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Abstract r N

In this paper, we apply the successive approximation method (SAM) to solve nonlinear differential equations
(DEs) with proportional delay. Utilizing SAM, we establish results on existence and uniqueness. Differential
equations (DEs) with proportional delay represent a particular case of time-dependent delay differential equations
(DDEs). We demonstrate that the equilibrium solution of time-dependent DDEs is asymptotically stable over
finite time intervals. We obtained a series solution for the pantograph and Ambartsumian equations and proved
their convergence. Furthermore, we prove that the zero solution of the pantograph and Ambartsumian equations is
asymptotically stable. The outcomes of integer order obtained for DEs with proportional delay and time-dependent
DDEs have been extended to the initial value problem (IVP) for fractional DDEs and a system of fractional DDEs
involving the Caputo fractional derivative. Finally, we illustrate SAM’s efficacy using particular non-linear DEs
with proportional delay. The results obtained for non-linear DEs with proportional delay by SAM are compared
with exact solutions and other iterative methods. It is noted that SAM is easier to use than other techniques, and
the solutions obtained using SAM are consistent with the exact solution.

Keywords. Successive approximation method, Lipschitz condition, Caputo derivative, Existence-uniqueness, Proportional delay, Pantograph equa-
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1. INTRODUCTION

Delay differential equations (DDEs) contain the state variable at a past time ¢t — 7. The inclusion of the delay
7 makes the DDE an infinite-dimensional dynamical system. Even if it is very difficult to analyze and solve such
equations, this branch is popular among applied scientists due to its applications in various fields.

On the other hand, if the order of the derivative in a differential equation is any arbitrary number (instead of a
positive integer), then the equation is called a fractional differential equation (FDE). Even though there are several
inequivalent definitions of the fractional derivative operator, one can select the derivative that is appropriate for the
model under consideration. This flexibility is a key feature behind the popularity of fractional calculus.

Daftardar-Gejji and coworkers proposed numerical schemes [5, 15] for solving fractional order delay differential
equations (FDDE). The modified Laguerre wavelets method [18], spectral collocation method [1], and fractional-order
fibonacci-hybrid functions [30] are a few other methods for solving FDDEs. Stability analysis of FDDEs has been
proposed in [6-8, 20]. Applications of FDDE are presented in [9, 21, 28, 29].

In general, the delay 7 in the DDE a'(t) = f(t,«(¢), z(t — 7)) is not constant. The analysis becomes more difficult
when 7 depends on time or state. The proportional delay differential equation a’(t) = f(¢, z(t), z(qt)) or a pantograph
equation is a particular case of time-dependent DDE with 7(¢) = (1 — ¢)¢t. These equations are proposed by Ockendon
and Tayler in the seminal work [22] to model the motion of an overhead trolley wire. A few other applications of these
equations are discussed in [10, 12]. The Daftardar-Gejji and Jafari method (DJM) is applied in [11] to find analytical
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solutions of the pantograph equation. Furthermore, the authors presented various relationships between the solution
series and existing special functions. Patade and Bhalekar proposed the power series solution for the Ambartsumian
equation [23] using DJM. The analytical solution for the pantograph equation is discussed in [24]. Vidhyaa et al.
[34] have obtained oscillation conditions for non-canonical second-order nonlinear delay difference equations with a
super-linear neutral term. The asymptotic behavior of third-order delay difference equations with a negative middle
term is discussed in [31].

Solving nonlinear FDEs with proportional delay is an important task in mathematical analysis and applications.
This motivates us to work on finding solutions to FDEs with proportional delay. In this paper, we derive the existence-
uniqueness results for FDEs with proportional delay and find the solutions of FDEs with proportional delay using
SAM in terms of power series.

The paper is organized as follows: The basic definitions and preliminary results are presented in section 2, and the
SAM is discussed in section 2.1. Existence and uniqueness results are described in section 2.3, and stability analysis
is presented in section 3. Series solutions of the pantograph equation and the Ambartsumian equation are described
in section 4. Results for fractional differential equations (FDEs) and systems of FDEs are developed in sections 5 and
6, respectively. Sections 7 and 8 deal with illustrative examples. Finally, conclusions are summarized in Section 9.

