4.35)
du(§) _ m(c—b) 1
& =32 Ay, (tan(p(€)/2)™ ' + ... (4.36)
2y m(m c—b)? 2
Cule) i DDy, (an(o(e)/2)™7 + . (437)
2u m(m c—b)? 2m4-92
Cule) _ i £ DD 42 (i) /27 . (138)

By considering the homogeneous balance principle between the highest order derivatives uu” and nonlinear terms u*
we obtain 2m + 2 = 4m, then m = 1. For simplicity we set p = 0 in (2.3). Then the trail solution is

)

u(€) = Y Ax(p+tan®(¢/2))¥, (4.39)

k=-1

Substituting (4.39) and (2.4) into Eq. (4.33) and collecting all terms with the same order of tan (®(£)/2) together,
and setting each coefficient of each polynomial to zero, we derive a set of algebraic equations for a, b, ¢, k, w, Ag, A1,

and Bj as follows:
Coefficients of Y = tan(¢(€)/2)

YO : BI(4uB? 4 2nXch + 2n%Xcb + n2Ab? 4+ nAc? + n?Ac? 4+ nAb?) = 0,
Y': 2B (8A4ouB? + 2B1n*Aab+ Biniab + 2B1n*Aac + Bindac + nAAob? + nAAoc® + 2nAAoch) = 0,
Y?: 2B (8uA1B — Bin?\b? + 2Bin?\a® 4 12B1pAd + Bin*Ac? — 2Bin*\s®> — 2B1nr + 4nicbAy
+3ndAoba — n2Ab2 A1 + 2nA2 A1 — n? AP Aq + 2n0b2 A1 — 2n2AcbA; + 3nAApca) = 0,
Y3 2Bl(f2Bln2/\ab — BinAac + Bin\ab + 2Bin*ac + 24B1pApAr + 8,uA3 — 4n%XabA; — 4nrAg
+2n2Aoa? — nAAb? — 4n2As? Ao + nAAoc? + 8ndabA; — 4n?lacA; + 8nAcaAi) =0,
Y*: —nA(8na?A;B; — 16a®A; By + 2AobaB; — 2AobaA; — 2AgcaBy — 2AocaAr — nb?> B} — 4nb* A, By
+b2B? + b2 A% + 8 A1 B1 — nb* A3 — 2nchA? — 2¢bB? + 2ncbB? + 2¢bA? — 8¢2 A1 By + 4nc? A1 By — nc? B?
—anA% + C2B% + CQA%) - 4n2)\s2A3 + 4,uA§ — 4nrA3 — 8nrA, B + 48MA§A1B1 — 8n2\s2A1 By + 24uAfo =0,
YS: 2A1(2n2)\abA1 — nAcad; — nhabA; + 2n*acA; + 24 A1 Ao By + 81A3 — dnrAg + nAAgc?
+2nAApa? — 8nAabBi — nAAob? — 4n?A\s? Ay + 4n’\abB1 + 8nAcaB1 — 4n2>\acBl) =0,
Y. 2A1(8/J/B1A% —2nrA; +n2ACAL + 24112 0a® — A2 AL — 2n2As2 AL + 12uA3A1 + 2n2\cbB1 + 3n\Aoca
—n*AB1b? + 2nAB1? + 2nAB1b? — n?ABic? — 4nichBy — 3nAAgba) = 0,
Y7 72A1(78;LA0A% —2n%XacAr — nicaAr + 2n?XabA1 + nhabA; — nAAoc® — nAAgh® + 2nA\Aochb) = 0,
Y8 AT(4pA? 4 b*An 4+ Ean + n?® + n?Ab? — 2nAeb — 2n2Ach) = 0.
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(4.40)
Solving the set of algebraic equations using Maple, we get the following results:
Case I
a=0 b= -—" B, = /-——FP B p=0, Ay=0 A, =0 (4.41)
’ n(n+ 1A n(n+ 1A ’ ’ ’
By =B;, s=s r=-n)\s>  u() = Bjcot(p(&)/2).
By using of (4.41) and Family 16, we can write as
By
u (€)= ——L 4.42
i Anst® st? ns2t®
where q(z,t) = u(¢)e?, ¢ =z — §(1+L), and 0 = m - 1“(174-2)
Case II
a=0, b=—|-——t A, = )-—H A p=0, Ay=0, A =4 (4.43)
’ nn+ 1A nn+ 1A ’ ’ ’
By =0, s=s, 7r=-n\s?, u(f)=A;tan(4(£)/2).
By using of (4.43) and Family 17, we can write as
Ay
up(€) = —— L 4.44
i _ Anst® __st? nsZt®
where q(z,t) = u(¢)e?, € =z — 1%(1+2), and 0 = F(lt-',-,B) - F(H—fx)'
Case III
DA
a=0, b=b, c=c, p=0, Ay=0, A =- —n(n4;)(b—c)7 (4.45)
m
A
b= _”(”;)(b o), s=s, r=nAb?—c =5, u(f) = Artan(6(€)/2) + Bicot((€)/2).
By using of (4.45) and Families 5, 6, 11, 16, we can write as
HA Vb2 — - b2 — -
us(€) = — _n(n4;)1 /b2 _ 2 {tanh <205> _ coth <QC§> } 7
o
(4.46)