2. PRELIMINARIES AND NOTATIONS

Definition 2.1. [19] The Riemann-Liouville fractional integral of order a > 0 of f € C[0, c0) is defined as:

1 t
Iaftzi/t—gaflfgdg, t>0. 2.1
(t) ) /, =0 f() (2.1)
Definition 2.2. [19] The (left sided) Caputo fractional derivative of f, f € C™,m € NU {0}, is defined as:
dm
Daf(t) = dtimf(t), a =1m,
dWL
:Im_o‘dtmf(t), m—1l<a<m, meN (2.2)

Note that for0<m —1<a<mand 8> —1
Iaxﬂ _ F(ﬂ—’_l) xBJra

F(B+a+1) ’
m—1 tk
(I"Df) () = f() = > FP(0) (2.3)
k=0
Definition 2.3. [19] The Mittag-Leffler function is defined as
o0 tn
E.(t) = _— . 24

Definition 2.4. [19] The multi-parameter Mittag-Leffler function is defined as:

- szy
E(al,---,an),ﬁ(21;227~-~ 7Zn) :Z Z (k§ll,"' 7ln) _oog=

k=0 I+ -+l =k b
' 1,20 F(ﬁ—’—zajl])
=1
where, (k;l1,l2, -+ ,1,) is the multinomial coefficient defined as
k!
Kily loy e o 0y) = —— 2.5
( 1,02 ) ll!lQ!"'ln! ( )

(&)
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Definition 2.5. [16] Consider the DDE,

y'(t) = fy(t),y(t — 7(1))), (2.6)

where f : R x R — R. The flow ¢;(to) is a solution y(¢) of Eq.(2.6) with initial condition y(t) = to, t < 0. The point
y* is called equilibrium solution of Eq. (2.6) if f(y*,y*) = 0.

(a) If, for any e > 0, there exist § > 0 such that |to — y*| < 0 = |d+(to) — y*| < €, then the system Eq. (2.6) is
stable (in the Lyapunov sense) at the equilibrium y*.

(b) If the system (2.6) is stable at y* and moreover,tliglo |¢+(to) — y*| = O then the system (2.6) is said to be

asymptotically stable at y*.

2.1. Successive Approximation Method (SAM). The successive approximations method (SAM) is a familiar
classical technique for solving integral equations [13]. SAM has applications in various fields, including physics,
engineering, and applied mathematics, especially in problems involving integral equations arising in initial value
problems [14, 32, 33]. Consider the differential equation

y'(t) = f(t,y(1),y(0) = yo, (2.7)
Let ¢o(t) = yo be the first approximate solution of the IVP (2.7). Then

b1(t) = o + / f (. do(2))dz,

$2(t) = yo + /0 f(z, ¢1(z))d.

Continuing in this way, we obtain
t
d)k‘-‘rl(t) =% + / f(xv (bk(l’))dfl?, k= Oa 17 27 . (28)
0

2.2. SAM for differential equations with proportional delay: Consider the differential equation with propor-
tional delay

y'(t) = ft,y(t),y(qt),y(0) = yo,0 < g <1, (2.9)
where f is a continuous function defined on some 3-dimensional rectangle

R={|t| < a,[y(t) — yol <b,]y(qt) —yo| < b,a>0,b>0}.
Let ¢o(t) = yo be the initial approximation for the IVP (2.9). Then

b1(t) = yo + / f(, do(x), dolqz))dz,

P2(t) = yo +/0 f(z, o1(x), P1(qx))dx.

Continuing in this way, we obtain:
t
buat) w0+ [ Flo.6u@)onlan))dn, k=012, (2.10)
0

2.3. Existence and uniqueness results.
Theorem 2.6. A function ¢ is a solution of the IVP (2.9) on an interval I if and only if it satisfies the integral
equation:
t
vt) =w+ | flo.(@).vlg0)ds, for tel. (211)
0

(=)=
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Proof. Let ¢ be a solution of the IVP (2.9) on an interval I. Then

¢'(t) = f(t,0(t), 6(qt)), 6(0) =90,  0<g<1 (2.12)
The equivalent integral Equation (2.12) is

o(t) = 6(0) + / f(, 6(z), (gz)d. (2.13)

and ¢(0) = yo. Thus ¢ is a solution of the IVP (2.11).
Conversely, suppose Equation (2.13) holds. Differentiating Equation (2.13) w.r.t. t, we get

¢'(t) = f(t,0(t),6(q1),0 <g <1 Vi€l
From Equation (2.11), ¢(0) = yo. Hence, ¢ is a solution of the IVP (2.9). O
Theorem 2.7. Let f be continuous and |f| < M on R. The successive approzimation (2.10) exist and are continuous

on the interval I = [—(,¢], where ( = min{a, & }. Ift € I then (t,y(t),y(qt)) € R and |¢y(t) — yo| < M|t
|9 (qt) — yo| < Mt|.

Proof. We prove the result by mathematical induction.

(i) Clearly ¢(0) = yo is continuous on I. Thus, the theorem is true for k£ = 0.
(ii) For k = 1, we have

b1(t) = yo + /0 F(@, do(x), do(qz))dz,

o1(t) = o +/0 f(@,y0,y0)dz.

Since f is continuous, ¢4 (t) exists.

61(t) — ol = | / £, d0(x), do(qz))dal

t
< [ £ do(@).én(aa) o
< M|t|
<b, tel,
and  [¢1(gt) — yo| < Mqt|
<M, 0<g<1
<b, tel.

Thus, for ¢t € I, (t,y(t),y(qt)) € R and |¢1(t) — yo| < Mt], |¢1(qt) — yol < M]t].
Thus, the theorem is true for k = 1:
(iii) Assume that the theorem is true for k = n. ie. For ¢ € I, (t,y(¢),y(qt)) € R and |p,(t) — yo| < M|t

|¢n(qt) — yo| < Mt].
(iv) To prove the theorem for k =n + 1.

If t € I, then

t
busr) =0+ [ 100,026, (am))d.
Since f is continuous, ¢y,41(¢) exists on I.

|Pny1(t) — yol < Mt|
<b, tel,

and  |¢n41(qt) — yo| < M|qt|
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<Mtl, 0<g<1

<b, tel
Thus, if t € I, (t,y(t), y(qt)) € R and |@n+1(t) — yo| < Mt|, |dn+1(qt) — yo| < M.
Hence, by mathematical induction, the result is true for all positive integer n. O

Theorem 2.8. (Ezistence Theorem) Let f be continuous and |f| < M on the 3-dimensional rectangle
R={lt| <a,[y(t) —yol <bly(qt) = yo| <b,a>0,0>0.}

Suppose [ satisfies the Lipschitz condition in its second and third variables with Lipschitz constants L1 and Lo such
that

|f(tya(t),y1(qt)) = [t y2(2), y2(at))| < Lalyr(t) — y2(t)] + L2y (qt) — y2(qt)|.

Then the successive approzimations (2.10) converge on the interval I = [—(, (], where { = min {a, ﬁ} to a solution ¢
of the IVP (2.9) on I.

Proof. We have

k
i ( Z — ¢n-1(t)].

To prove that the sequence {¢y} converges, it is enough to prove that the series

+Z O (t) — fn1(t)] (2.14)

is convergent.

By Theorem 2.7 the function ¢y, all exist and are continuous on I. Also, |¢1(t)—¢o(t)] < M|t] and |¢p1(qt) —do(qt)| <
Mit| for t € I.

Now,

Pa(t) — p1(t) = /0 [f(z,01(x), d1(qx)) — f(x, do(x), po(qx))]dx
- [éa(t) — 61(8)] < / (@, 61(2), 61 (q2)) — F(, do(2), dolqe))|de

< / [L1]én () — do(@)| + Lalér(qz) — dolgz)[|da

2
<M(L1+L2)|2|

We shall prove by mathematical induction

60(8) ~ ua (0] < MLy + Loy (215)

We have proven that Equation (2.15) holds for n = 1,2. Assume that (2.15) holds for n = m.
We have

Pmy1(t) — Pm(t) :/o [f (@, dm (), dm(q2)) — [ (2, pm—1(2), Pm—1(q))]dx
. |¢m+l(t) - ¢m(t)| < A |f((12, d’m(x)a ¢m(qx)) - f((ZJ, d’m—l(z)? ¢m_1(qx)|dx