_ ) nst® 8 PA(D2 —c? —s2)t
where £ = &+ O, q(x,t) = u(£)e®, ¢ =z — 1%/(\1+f1)7 and 6 = r(it+ﬁ) + A(bF(l—O—a) L

n(n+ 1) 1 eME 1 el 1 eME 1 el
ug(§) = —y/ ————=b< tan | = arctan — , — — cot [ = arctan — , — ,
4# 2 621)5 + 1 €2b§ + 1 2 €2b§ +1 621)5 + 1
B n(n4 1D\, [bebETC) — 1 pebE+CO) 4
us(§) = =/~ 40 beb(E+C) £ 1 pebE+C) — 1 [’
. ns o s B 2 2\«
where q(z,t) = u(&)e?, ¢ =z — 1%?1+ta)’ and 0 = F(ltJrB) + n’\l(f)(1+z))t :
nn+ 1A 1 0 2 nst® sth nAs%t®
= - - ) 7t = ¢ ) = =Y 9 - - 5
ug(€) L Eroy d@O=u®et f=w-ray T1+8) T(+a)
an
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Case IV
b2 — 2 1 1
a=-VE -1, b=b c=c¢ p=0, AO:\/—( At DA -y [Lr0E DA aar)
i dp

B =0, s=s, 7r=-n\s?, (€)= A+ A5 tan(s(£)/2).

By using of (4.47) and Families 8, we can write as
% = A)n(n+1)A n(n+ 1)\ aé +2
— )= — — 4.4
ur(€) Pt DR R (1.48)

a i st P nis2t®
where £ = &€ + O, q(x,t) = u(£)e®, ¢ =z — 1%2‘{3‘;2)7 and 6 = % - ﬁ
Case V

2 _ 2 1
=+vcZ-b, b=b c=c, p=0, AOZ\/—(b c)nin + )/\, A =0, (4.49)

ap

b2
n+ A 2
b+c s =3Ss, r = —TL)\S 5 u(é-) :AO+B1 COt(¢(§)/2)

By using of (4.49) and Famlhes 8, we can write as

—c2 n—l—l))\ nn+1DA 5 £
\/ +\/_4u (b C)a§+2’ (4.50)

nst® st? nis2t®
where £ = £+ C, q(z,t) = u(é)e 19,§—x—%?1+2)7and0:ﬁ—ﬁ.

5. CONCLUSION

In this paper, we presented the improved tan (®(£)/2)-expansion method for solving the fractional Biswas-Milovic
(FBM) equation. We obtained abundant results for FBME. The exact particular solutions contain four types: the
hyperbolic function, the trigonometric function, the exponential, and the rational solution. Abundant exact travelling
wave solutions including solitons, kink, periodic, and rational solutions are attained. It is worth mentioning that some
of newly obtained solutions are identical to already published results. It has been shown that the applied method is
effective and more wide-ranging than the Exp-function method and sine-cosine method because it gives many new
solutions. Therefore, this method can be applied to study many other nonlinear partial differential equations which
frequently arise in engineering, mathematical physics, and nonlinear optics.
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