< / Lalém(@) — bmr(@)] + Lol (q2) — dmr(q2) e
0
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|t|m+1
<M(Ly+ L) ———..
< M(Ly + L) (m+ 1)
Thus, the result is true for n = m + 1.
Hence, by the mathematical induction, the result is true for all n = 1,2, - . Therefore, the infinite series (2.15) is
absolutely convergent on I. This shows that the n'® term of the series |¢o(t)| + Y oo, |0 (t) — ¢pn_1(t)| is less than
(LTMLQ) times the n'" term of the power series e(X1 L2t Hence, the series (2.15) is converges. (]

3. STABILITY ANALYSIS

The differential equations with proportional delay
y'(t) = f(ty(t),y(at)), (3.1)
is a special case of the time-dependent delay differential equation (DDE)
y'(t) =f ),y —7(t)) with 7(t)=(1-q},

The following results are similar to those in [16].

Theorem 3.1. Suppose that the equilibrium solution y* of the equation

v =fly@),yt—77)), 7 =7(t), (3.2)
is stable and || f(y(t), y(t — 7(t))) — f(y(t),y(t — 7(t1)))|| < e1|t — t1|, for some €1 > 0 and for all t, t1 € [to,to + ),
where ¢ is a positive constant. Then there exists t > 0 such that the equilibrium solution y* of (2.6) is stable on the
finite time interval [to,1).

Corollary 3.2. If the real parts of all roots of A —a —be™*" =0 are negative, where a = O f,b = dof are evaluated
at the equilibrium, then there exist e.,t(> to), such that when € < €., the solution y* = 0 of (2.6) is stable on the
finite time interval [to,1).

4. SERIES SOLUTION OF PANTOGRAPH EQUATION

The pantograph is a device used in electric trains to collect current from overhead lines. The pantograph equation
was formulated by Ockendon and Taylor in 1971 and originates in electrodynamics [22].
Consider the pantograph equation:

y'(t) = ay(t) + by(qt), y(0) =1, (4.1)
where 0 < ¢ < 1, a,b € R. Integrating (4.1), we get

t
) =1+ [ (@) + bylaa)) de (12)
0
Let ¢x(t) denote the k*" approximate solution, with the initial approximate
do(t) = 1. (4.3)
For k > 1, the recurrent formula as below:

t
or(t) =1 +/ (adr—1(x) + bdr_1(qx)) dz. (4.4)

0

From this recurrence relation, we have

bit) =1+ / (ago() + byo(qz)) da
t

:1—|—(a—|—b)1'7

bo(t) =1+ / (a6 (2) + b (qu)) dx
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2

t t
:1+(a+b)ﬂ (a+b)(a+bq)2',

bs(t) =1+ / (ada(2) + b (qz)) d

2 3
=1+ (@t B+ (a4 D)(a+ba)g; + (a+b)(a+ ba)(a+ be) oo

i El
on(z) =1+ 7 (a+bg), k=1,2,3
j=0
As k— o0, or(t)— y(t)
o ,m m—1
y(t):1+zt—' (a+bg”)
m=1""" j=0
If we define H;":_Ol (a+bg?) =1, for m =0, then
o0 ym m-1 ‘
yt) =Y — ] (a+0d). (4.5)

Theorem 4.1. For 0 < g < 1, the power series (4.5) is convergent for all t € R.

Corollary 4.2. The power series (4.5) is absolutely convergent for all t and hence it is uniformly convergent on any
compact interval of R.

Theorem 4.3. If0 < g <1 and a,b > 0, then

tmml

o0
)= — [ (a+b¢) <el*™9" 0 <t < o0
m:Om 7=0

Theorem 4.4. If (a +b) < 0 then the zero solution of Eq. (4.1) is asymptotically stable.
Proof. Define
u(t) = guax v’
=19 g
=y(®)y'(t)
— y(t)(ay()
=ay?(t) +0
< (a+ b)u(t
= u(t) < u(0)e2 !
o lim y(t) =0, if (a+0b) <0

r—r00

+ by(qt))
y(t)y(qt)
)

O

4.1. Series solution of Ambartsumian equation. In [3], Ambartsumian derived a delay differential equation
describing the fluctuations of the surface brightness in a the Milky Way. The equation is given as:

v =-u0+ v (*). (4.6)

q
(=)=
E)NE
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where ¢ > 1 is a constant for the given model.
Equation (4.6) with the initial condition y(0) = A can be written equivalently as

y(t) = A+ /Ot (;y (2) - y(a:)) da. (4.7)

Let ¢ (t) be the k" approximate solution, where the initial approximate solution is taken as
do(t) = A. (4.8)

For k > 1, we use the recurrence relation:

o) =+ [ t (Gori (2) - o) s (19)

From this recurrence relation, we have:

s | (in(5) i)
:)\+/Ot (24)6&
(]
i)

—_

\
I
—
2|~

I
S
—
+
7N
| =
|
—_
"
I
7N
<
I
—_
~~
N
| =
I
—_
~__
N
~_
>

If we define [}, (q% - 1) =1, for m = 0, then

y(t) = mf:o % ﬁl (qu - 1) A (4.10)

Theorem 4.5. For q > 1, the power series (4.10) is convergent for all t € R.

Corollary 4.6. The power series (4.10) is absolutely convergent for all t and is therefore uniformly convergent on
any compact interval of R.

Theorem 4.7. The zero solution of (4.6) is asymptotically stable.
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5. FRACTIONAL ORDER DIFFERENTIAL EQUATIONS WITH PROPORTIONAL DELAY
Consider the initial value problem (IVP)
Dy(t) = f(t,y(t),y(qt)), 0<a<l 0<g<l,
y(0) = yo, (5.1)

where D® denotes the Caputo fractional derivative and f is a continuous function defined on the 3-dimensional
rectangle

R=A{|t| <a, |y(t) —yo|l < b, |y(gt) —yo| <b, a >0, b>0}.

Theorem 5.1. A function ¢ is a solution of the IVP (5.1) on an interval I if and only if it is a solution of the integral
equation

it —a)ot

yt)=yo+ | ———Ff(z,y(x),y(qx))dz, on I. (5.2)
0 I(a)

Theorem 5.2. Let f be continuous and |f| < M on R. The successive approximation
Dr+1(t) = yo,
()
bra(®) =+ [ G @ @), g, k=012, (53)
0

exist and are continuous on the interval I = [—(,(], where { = mz’n{a, (W)é} Ift € I then (t,y(t),y(qt)) € R
and |6k (t) — yol < M, [on(at) — wol < M.
Theorem 5.3. (Existence Theorem) Let f be continuous and |f| < M on the 3-dimensional rectangle

R={[t| <a, ly(t) —yol <b, ly(gt) —yo| <b, a >0, b>0}.

Suppose f satisfies the Lipschitz condition in its second and third variable with Lipschitz constants Ly and Lo such
that

|f(t,y1(t),y1(qt)) — f(t,y2(t), y2(qt))| < Lalyi(t) — y2(t)| + Li|y1(qt) — y2(qt)|.

Then the successive approximations (5.3) converge on the interval I = [—(, (], where { = min{a,(
solution ¢ of the IVP (5.1) on I.

7“0;\;1)”)%} to a

5.1. Series solution of fractional order Pantograph equation. Consider the fractional order pantograph equa-
tion as:

D%y(t) = ay(t) + by(qt), y(0) =1, (5.4)

where 0 < a<1,0<¢<1,a,b€eR.
The solution of (5.4) using successive approximation is

am

Z I'(lam +1) H a+bqaj) (5.5)

m=0
Theorem 5.4. If 0 < g < 1, then the power series (5.5) is convergent for all finite values of t.
Theorem 5.5. I[f0 < g <1 and a,b >0, then

00 m—1
a aj < « <
B, (at®) mZ:[)Faerl ]];[0 a+bq*) < Eo((a+0b)t*), 0<t<oo.
[c [m]
(o] ¢ ]
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5.2. Series solution of fractional order Ambartsumian equation. Consider the fractional order Ambartsumian
equation as:

Dy(t) = ~u(0) + 1y (;) ) =1, (5.6)

where ¢ > 1 and is constant for the given model.
The solution of (5.6) using successive approximation is

:gr(azmﬂ "i;[ ( Ttaj ) (51)

Theorem 5.6. If ¢ > 1, then the power series (5.7) is convergent for all finite values of t.

6. SYSTEM OF FRACTIONAL ORDER DIFFERENTIAL EQUATIONS WITH PROPORTIONAL DELAY
Consider the initial value problem (IVP):
D%yi(t) = fit; (1), g(at)), 0<ai<1, 0<g<l,

yi(0) ="yo, 1<i<nmn, (6.1)
where D% denotes the Caputo fractional derivative, 7(t) = (y1(¢),y2(t) -+, yn(t)), 5(qt) = (v1(qt), y2(qt) - -+ ,yn(qt))
and f = (f1,f2---, fn) is a continuous function defined on the (2n + 1) dimensional rectangle

R={lt| < a,|yi(t) =" yol < bi,|yi(qt) =" yo| < bj,a>0,b;>0,1<i<n}.

Theorem 6.1. A function ¢ is a solution of the IVP (6.1) on an interval I if and only if it is a solution of the integral
equation

t a;—1
i t—ax)v _ _
u®) = o+ [ S g0, glaa)ds on 1 (6.2
0 (c;)
where ng = (1¢ma2 ¢WL7 e ’n ¢m)
Theorem 6.2. Let ||f|| = M on rectangle R. The successive approzimation
l(bo(t) :i Yo, i:071727"'
i Lt —ax)n! T <
brp1(t) =wyo + | =5 f(z, ¢(2), orlqr))dz. k=0,1,2,---. (6.3)
0 (i)
exist and are continuous on the interval I = [—(, (], where

= m{ (Mloseimy® | (Moo 1>bn)“n}.

Ift is in the interval I then (t, §m (t), Um(qt)) is in rectangle R and ||gm (t)—y(0)|| < M D", F(a +1)’ [1Tm (gt)—7(0)]] <
MY, F(‘ctvlo;rl vm.
Theorem 6.3. Let f be a continuous function defined on the rectangle
R = {[t] < a,]yi(t) =" yol < bi,lyi(at) =" yol < bia >0, b; >0,1<i<n}.
Suppose f satisfies Lipschitz condition in second and third variable with Lipschitz constants L1 and Lo such that
| (& g1(t), g1(qt)) — f(t, 52(8), 72(qt))| < Li|g1(t) — §2(t)] + L1|g1(qt) — gjg(qlt)|. Then the succeslsive approzimations
(6.3) converges on the interval I = [—(, (], where ( = min{a, (W)a AR (F(Q"J\;l)b")%} to a solution of
the ¢ of the IVP (6.1) on I.
an
BE
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6.1. System of fractional-order Pantograph equation. Consider the system of fractional-order pantograph equa-
tion

D%y(t) = Ay(t) + By(qt), y(0)=yo, 0<a<l, (6.4)
where 0 < g <1, A= (aij)an7 B = (bij)an and y = [y1,¥2," - vyn}T~

The solution of (4.4) using successive approximation is

oo k ka
y(t) = kZ:O 1;[(14 + Bq_(k_j)a)m A (6.5)

j=1
Theorem 6.4. For 0 < g < 1, the power series (6.5) is convergent for t € R.

6.2. System of fractional-order Ambartsumian equations. In this section, we generalize the Ambartsumian
Equation (2.9) to the system of fractional-order Ambartsumian equations [25] as:

t
Dy(t) = —Iy(t) + By (q) , y(0)=X 0<ac<l, (6.6)
Y1 A1
Y2 A2
where D® denotes the Caputo fractional derivative, I is the identity matrix of ordernand 1 < ¢, y=1| . | , A= | . |,
Yn An
s 00 0
0 ¢ 0 0
and B = :
Lo 0
o oo ... 1L
9= nxn

Applying SAM to the initial value problem (6.6), we have

(6% (6% t
y(t) = y(0) — IJ%y(t) + BJ%y (q) . (6.7)
Let ¢ (t) denote the kth approximate solution, where the initial approximate solution is taken as
do(t) = A. (6.8)
For k > 1, we use the following recurrence relation:
t
¢k(t) =)\ IJagi)k,l(t) + BJY¢r_1 <q> . (69)
From this recurrence relation, we derive:
t
(0) = X~ 1770n(t) + B0 ()

AL AL
=A—-1 B
Ia+1) * INa+1)

= <I+ (—I+B)F(Of:1)> A,

G2(t) = A= 1J%P1(t) + BJ ¢ (2)

_ AL KH(HB)F(;:U) /\} +BJe <I+(I+B)F(ZO;ZO;)>/\
Ba
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At A2 At Ag— ot
“A-T| - 4 (-I+B)———— 4 (-I+B)—L
{F(a+1)+( + )F(2a+1)] {F(a+1)+( SRy
te t2a
= |I+(-T+B)=——— + (- + Bqg ) (-] + B)————
{J’( By P B+ )F(2a+1)}
+o 2«
t)y=|I+(—I+B —I+Bq¢*)(-I+B)=——
6alt) = | T+ (-1 + B) s + (14 B )14 B
t3a
—I+Bq**)(—I+Bq *)(—1+B) = A
T BT+ BT+ B
kK m gma
)= |TI _J4+ Bg—(m—day__~
o) = | 1+ 3 T[T+ B ) sy
As k — oo, ¢k()—>y(t)
o~ k (i) tka
t) = [+ Bg ey
y(®) kz::]= o JTkat 1)
If we set Hle(—f + Bq*=9)*) = [ for k = 0, then
_oo k tka T
= —I 4+ Bg~ ke |\ 1
o) = | ST+ B ) 5 | 2 (6.10)
_k:()]:l ]
Theorem 6.5. For g > 1, the power series
t) = —I 4 Bg~ (k=9 A
y(t) ZH + Bq~ )(kaJrl) ,
_k 0j=1 i
is convergent for t € R.
Proof. The result follows immediately from the ratio test [4]. O

7. ILLUSTRATIVE EXAMPLES

Example 7.1. Consider the nonlinear differential equations with proportional delay [2, 17, 26, 27]

d%t) =1-2? (;) . y(0)=0. (7.1)

The corresponding integral equation is:

y(t) = /Ot (1 — 2u? (;)) dz. (7.2)

Using the successive approximation method (2.10), we obtain:

do(t) =0
¢1(t) :t7
3
balt) =t - .
3 P t7
¢3(t):t*g+ﬁ*my
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B3P 7 619 67t 13 1o
Ga(t) =t — — + — — + - + - )
6 120 5040 @ 23224320 3406233600 = 12881756160 7990652436480
3o 7 619 31
ds(t) =t — — + — — + — = )
6 120 5040 23224320 1062664199886151693758358595882188800
and so on.

The exact solution of (7.1) is y(t) = sint. The 5-term solutions obtained via:

o Adomian decomposition method (ADM) [17]
e Variational iteration method (VIM) [26]
e Homotopy analysis method (HAM) [2]
e Optimal homotopy asymptotic method (OHAM) [27]
all yield:
t3 t5 t7 t9 tll t13
=t——+— — -
y(t) 6 + 120 5040 + 362880 39916800 * 6227020800
t15 t17
- + . (7.3)
1307674368000  355687428096000
The 4-term OHAM solution [27] of (7.1) is:
y(t) =t — 0.166665t> + 0.00832857t> — 0.000192105¢" . (7.4)

We compare 5" approximation solution (SAM) and 5-term solutions ( ADM, VIM, HAM) with exact solution in
Figure 1 and 4*" approximation solution (SAM) with 4-term solution (OHAM) in Figure 2. The absolute errors in
computation are shown in Figures 3-4. It can be observed that SAM solution is better than the solution obtained
using other methods.

8. FIGURES

Remark 8.1. While the ADM, VIM, HAM, and OHAM solutions presented in [2, 17, 26, 27] were limited to the
interval [0, 1], our SAM approach has successfully extended the solution to the wider interval [0, 8].

9. CONCLUSIONS

Using SAM, we have successfully solved nonlinear differential equations with proportional delay. Our analysis has
established stability, uniqueness, and existence results for several specific types of time-dependent DDEs. Furthermore,
we have examined the convergence of series solutions for both pantograph and Ambartsumian equations. The integer-
order analysis developed for DEs with proportional delay and time-dependent DDEs has been successfully extended
to the fractional-order case using the Caputo derivative. Numerical examples validate all theoretical results.

------ ADM/VIM/HAM

Exact 2

L L L -
K 1 2 3 TN 4 5
/ sAM \
4 -1 RN SAM
p N
"
AN
\
Ly \

Ficure 1. Comparison of SAM,
ADM, VIM, and HAM solutions
with the exact solution of Equation
(7.1).

FI1GURE 2. Comparison of SAM and
OHAM solutions with exact solution
of Equation (7.1).
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Ficure 3. Comparison of ab-
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